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Abstract

In this paper, we extend the numerical embedding method for solving the smooth
equations to the nomnlinear complementarity problem. By using the nonsmooth theory,
we prove the existence and the continuation of the following path for the corresponding
homotopy equations. Therefore the basic theory of the numerical embedding method for
solving the nonlinear complementarity problem is established. In part II of this paper, we
will further study the implementation of the method and give some numerical exapmles.
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bedding method.

1. Introduction

The nonlinear complementarity problem is a very important mathematical programming
problem. The development of theory and algorithms for this problem has a long history and
there have numerous methods for solving this problem. See [1] for a comprehensive review of
the literature.

Recently, based on the B-differentiable equations approach, many new methods for solving
the nonlinear complementarity problem have been proposed. Harker and Xiao[2] established a
damped-Newton method for solving the nonlinear complementarity problem and provided many
numerical results. Pang and Garbriel[7] proposed an NE/SQP method for solving the nonlinear
complementarity problem and proved its global and local quadratically convergence. These
methods are important to the theories and algorithms for solving the nonlinear complementarity
problem.

In this paper, based on the B-differentiable equations theory, we will study: how to extend
the practical numerical embedding method to the nonlinear complementarity problem; How to
prove the existence, the uniqueness and the continuation of the following path for the corre-
sponding homotopy equations by using the B-differentiable theory; How to solve the nonlinear
complementarity problem by numerical embedding method proposed in this paper. All this
questions will be studied in this paper and the subsequent paper.

2. Preliminaries

We consider the following nonlinear complementarity problem:
Find « € R™ such that

>0, f(x)>0, and 2" f(x)=0 (2.1)

where f : R" — R" satisfies || v f(z) — Vf(v)|| < L||lx — y||o- This problem is denoted by
NCP(f).
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Following the concept of a Minty-map[2][3], the NCP(f) can be converted into the B-
differentiable equations:

F(z)=0 (2.2)
where F': R™ — R" is defined by
F(z)=f@a") +2" (2.3)
with 7] = max(z;,0), z; =min(z;,0), z*=(zf,z5,---,z})T and
x~ = (z7,25, - ,z,;)’. In other words, z solves (2.2) if and only if 21 solves the nonlinear

complementarity problem (2.1). Hence, by solving the systems (2.2), we can get the solution
of the NCP(f) (2.1).

In order to present some properties of the mapping F' defined by (2.3), let us review some
notions in nonsmooth analysis.

The following definition is due to Robinson[13].

Definition 2.1.[6][13] A function F': D C R™ — R"™ is B-differentiable at a point x € D if
there exists a positively homogeneous function BF(x) : R — R" (i.e., BF(z)(Av) = ABF(z)v
forall A >0 and v € R™), called the B-derivative of F' at z, such that

lin [Pz +v) — F(x) = BF(@)o)/ o] = 0.

If F is B-differentiable at all points x € D, then F is called B-differentiable on D.

In a finite-dimensional Euclidean space R™, Shapiro[14] showed that F' is B-differentiable
at = if and only if it is directionally differentiable at x. In this case, the B-derivative and the
directional derivative are identical.

The basic properties of a B-differentiable function are summarized in the following theorem.

Theorem 2.2[6]. Let F': R® — R™ be locally Lipschitz continuous at a point .

(1) If F is Fréchet differentiable at x, then it is B-differentiable at © and BF (z) = VF(z).
Conwversely, if F' is B-differentiable at © and if the B-derivative BF(z)v is linear in v, then F
is Fréchet differentiable at x.

(2) If F is B-differentiable at x, then the B-derivative is unique. Moreover, BF(x) is
Lipschitz continuous with the same modulus as F'.

(3) If F is B-differentiable at x, then F is directionally differentiable at x in any direction
and F'(z,d) = BF (z)d.

(4) The addition, subtraction and chain rules hold for the B-derivative.

Extending the notion of a strong F-derivative, Robinson[13] further introduced the following
definition.

Definition 2.3.[13] A function F' : D C R"™ — R"™ is strong B-differentiable at a point
x € D if F is B-differentiable and

lim {F(y) — F(z) - [BF(z)(y — =) — BF(z)(z — z)]}/[ly — z[| = 0.
If F is strong B-differentiable at all points x € R™, then F is called strong B-differentiable on
D.
Using the above definitions, it is easy to prove that[2], the function F' is B-differentiable
everywhere, and its B-derivative is

(BEG)): = Y BE (o), (24)
j=1
where
' fij(@®)v; Jj € a(x)
BF}(z)v; = fij@t)l + Loy j € B(x)

Lijv; j€n(x)
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with a(z) = {ifzi(z) > 0}, B(z) = {ilzi =0}, ~(z) = {ilz; <O},

0 i#9j

fij = 0fi/0x;, Lij = { 1 Zij

For the convenience, let a = a(z), S = B(x) and v = v(z). Following Harker and Xiao[2],
we give the following definition.

Definition 2.4.[2] We say that x is a regular vector for the function F(z) = f(z*) +x~, if
(1) faa(z™) is nonsingular,

(2) the Schur complement fza(x) — faa (™) foa (x) fap(a™) is a P-matriz.

The following theorems will be used in the subsequent discussion.

Theorem 2.5.[6] Consider the mized linear complementarity problem:

w=p+ Mu+ Nv
O0=¢g+Xu+Yv (2.5)
uw>0, w>0, uTw=0,

where M and Y are square matrices.
(1) A necessary and sufficient condition for a solution to exist and be unique for all vectors
p and q is that
(a) Y is nonsingular;
(b) M — NY~'X is a P-matriz.
(2) If assumptions (a) and (b) of part (1) hold, then as a function in (p,q), the unique
solution (u,v) is Lipschitzian.
Theorem 2.6.[2] Suppose the function F(z) = f(z)+z~ is reqular at z, then F is regular
in a neighborhood of x. That is, if o', 3" are some index sets satisfying a Ca' CaUB, B C 3
and o' N B = ¢, then
(1) farar (zT) is nonsingular,
(2) the Schur complement fga (zF) — farar (@4) foh (2F) fargr (z) is a P-matriz.
Corollary 2.7. Suppose F is reqular at x. Then the matriz

faoz fa6+ 0 0
fata fatpr 0 O
fﬁ—a fﬁ—g+ I 0
f’ya f'y,8+ 0 I

is nonsingular, where the index sets 3, = satisfy St U~ =0, pr N3 =¢.

3. The Existence and the Continuation of the Following Path
Consider the solution of the B-differentiable equations
F(z) = f(a™)+a2~ =0 (3.1)
we construct the embedding map H : R™ x [0,1] — R™ as follows:

H(z,t) = F(z) + (t — 1)F(z°), te€]0,1] (3.2)

where z°
(3.1).

We now consider the solution of the equation

is some point in R™. It is easy to see that the equation H(z,1) = 0 is equivalent to

H(z,t) =0. (3.3)
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For this purpose, we have to answer the following questions: (1). Does the equation (3.3) has
a solution curve ? (2). If it does, how many solution curve?

The following theorems will answer the above questions.

Theorem 3.1. Let (z*,t*) € R™ x (0,1) satisfy (3.3) and F is regqular at x*. Then there
exist neighborhoods U C S(z*,7) = {z| ||z —2*|| <r} of z* and V C (0,1) of t*, and a function
x:V = U, having the following properties

z(t*) =
{ H(z(t),t) = F(z(t)) + (t—1)F (%) =0, V teV

Proof. Let the function N(z,t) : R" x [0,1] — R™ be defined according to the following
equations:
BF(x*)(N(z,t) —x*) = BF(«™)(x — «*) — H(z, ). (3.4)

We now prove that the function N(z,t) defined by (3.4) exists and is unique, and is contin-
uous with respect to (x,t).
Counstitute the (2.4) of the B-derivative of F' in (3.4), then (3.4) can be rewritten as

\

faa(N(z,t) —2")a + fap(N(z,t) - x*)zf_
= faa(® = @")a + fap(e — 2)f — Ha(a,1)
Foa(N(w,1) = a%)a + Fas(N(,0) = 2*)f + (N (o) = %) 55
= fa(® = 2%)a + fop(z —2*)} + (z — 2*); — Hp(z,1)
Fra(N(@,t) = 2%)a + f15(N(z,t) —a*)§ + (N(z,t) — z7),
:fw(x_x*)a"‘fvﬁ(x_x*)g+($_$*)V_H’v($a t) )

where
a = Oé(iL“*), 6 = 6(33*)7 V= 7(33*)7
Jra = fw(w*+): frs = fwﬁ(x*ﬂ: fao = faa(z*T),
fap = fap(@ ), foa = foa(a™"), fog = fanla™™),
with 2*t = (2*)F
For the convenience, let us define

do(2,t) = —(faa(r — %)a + fap(z — x*)g H,(z,t))

45(z,t) = =(faalz — ") + fos(z —a*)f + (¢ — 2*); — Hp(z, 1))
0y (z,t) = =(fralz — 2~ a+fw,8($—ﬂ?*)3+($—ﬂf* v — Hy(z,1))
ws = q(x,t) + fpa(N(2,t) = 2*)a + f3s(N(z,1) — 2*)F

Notice that wg = —(N(z,t) — x*);, the system (3.5) is equivalent to the following mixed
linear complementarity problem:

0o (2, t) + faa(N(2,t) = 2%)a + fap(N(2,t) —2%)§ =0
wg >0, (N(z, )—a:)+>0 w%(N(x,t)—x*)E:O (3.6)
(N(z,t) = 2%)y = =0y = fra(N(2,1) = 2%)a = f15(N(2,t) — 2*)§
Therefore, by Theorem 2.5 the function N(x,t) defined by (3.4) is uniquely defined. Since

¢a(z,t),q8(x,t),q,(x,t) is continuous with respect to (z,t), by (3.6) and Theorem 2.5, the
function N (z,t) is continuous with respect to (z,t).
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Define g+ = {i| i € B(z*), (N(z,t) —a*); > 0}, B~ = B\BT. Then (3.6) can be rewritten as

faa(N(@,t) = &) o + fap+ (N(,1) — ") 54 + ga(@,t) =

fora(N(z,t) = 2%)a + fgrp+ (N (2,8) — )[4 + qp+ (@ t)

Fr-alN(@,8) = 0%)a + fg-gt (N(@,t) — a*) b, + (N(z,) - )B, +go-(,8) =0
fra(N(@,t) = 2%)a + fyp+ (N (2, t) — 2 )5+ (N (z,t) = 2")y + ¢y(z,1) =0

That is
faa fa,8+ 0 0 (N(:U:t) _x*)i qa(x,t)
fpta [fptpt 0 0 (N(z,t) — ") 54 gg+(z,t) | _
foma fapr 10| | WVty—o)y | T | gmtmry |70 GO
f’ya f’YﬁJr U (N(xat) _x*)’Y qu(l',t)

Since the function F' is regular at «*, by Corollary 2.7, the matrix

faoz fozﬁ"’ 0 0
A= fa+ta forp+r 0 O
fo-a fop+ I O
f'yoz fwﬁ+ 0 I

is nonsingular. Assume that |4~ < C.

On the other hand, since fag — fa fan fap is @ P-matrix, there exists some 7 > 0 such that
for all vector v we have

_ 1
max vi[fps — foofaa fasvli > ;Ilvll2 (3.8)

By the limit property, there exists r € (0, min(g7, ﬁ)) such that for all z € S(z*,r), there
hold

{ :((x)) :j((f:))j ((j(f;; 5((;:;)), 39
where
p =24 (Lt [yl fsal) A + (L4 ool + Dl A
with

Ao = Ifaall@ +nllfasll + nll fasll | fsafaal)
Ag = (L + | fsafaall)-
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Select 1 € (0, m), then for all x € S(z*,r), t € B(t*,r1) = {t| |t —t*| < r1}, we have

(N (w,1) _x*)i qa(,t)
] e =y 43+ (2, )
LR | vt el | o
(N(z,t) —x*), g, (z,t)
[ falz®) - fa(x*Jr) +2, —2y — faalz —2%)a — fap(z — w*)g
SO\ fola®) = fo(a*™) + a5 — 257 = foalz — 2%)a — fos(z —2*)f — (z —2%)
) = fr(@* ) +ay 2t — fra(r = 2%)a = frp(e —a)f — (z —2%),

[ fale®) = (@) = faalt = 2%)a — fap(a — ")}
=C|| fo(a™) = fo(@* ") = foal® — 2")a — fas(x —2*) || +Clt —t*| - |F (=)
fy(F) = fW(mH_) — fra(® = 2%)a = frp(z — )}

C
C(5lle = @[] + |t = ] - [|[F (2)]])
r.

IN N IA

Therefore, for any ¢ € B(t*,r;), N(-,t) is a continuous function mapping the S(xz*,r) into
itself. By the Brouwer fixed-point theorem, for any ¢t € B(t*,r1), there exists a function
x:B(t*,r1) = S(z*,r) satisfying
BF (¢")(z(t) — %) = BF(a7)(x(t) — %) — H(x(t),1).
That is
H(z(t),t) =0.

Theorem 3.2. Suppose F is reqular on z(t)(t € V) defined in the Theorem 3.1. Then the
function x is continuous and single-valued with respect to the parameter t.

Proof. Using the same notations as in the Theorem 3.1, we now prove the theorem.

Since for any tg,t; € B(t*,r;), there exist z(to),z(t;) € S(z*,r) such that

H(:U(to),to) = 0
H(:U(tl),tl) = 0
Therefore we also have
{ BF(z*)(z(to) — ") = BF(z")(z(to) — ") — H(z(t0), o)
BF(z*)(z(t1) — ") = BF(z")(z(t1) — 2*) — H(z(t1),t1)

Constitute the (2.4) in (3.10), then (3.10) can be rewritten as the following mixed linear com-
plementarity problems:

([ da(@(t0), to) + faa(z(to) — 2%)a + fap(z(to) —2*)5 =0

wg(x(to), to) = qp(x(to), to) + foal(x(to) — 2")a + fas(x(to) — x*); >0 (3.11)
(x(to) —2%)5 20, wp(a(to), to)” (x(to) — ) =0 '

( (#(to) — %)y = —qy(x(t0), t0) — fra(@(to) — 2)a — fra(a(to) — w*)E

([ da(2(tr),01) + faa((tr) = &")a + fap(a(t) —2")5 = 0

(t1),01) = gp((tr), 1) + fa(2(t1) = &")a + fop(a(tr) —2) 20 (3.12)
t1) —x*)5 >0, wg(e(t), t)" (x(t) —z*)F =0 '

) = @)y = =gy (a(tr), 1) = frale(tr) = 2)a = frp(a(t) — ™))

(3.10)
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Notice for any vectors u, v, it holds that

(ut =T (= —v7) = wH = 4ot o —ut o — oty >0

wg(@(tr),t1) = —((tr) —a%)5, wg(x(to),to) = —(z(to) — 2%)5.
It is easy to see that for any ¢, we have

[(@(t0) )i — (w(t1) §)ill(gs(w(to), to) — qa(w(tr), 1))
— 0 faa (ta(w(to), to) — da(x(t1),01)) (a5 — foafaa fap)(@(to) f — o(t1)5)]; <O

Therefore by (3.8) and the triangular inequality, we obtain that

Lla(to)} — x(t) 5|1
((@(to) )i — (b)) [(fo5 = Foafmt Fas)@(to) s — 2(t) )]

gmax
< IIw(to)E —a(t) - lgs(z(to), to) — as(x(tr), tr)l|
+Hlz(to)§ — w(tl)gll Mfsafaall lga(z(to), to) — qalz(tr), t1)l]
So
lz(to) 5 — a(t)5]]

< n(llgs(@(to), to) — as(@(tr), t)ll + | foafau |l 1ga((to), to) — qa(@(tr), t1)l])
<[5 (lz(to) — 2* Il + lle(tr) — 2 IDllz(to) — z(t)ll + |to — ta] - [|Fa(z®)]|
+5 | fsafaall(lz(to) — o[ + [lz(t) — 2*[Dllz(to) — 2 (t2)]

+|to — to] 1Fa (2] /50 faall]

< LrdAgllz(to) — x(t0)|l + nlto — ta|[I1Fp ()| + 1Fa (@) - [| fpafzalln-

We also have

lz(to)a — 2 (t1)all

= || faa[ga(x(to), to) — qa(@(t1), t1) + fap(z(to)F — x(t) )]

< [ faall(llga(z(to), to) — ga(@(tr), t)ll + | fasll [lx(to) § — (t2)F])

<N Fa (5 llz(to) — @[ + lle(t) =z~ (to) — x(t1)]]

+lto — ta| 1Fa (@) + | fasll lz(to)F —x(t)5 1)

< | faall(Lrllz(to) — z(t)l + | fapll - AsLrllz(to) — z(t)|l + [to — ta [|Fa(z)]]
+ fasll - UEFs @) + [ Fa (@) - [ foafaallnl - [to — ta]).

By (3.11) and (3.12), we can obtain the following inequalities

[ (t0)y — z (1)l

< gy (2(t1), 11) = g5 (@(to), o)l + 1 fvall - 2 (t1)a — 2(to)all + sl la(t)f — 2 (o) |
< Z(lle(t) — 2% + [Jo(to) — 2"l (to) — =(t2)]]

Hifrall lz(to)a — z(t)all + 1l lo(to)§ — x(t)SI-

lz(to)g — x(t1)s i

< llgs(= ( 1):t1) = qa(@(to), to) | + 1 fgall - [12(t1)a — @ (to)all + [ faall [l2(t1)§ — x(to) 5]
< Z(lle(t) — 2™ + [Jo(to) — a* Dl (to) — =(t2)]]

+Hfsall lle(to)a — (t)all + 1fosll llo(to) 5 — x(t) -
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Therefore by the above inequalities, we obtain

[l (to) — 2(t1)]]

< le(to)a = @(tr)all + [l2(to)y — a(tr)y [l + lla(to) 5 — et 1| + lle(to); — «(t)5 |
< sllz(to) — a(t)ll + [to — ta| - {(1FB() + 1 Fa @) | f5afaal)n

i aall- 1 fall (1Fs @) + 1 Fa @) - 1| fsafaa D + | faall - 1 Fa ()]

+(fvall + 1fsalD) - (faall - UFa @) + [ faslNE @) + 1 Fa ()] - | foafaa 7]
+( sl + 1 fasD) (1Es @) + 1 Fa (@) - 1 foafaa n}

The above inequalities show that x(t) is continuous with respect to t.
We now prove that the function z(t) is single-valued with respect to t. Actually, if this is
not true, then there exist some ¢t € B(t*,r;) and z1, 22 € S(z*,7),z1 # x5 satisfying

H(il?l,t) =0
H(iUQ,t) =0

By the same procedure we can prove that
1
ey = 22|l < Sllzs — o]

This is impossible. Therefore x(t) is single-valued with respect to ¢. So the function (%)
satisfying the equation (3.3) is uniquely defined.

Let U = S(2*,r),V = B(t*,r1), then by the above discussion, there exists a continuous
function z : V — U satisfying

and it is uniquely defined.

Using the Theorem 3.1 and 3.2, we can prove the following theorem which shows that, the
homotopy equation (3.3) has a continuous solution curve on R™ x [0, 1], and the solution curve
is single-valued with respect to the parameter ¢.

Theorem 3.3. Suppose the function F(x) = f(a*) + o~ is regular at x for any x €
{F(z) + (t — 1)F(2°) = 0, (z,t) € R" x [0,1]}, and there ezists a constant C > 0 such that
|A=Y(z)]] < C. Where

faa($+) fozﬁ* ($+)
2) — fara(z®)  faepe(@™)
AD= ) fape)
fva(er) fv6+($+)

with the index sets 81, B~ satisfy BTUB~ =6, BT NB~ =¢, and a = a(x), B=B(x), 7=
v(z). Then there exists a continuous solution curve x : [0,1] — R™ which is unique, satisfying

z(0) =2° (1) =a*
H(z(t),t) = F(z(t)) + (t —1)F(z°) =0, V te]0,1]

S N O O
N O O O

where x* is the solution of F(x) = 0.

Proof. The point (2°,0) satisfies H(z°,0) = 0. Repeat the process of the Theorem 3.1 and
3.2 for (2°,0), then it is easy to see that there exist € > 0 and a unique function z : [0,€] — R"
satisfying

z(0) = 29,
H(z(t),t) =0, V te€]0,¢].
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and z(t) is continuous with respect to t. Repeat the above process for (z(e), €) and so on. Since
x(t) is continuous and unique, z(t) can be extended to a larger interval. Suppose [0,b) where
b < 1 is the largest interval that « can be extended to, then z(t) is continuous on [0, ) due to
the Theorem 3.1 and 3.2. Thus for any t1,t2 € [0,b) and t; < 2, 2(¢) is uniformly continuous
on [t1,t2]. Since {z(t)| t € [t1,t2]} is compact, we can choose

t1=590< 81 <+ <8N =1s

so that

a(@(si)) = ale(siyr)) U (a(z(si) 0 G(@(si41)))

V(@ (s:)) = (2 (si41)) U (v(2(s:)) N B(x(si41)))

ll2(si) — 2(si)ll < 2
for each i € {0,---, N —1}. Therefore by the proof of the Theorem 3.2, there exists a constant
C such that

lo(s:) = w(si1) | < 20 F@)]|(si41 — 1)

fori =0,1,---,N — 1. So

N-—-1

[l (t2) — x(t1)]] < Z Iz (si+1) = 2(s3)l

< 2C||F(@)|(t2 — t1)

(3.13)

Let {tx} C [0,b) be any sequence satisfying klim ty = b. By (3.13) {z(tx)} is a Cauchy sequence,
—00

and therefore it converges to some point z, € R™. Since
H(z(t),t) =0, t€[0,b),
by taking the limit we have x}, satisfies
H(xp,b) =0.

Thus x can be extended to [0,b]. This is a contradiction.
Therefore there exists a unique continuous function « : [0,1] — D, satisfying:

z(t*) = z*
{ H(z(t),t) = F(z(t)) + (t — 1)F(z°) =0, V te€]0,1].

By the Theorem 3.1, 3.2 and the above proof, we know z(t) is single-valued with respect to
t. Therefore the solution curve z(t) has no turning point.

Since H (x,1) = F(x) and function x is unique , we have z(1) = z*.

Definition 3.4.[19] f is a uniform P-function on the nonnegative orthant R of R™, if
there exists a positive number o« such that

max{fi(u) — fi(v)}(ui — v;) > allu - v||*

for every u,v € R
Clearly, if the function f is a uniform P-function, then the function F(z) = f(z*) + 2z~ is
regular at all z € R™[2]. So when f is a uniformly P-function, we have the following theorem.
Theorem 3.5. Suppose the function f is a uniformly P-function. Then there exists a
continuwous solution curve x : [0,1] = R™ which is unique, satisfying

H(x(t),t) = F(z(t)) + (t —1)F(z°) =0, V te]0,1]
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where x* is the solution of F'(z) = 0.

In part II of this paper, we will study the embedding algorithm and its convergence. Mean-

while, we will study the implementation of the algorithm and present a lot of numerical exper-
iments.
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