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Abstract

In paper [4] (J. Comput. Appl. Math., 76 (1996), 137-146), a difference scheme for
a class of nonlocal parabolic equations with natural boundary conditions was derived by
the method of reduction of order and the unique solvability and second order convergence
in Ly—norm are proved. In this paper, we prove that the scheme is second order conver-
gent in Lo, norm and then obtain fourth order accuracy approximation in L., norm by
extrapolation method. At last, one numerical example is presented.
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1. Introduction

Nonlocal parabolic equations have many applications. For example, in considering fluid flow
in a saturated porous medium, the equation governing the pore presure p(r,t) in an annular
cylindrical rock sample is given in [1] as

o 2y —v)dC) _

op 2w —v) &%p 10p
ot n(l-wv,) dt

W ;E), 0<a<’l“<b,t>0 (].].)

together with
2

a b
C(t) = (b* —a®)™ [7190 + 77/ pp(p,t)dp] (1.2)

where c is a material constant with dimensions of velocity, the coefficient of consolidation, v, v,
are shear coefficients and 7 a material constant, r denotes radial distance and ¢ time. If ¢ is

replaced by ct and ig'{“f;:; by ¢ in (1.1), we get

Op dC(t) 0*p 10p

= ——=——=+--—, 0 b,t > 0. 1.3

ot " at o T o <e<T<hHE> (13)
Various initial and boundary conditions can be considered. The existence and uniqueness of
the solution of (1.3) with (1.2) under some initial and boundary conditions are proved in [2]

provided
qn # —2. (1.4)
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It is also pointed out that, in practice, ¢ > 0 and 1 > 0, so that (1.4) is normally met [2].
Substituting (1.2) into (1.3), we obtain an alternative form of (1.3)

0 [y PP 10
ot ¢ a Pot VY% = 52 T T om0
where
—qn(b* —a®)7.

€ =
(1.4) is equivalent to € # 2(b> —a?)~" , or, 2(b? —a®)e # 1. When ¢ > 0 and 5 > 0, we have
€ < 0. In the following, we suppose

(b —a*)e < 1. (1.5)

DN | =

It is always valid when € < 0.
As usual, we write r by z, p by w. Lin, Tait 3] considered the finite difference solution to
the nonlocal parabolic equation given by

ou 0*u  10u b u

— ==+ - —(p, t)d 0 b,0<t<T 1.6
at aw2+waw+€\/’a pat(p7)p7 <a<.’I,’< ) < —_ ) ( )
subject to suitable initial and boundary conditions. If the initial-boundary conditions are of

the form

u(z,0) = ¢(z), a<z<b,

u(a,t) = f(t),  w(b,t)=g(t), 0<t<T,
a backward Euler scheme and a Crank-Nicolson scheme are presented, with the former giving

rise to an error O(7 + h?) and the latter to an error O(7? + h?). If the natural boundary
conditions

(1.7)

u(z,0) = ¢(x), a<z<b,
u(a,t) = f(t), %(bat)_f_u(b;t):g(t): 0<t<T

are imposed, a difference scheme whose convergence order is only one in space and in time
is presented. Sun [4] continually studied the finite difference solution to (1.6) with (1.8) and
constructed a difference scheme by the method of reduction of order. He proved that the
difference scheme is uniquely solvable and unconditionally convergent with the convergence
order O(7%+h?) in energy norm. In this paper, we will prove that Sun’s difference scheme is also
second order convergent in L,,—norm and then obtain a fourth order accuracy approximation
in Lo, —norm by once extrapolation >8] At last, we present a numerical example.
For generality, instead of (1.6), consider the inhomogeneous equation

(1.8)

ou  9*u  10u b du
_— = _—— - < .
ot 5$2+$5$+6/a PP t)dp+@(z,1), 0<a<z<b0<t<T  (L9)

Denote

}

together with (1.8). Let M and K be two positive integers and h = 22, 7= L.
Qp={zi |vi=a+ih,0<i <M}, Qr ={ty |ty =kr,0<{k <K
Ti_1y2 = (T +7i-1)/2, the1y2 = (tp +tg—1)/2.
Ifu={u; |0<i<M}andv={v;|0<i< M} are two mesh functions on Qp, take the
notations

Uiz = (g +ui—1)/2, Opui—1/2 = (uij —ui—1)/h,
g (wi6,u;) :A/(Imi+1/26zui+1/2 - xi71/26zui71/2)/h
(w,v) =h3 i Ti1pUicy2Viciy2,  ull =V (u,u),  [lulle = maxo<i<m |uil,

|0zul] = \/h Zij\il wi—1/2(5mui—1/2)27 0 ull« = \/h Zi\il rlw(‘swui—l/z)z-
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If w={w* | 0 <k < K} is a mesh function on ,, denote
wk—1/2 _ (wk + wk—l)/27 5twk_1/2 _ (,wk _ ’wk_l)/T.
The difference scheme constructed by Sun for (1.9) with (1.8) in [4] is as follows

%(m, 1/25t“z 1//2 +wl+1/25t“z+11//22)

= 0z (2:0, uk 1/Z)+:1cl(-:hjz T 1/z5tu] 1//5

+3 (@10 @]y F Tis1 0@ ), 1<iSM-1L1<k<K,
ug P = 5[ (0) + ()], 1<k <K, | |
Tp— 1/z5tUI;\Z {ig = 2[ (g(tr) + g(tr-1)) —xm— 1/2%“?}5{2 - bulzcxxfl/z]
+xpr_1/2€h Z Tj_ 1/25tU] 1//2 +Ty— 1/2‘1’?4_152; 1<k<K,

ud = ¢(x;), 0<z<M
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(1.10)

2. The Derivation of the Difference Scheme with a Slight Difference

from that in [4]

Let

Then (1.9) with (1.8) is equivalent to

x%‘t‘—%wLwefbp%‘t‘ (p,t)dp + z®(z,t), a<z<b 0<t<T,
1v—%, a<z<b 0<t<T,
u(z,0) = ¢(z), a<z<b,

u(a,t) = (1), (b,1) +bub,t) = bg(t), 0<t<T.

For (2.1), we construct the difference scheme as follows:

M

k k k
Tim1/200U;_ 11//22 = 0,0, 11//22—!—331 1/26h2w1 1/2575“3 1//2 T Tio12® 11//227
j=1
1<i:<M, 1<Ek<K,
1
vf_l/Q = 5wuf_1/2, 1<i<M, 0<k<K,
Ti—1/2

ukb = f(ty), 1<k<K; ok +buk, =bg(ty), 0<Ek<K.

(2.1)

(2.2.1)
(2.2.2)

(2.2.3)
(2.2.4)

At the k—th time level (2.2) is regarded as a system of linear algebraic equations with respect

to the unknows {u¥, v},
Similarly to the proof of Theorem 1 in [4], we have
Theorem 1. The difference scheme (2.2) is equivalent to (1.10) and

k—1/2

0<i<M-1,1<k<K,
+bub P = b (g(t) +g(tio1)), 1<E<K,

v, +buf, = bg(to)
Spu?

k—1/2
oFY

T2 Vi-1/2 = i—1/2 I1<i< M.

k— k— k—
v; = $i+1/25wui+11//22 - h$z+1/2[5tuz+1//2 ch Z Tj1/208u;_ 11//22 - (I>i+11//22 )

k0<i< M}. (22.2) and (2.2.4) are slightly different from those in [4].
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3. A Prior Estimate

Lemma 3.1. Ifu={u; | 0 <i < M} and up =0, then

b
[ulloo < /0= [|0zull.

Proof. Noticing
M

b
hy < [ gdi=?,

e ZUj_l/g T a

and using Cauchy-Schwartz inequality, we have

W = (0% 0oty o)°

<Y Y w5 1oty )]
J j=1

= Ti-1/z
M 1 M )
< (h Zl wj71/2)[h .Zlmj—lﬂ((s””uj—l/?) ]
J= J=
<(nY)fl.ull?, 1<i<M.

It follows easily that

b
oo <4/1In— ||0,ull.
[ulloo < /10 = {10zl

Lemma 3.2. Let {uf | 0 <i < M,0 <k < K} be the solution of the following difference
scheme

M
ﬂfi—1/25tuf:11//22 = 5z“f:11/22 + $i—1/26h2$j—1/25t1t§:11//§ +pf,_11//22;
j=1
1<i<M,1<k<K, ’ (3.1.1)
fllmvf—1/2 = 5wuf—1/2 + ‘15—1/2: 1<i<M,0<k<K, (3.1.2)
u) =0, 0<i<M, (3.1.3)

uk =0, 1<k<K; ok, +budb;=0 0<k<K

If (1.5) is valid and T < %, then, for 0 < k < K, we have

b 3
MiZo<2(ln- =T
o <2 (1n2) {exp(2 )

+ IIq’“II2} ,

k
1 _ -
161 +7 37 Gl 12 + 0™ 2 )
m=1

(3.2)
where
1 . .
a=1- i(b2 — a*) max{e, 0}. (3.3)
Proof. Taking the difference quotient in time for (3.1.2), we have
1 1/ e 1
St L2 = 56,0t M2 4 s,gt 2 1<i<M,1<k<K. (3.4)

i—1/2 i—1/2 i—1/27

Ti-1/2
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Multiplying (3.1.1) by 26tuf 11//2 and (3.4) by 2Uf 11/2 , then adding the results, we obtain

2m;_ 1/2(5tuig 11//22) +1 l[(vf 1/2)2 - (Uf:f/z)z] = 20, (U(Stu)ig 11//22

ﬂvz 1/2 T
k— 1/25t 1471/24_2 k— 1/25 k—1/2
tq

1/2

+2; 1/2(5”% 1/2)6h2$1 1/26tu] 172 T 201 )5 08ty )y i-1/2 %tdi—1/2
(3.5)
k k—
< 20, (062 + 20 oG] /Q)Ehzazj 120y
k—1/2 k—1/2 k—1/2 k
201 /2 (0ru; 1//2) +2azi1_1/2 (piq//z) +1:i_11/2 (v;_ 1//2) + im1/2(00g; 11//22)27
where k—1 k k o Ic
2 ~1/2 ~1/2 _ k-1/2 1/2
0x(vopu)! s = (w20l 2 — o 26 ?) .
Multiplying (3.5) by h and summing up for i from 1 to M, we have
2115 u’H/Zuz LIHI2 = lo* ) < 2((wdu)ar ' — (vdru)g )
h Z Tj— 1/25tU] 1//2 (3.6)
+204||5tulc 1/2||2 g [DF 2112+ IR =202 + [0kt 21
When € <0, o = 1. It follows from (3.6) that
E||2 _ |],k—1]]2
(12 = "2 o

1
T k—1/2 k—1/2 iy 1 /o 1 /o
< 2[(du)yy ' = (wu)y ]+ Sl V2R 4 (k22 4 (legt 2P

M
When e > 0, a = 1—3(b*—a?)e > 0. Using h '21 Tj_1y2 = f; zdz = 59 and Cauchy-Schwarz
]:

inequality, we have
2
h Z LL'] 1/z5t’u] 11//22>
(3.8)
< [h - h 5 1/2y2 ) _ b=a®||5.uk—1/2]2
> lej—1/2 Zﬂfg 1/2( tU] 1/2) = || tU || .
J:

Inserting (3.8) into the right hand side of (3.6), we have

206122 4+ L(||ok (|2 — [k 112) < 2[(vdu) s — (0ou)g T P] + 2652 |Gpuh 122
+2 [1 = 1(6% — a?)e] [[Gput 1212 + o [[pF 2|2 + [k 22 + [|6pg 21,

or,

B2 = o) 59)
< 2A(wd) 1 = 8]+ Sl AR o2 + [t

Comparing (3.7) and (3.9), they are the same. Using the second equality of (3.1.4), we have

FIIE — o= 1)
< =H5)? = WA+ PR 4 o2 + Gt 22

When 7 < %, it gives that

‘ 3 i IPTCTRNN: SO L L1y
10512+ b(oh)* < (U SO0+ bR+ Sl 210 + 100 2)1),
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Then, applying discrete Gronwall inequality and noticing v9, = —buY, = 0, we have
3 |
[0*I15 < exp(Gkr) (IOl + 7 Z(%Ilpm’mlli + [10eg™ M2 |) (3.10)
m=1

It follows from (3.1.2) ( when k& = 0) and (3.1.3) that
1

Ti-1/2

(V5—1/2)* = Ti1/2(d]-1/2)°, 1<i< M.

Summing up for i, we obtain
10112 = Nla°I1>.
Substituting this equality into the right hand side of (3.10), we have

k
. 3 . 1 . .
k2 « e 012 m—1/22 m—1/22 .
[071% < exp(5k7) (llg”ll +Tm§:1(2a||19 1+ 1l0¢q 1) (3.11)

From (3.1.2), we have

k 2_(_1 .k k :
(5907%'—1/2)2 = (xi,m”z‘—l/z - ‘11'—1/2)2
(1 .k k k
= (xi,lm Ui—1/2)2 - Qxi,lm Vi_12%i—1y2 T (qi—1/2)2

Multiplying it by z;_,/» and using

_2“5—1/2‘1?—1/2 < %;1/2(1’54/2)2 + wi—1/2(qzk—1/2)2>
we have
@i-1/2(0auf_1)5)? < 2%_11/2 (0F 1 j2)? + 25 172(d} 172)°, I1<i< M.
Summing up for ¢, we obtain
162u* 11> < 2[|0* |17 + 2[l¢"|>. (3.12)

Inserting (3.11) into the right hand side of (3.12) and using Lemma 3.1, the result needed
follows. The proof ends.

4. L, Convergence

Denote
0™u O"u

ax—m,WGC(@),mgk,ngl}, Q:(a,b)x(O,T).

CHNQ) = {u |

We have the following convergence result. B
Theorem 2. Suppose (1.9) with (1.8) have smooth solution u(z,t) € C*3(Q). Let {u¥,0 <
i < M,0< k< K} be the solution of (1.10) with the step sizes h and 1. In addition, suppose
(1.5) is valid and T < % Then there exists a constant ¢ > 0 independent of h and T such that

lu(zi,ty) —ub| <e(h®+71%), 0<i<M, 0<k<K. (4.1)
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Proof. With the help of Theorem 1, it suffices to prove that the solution of (2.1) convergences
to the solution of (2.2) with the convergence order O(h? 4+ 72) in Lo, norm. Denote the errors
by:
uf = u(wy, ty) —uk, oF = v(xy, ty) — ok
Using Taylor expansion and the theory of numerical intergration, we obtain the error equation
of the difference scheme (2.2) as follows:

$i71/26t65:11/2 5w~f 11//2 + &1 2¢h Z Tj— 1/25tu] 1//22 + 85:11//22’
| <i<M1 g k<K,

1 ~ ~ -
7 l/zvf 12 = 6uf 1/2+sf_1/2, 1<i<M, 0<Ek<K,
) =0, 0<i<M,

uO—O 1<k<K; o% +buk, =0, 0<k<K,

where ef 11//22, 8i_1 /2 Are the truncation errors of (2.2) and there exists a constant ¢y independent

of h and 7 such that

el 3l < co(h?+70), skl Sco(h? +72), |0st 3] < co(h? +77).  (4.3)
If u(z,t) € C%5(Q), then ef 11//22, Si_1/» can be written as

effll//; = (h2 + 7'2)P1(,7;z 172> th—1/2; ;’L) + O(h4 + 7_4),

st 1o = (B2 + 1) Pa(@im1 /2, a5 ) + O(h* + 14),
Pi(z,t; %) = % [ﬂxum — Lo — e [7 pue(p, t)dp:| (4.4)
b 52 .
+1+(-:/h)2 [%xum - 21_4'Uxmv - 11—2633 fa ;—‘)Z(put(p, t))dp + %E;Uf gp@td ]
Py(z,t;7) = H(le (4 Vee — 37Ucaa) -

N may be regarded as the truncation error of

The last inequality of (4.3) holds because 6tsl 1/2

the difference scheme

k—1/2 k—1/2
T, 1/26t i—1/2 _5t5w“i—1/2

approximating to the equation
1

—Ut = Ugt
x
at the point (z;_1/2,%,_1/2)- In addition, we have
_ ‘ 5, 0Py
5t5f—11//22 = (R +1%) %= ot (Tiz1y2,te— 1233, ) +O(ht +7%). (4.5)
By Lemma 3.2 and using (4.3), we obtain
@ ||l < c(h® +77), 0<k<K,

where

b 3 b’ —a? 1. b b—a? b — a?
2 _ LA 2 2
c —2<lna>co{exp(2T){ 5 +T(2alna+ 5 )]—l— 5 }

The proof ends.
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5. Extrapolation Method

Counsider the extrapolation algorithm of the difference scheme (1.10). we have the following
theorem.

Theorem 3. Suppose (1.9) with (1.8) have smooth solution u(z,t) € C%°(Q). Let u¥(h, )
be the difference solution of (1.10) with the step sizes h and 7. If the following nonlocal pambolzc
differential equation:

_ o _ _
S -I-ef; pZh(p,t)dp + 2P + 2 2 (aPy),
0<a<zx<b0<t<T, (5.1)
z,0)=0, a<z<hb, ’

a(
u(a,t) = 0, Zu(b,t) +u(b,t) = —Pa(b,t;7), 0<t<T,
,3

and
4 h 1
u(es, ) = 3k (5, ;)—gu’“(h Aot +1h, 0<i<MO0<k<K. (53)
Proof. Let B
5:37(% -f—Pz)

then (5.1) is equivalent to:

at =20 +a:ef pZe(p,t)dp+ P, 0<a<z<b0<t<T,

9t o8

v—m-l-Pz, a<r<b0<t<T, (5.4)

%(m,O):O, a<z<b,
u(a,t) =0, v(b,t)+bu(b,t)=0, 0<t<T

If {u} | 0 <i< M,0<k< K} is the solution of the following scheme:

Ti— 1/25t“f 11//22 _5w_f 11//2 +i1/2€h Z Tj— 1/25tuf 11//22

P (@i 12, th1/25 ) ISZSMlngK,

) - . 5.5
ﬁ f1/2—630“?,1/2+P2($i71/27tk;ﬁ)7 ]-SZSMa OSkSKa ( )
uw =0, 0<i<M,
u’g:o, 1<k<K; o +buk, =0, 0<k<K.
By Theorem 2, we obtain
E(mi,tk;%):ﬂf(h,r)+0(h2+r2), 0<i<M,0<k<K. (5.6)
Denote
Uk =ak — (n* + )@k (h, 1), vk =3F — (h® + )T (h, 7).

Multiplying (5.5) by (h* + 72) and subtracting the results from (4.2) and using (4.4)-(4.5), we
obtain
Ti1/20t zk 11//22 =0q Vk 1%2 +Ti1/2¢h Z Tj-1/201 jk 11//22 +ﬁf—_11//227
1<i<M1<Ek<K,
iV = 6UE T 1SISMOSKSK,
U0_¢($i)7 OSlSMa
Ub=0, 1<k<K; VE+bUK =0, 0<Ek<K,

(5.7)
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where
51 =0t + 7Y, (@l =0t + 7Y, 0By = Okt + 7).
By Lemma 3.2, we obtain
UF=0h*+7%, 1<i<M, 1<k<K,
or,
u(w, ty) — uf(h,T) —(h* + Tz)ﬂf(h,r) =0(* +14)

Applying (5.6), we have

u(wi, ty) = ub(h, ) + (2, ty; %)(h2 +72) + O(h* + 7). (5.8)
This is (5.2). Similarly, we have
h 5 h T h T
' 2 (P2 (T2 Na (T
o) = w5 )+t ) () + 1) +0 (1 + ). 69)

Multiplying (5.9) by % and (5.8) by %, then subtracting the results, we obtain

4 h 7 1
SBH(5,2) - zub

4, 4
) 3 (h,7) + O(h* +7%).

u(w, ty) =

This is (5.3). The proof ends.

6. Numerical Example
Compute by difference scheme (1.10) the following problem [4].

2
% — 8 u + 1 18u +f1 05p8u(p,t)dp

T2

+(e —3e )cost—e (1+ )sint,l <z <2,0<t<1,
u(l,t):esmt (2,t)—|—u(2 t) = 2e?sint, 0<t<I1,
u(z,0) =0, 1<x<2,

whose exact solution is u(x,t) = e* sint. Some numerical solutions are listed at the following
tables. It can be seen that the absolute errors decrease about four times as the stepsizes decrease
two times and that the difference solution is greatly improved by extrapolation method.

Table 1 Result before extrapolation

(z,t) (0.3,1.0) (0.5,1.0) (0.7,1.0) (0.9,1.0)
Exact solution 3.0878067 | 3.7712113 | 4.6061679 | 5.6259862
h=0.1 Difference solution | 3.0865600 | 3.7702488 | 4.6059132 | 5.6271263
7=0.1 Absolute error -1.0467e-3 | -9.625e-4 | -2.547e-4 | 1.1401e-3
h = 0.05 | Difference solution | 3.0873456 | 3.7711510 | 4.6061518 | 5.6260672
7 =0.05 Absolute error -2.611e-4 | -2.411e-4 -6.42e-5 2.84e-4
h = 0.025 | Difference solution | 3.0875414 | 3.7702488 | 4.6059132 | 5.6271263
7 =0.025 Absolute error -6.53e-5 -6.03e-5 -1.61e-5 7.10e-5

Table 2 Result after extrapolation

4425(0.05,0.05) — Luk(0.1,0.1)

(z,t) (0.3,1.0) (0.5,1.0) (0.7,1.0) (0.9,1.0)
Extrapolation solution | 3.08760747 | 3.77121072 | 4.60616727 | 5.62598488
Absolute error 7.9e-7 6.0e-7 6.4e-7 1.31e-6
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Table 3 Result after extrapolation 3u3¥(0.025,0.025) — 2u¥(0.05,0.05)

(z,t) (0.3,1.0) (0.5,1.0) (0.7,1.0) (0.9,1.0)
Extrapolation solution | 3.08760667 | 3.77121131 | 4.60616787 | 5.62598612
Absolute error -1.0e-8 -1.0e-8 -3.0e-8 -6.0e-8
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