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Abstract

A new class of finite difference schemes is constructed for Fisher partial differential
equation i.e. the reaction-diffusion equation with stiff source term: au(l — u). These
schemes have the properties that they reduce to high fidelity algorithms in the diffusion-
free case namely in which the numerical solutions preserve the properties inherent in the
exact solutions for arbitrary time step-size and reaction coefficient o > 0, and all non-
physical spurious solutions including bifurcations and chaos that normally appear in the
standard discrete models of Fisher partial differential equation will not occur. The implicit
schemes so developed obtain the numerical solutions by solving a single linear algebraic
system at each step. The boundness and asymptotic behaviour of numerical solutions
obtained by all these schemes are given. The approach constructing the above schemes
can be extended to reaction-diffusion equations with other stiff source terms.

Key words: Reaction-diffusion equation, Fidelity algorithm.

1. Introduction
The Fisher partial differential equation (PDE.)™®*]

Ou O%u

E:@—f—au(l—u), Oé>0 (].].)

is a mathematical model for the analysis of a number of natural phenomena: population growth
with dispersall?!, flam propagationJland the neution population in a nuclear reaction®!, and
has also been used as a test equation for the investigation of numerical integration schemes and
the related issues of numerical chaos[®4.

It is well known that the use of Euler finite difference scheme to solve the Fisher PDE. can
produce bifurcations and chaos i.e. non physical spurious solutions which are contrived from
the difference equation and are not a feature of the Fisher PDE. A major source of resulting
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in non physical spurious solutions is the existence of bifurcations and chaotie behaviour in
numerical solutions to the corresponding ordinary differential equation (ODE.). Therefore, in
numerical solution preceduces one must eliminate such non physical spurious solutions and
faithfully approximates to the original initial-value problem (IVP.):

du
{E:aS(u),a>0 (1.2)
u(0) = u°
where
S(u) =u(l —u) (1.3)

i.e., so that the properties of particular interest that include asymptotic behaviour of solu-
tions and the stability properties of fixed points should be all the same to IVP. (1.2)—(1.3).
Consequently the corresponding numerical model is most important.

The present paper is a continuation of [11] where a new class of explicitly high fidelity algo-
rithms for stiff IVP. (1.2) were presented, the major purpose is that the high fidelity algorithms
so developed will be incorporated, in the appropriate, into finite-difference schemes for the
Fisher PDE. (1.1) such that the numerical solutions arising will faithfully represent its genuine
solutions, and non physical spurious solutions including bifurcations and chaos will not occur.

The paper is organized as following. In 2, the high fidelity algorithms for the diffusion-
free case i.e. the IVP. (1.2)—(1.3) and their important properties are described. In §3 the full
numerical schemes for the initial-boundary value problem (IBVP.) of the Fisher PDE. and the
preliminaris are given. In §4 the boundness and asymptotic behaviour of numerical solutions
obtained by all the schemes are discussed in detail.

2. Diffusion-Free Case

2.1. The properties of solutions for Logistie equation

In diffusion-free case the Fisher PDE.

ou  0%u
5% = 92 + au(l —u)
become the Logistic ODE.
d
d—?—au(l—u), t>0, (2.1)

where a > 0 is a stiff parameter.
For the Logistic equation the exact solution is given by

u? ule®

w + (1—uf)e—at — (1—ud) + uleat’

t

u(t) = (2.2)
where u° > 0 is the initial value.

Two properties are important for the Logistic equation (2.1): 1) It has two fixed points
u* =1 and v* = 0 in which the fixed u* =1 is stable while u* = 0 is unstable; 2) The global
asymptotic solution behavious is that for every positive initial value u® and a > 0 the solution
is monotone, and eventually tends to stable fixed point u* = 1 and that u(t) ,/ 1if 0 < u® < 1
and u(t) \,1if u® > 1.
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2.2. Construction of high fidelity algorithms

For IVP of the Logistic equation a numerical method that generates numerical solutions
satisfying such properties 1) and 2) for arbitrary « > 0 and steplength 7, is called the high
fidelity algorithm.

Let u* be numerical solution for the Logistic equation at the point t = k7.

The standard discrete model for the Logistic equation, for example, the explicit Euler
method

uF Tt =uf + Auk(1—wh), k>0, A=ar (2.3)

gives stable asymptote u* = 1 if and only if 0 < A < 2 and 0 < u® < 1 + 1/A. The numerical
solution satisfies above the properties 1) and 2) if and only if 0 < A < 1and 0 < w® < 1. In
other case non physical solutions u < 0 or bifurcation or even chaos may take place (See [4] for
details).

Applying the linearly implicit §-method!*?! to TVP. (1.2)-(1.3) obtains

W = ub + AS(WF) + 0AS! (uF) (uFtT — W), (2.4)

where the scheme (2.4) with # = 1/2 is of second order.
For IVP. of the Logistic equation LIM (2.4) with 8 = 1/2 leads tol®!

1
ukt =k 4 §A(u’C + uf ) — Aukubtt (2.5)

It can be shown that its solution u* tends to the fixed point u* = 1 when k — oo for all 4 > 0
1 1
and non physical solution u* < 0 exists when 0 < u® < 272 and A > 2, but the bifurcation

will not occur (See [12] for details). Obviouslly the second-order scheme LIM (2.5) is superior
to the explicit Euler method (2.3).

1 1
On the right hand side in (2.5) if iAuk is used instead of EAU’chl and then we arrive at

= uk 4 Auk (1 — WP (2.6a)

ie.
k+1:(1+AP1(Uk)) E= Ry (uF)uk 92.6b
(T A (i) = (260
where P (u*) =1 and Q;(u¥) = u*. Clearly the scheme (2.6) is only of first-order.
Inserting the right hand side of (2.6a) into the term in (2.5), that is modified just now leads

to the second order scheme
1 1
uktl = <1 +A+ §A2> ub — A (1 + §A> uFyhtt (2.7a)

ie.
the second order explicit scheme

1+ AP (ub) + APy (u*
ot o UHABG) A B 4 g byt (270

(14 AQu(ub) + 5A42Q2(u*))

where P;(u*) =1 and Q;(u*) = uk(i = 1,2).
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In fact, in the case of Logistic equation we can obtain from the expression of the exact
solution (2.2),
14+3>02 7 A
ul = ( Zoé_ll“ ) u®. (2.8)
(1+ 32, pAu’)

Truncating first m terms of the sums we have the following m-th order method

GFH — 1+, gA'P(ub)) Wk = AW
S Uy, byt = ) (29)

where P;(u*) =1 and Q;(u*) = u* 1 =1,2,--- m.

For the scheme (2.9) there is the following result:

Theorem 2.1. For the IVP. of Logistic equation the scheme (2.9) is the high fidelity
algorithm.

The proof see [11].

Remark 1. A simple way constructing first order high fidelity algorithm for the IVP. (1.2)
is that we may start from any first-order method and then, on condition that order of the
method has no change, appropriately modify the scheme such that Py (u°) > 0 and Q;(u®) > 0.

3. Numerical Methods and Preliminaries

The IBVP. of the Fisher PDE. to be discussed reads

1 2
@:—%+au(1—u),0<x<1,t>0,a>0, (3.1)
w(0,t) =by and wu(l,t)=by, 0<b;<1,i=1,2,t>0 )
u(z,0) = Up(2),0 < Up(z) < 1,0 <z < 1, (33)

Where « is a positive stiff parameter, Up(z)is a continuous function for 0 < z < 1 and the
parameter L, the critical length L* at which bifurcation occurs, is contained in [5]. The IBVP.
(3.1)—(3.3) has applications in a number of fields ([2], [3], [7])-

3.1. Numerical Methods

In order to solve numerically this problem, first of all, the region [0 <

is divided by a rectangular grid with steplengths h (space interval 0 < x

variable) such that Nh =1, N is an integer and ¢, = k7(k =0,1,2,---).
We define

Iy = {z|z = h,2h, -+, (N —1)h} and I, =I,+ {0} + {1}.

Let n*(x) be the value of the mesh function 1 at mesh point = € Ip,,t = k7(k > 0). We use
the following notations

W) = 2l e+ 1) =t @], k() = ol — )

Weaw) = S5 (o + B) = 20 () + 7 (e = )]

and
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Let u®(x) be the solution of numerical method for IBVP. (3.1)—(3.3). Approximating the
space derivative in (3.1) to

0%u
@Helh = xx( )+O(h2)

leads to the ODEs.

duf(z) 1
= k() + ot () (-t (@)), (3.4

and then applying the high fidelity scheme (2.6a) given in §2 to the ODEs. (3.4) obtains the
linearly implicit scheme with the (h% + 7) accuracy

() = uf () + 25 (0ulE (o) + (1= O)ulz(2)) + AuP (2)(1 — uF+ (). (3.5)

2
where A = ar.

Still further applyng the linearly implicit #-method (2.4) with § = 1/2 given in §2 to the
ODEs. (3.4) leads to the linearly implicit scheme with the (h? + 72) accuracy

W ) = k() + 5 (W ) + k() + SAGE) + b (@) - k@ (@), (36)

and then inserting the right hand side of the fornula (3.5) with § = 1/2 into the place of the

1
term §Auk“(x) in (3.6) can obtain the linearly implicit scheme with the (h? 4+ 72) accuracy

uf ™ (z) = uf () + %( gz (2) + uyz(x)) + rAu’ (@)(1 - u* (2)), (3.7)

1
where 7 = (1 + §A> .
Finally the schemes (3.5) and (3.7) can be written as the unified form

Tr

uF 1 (z) = uF(z) + 72

(0uh2 () + (1 - Dbz (2) +rAub(@)(1 - u* (@), (38)

TT

We will discuss the following three schemes.
ME: (the first-order explicit scheme) r =1 and 8 =0,
MI: (the first-order implicit scheme) r =1 and § = 1, and

1
MS: (the second-order implicit scheme) r = (1 + §A> and # = 1/2 in the formula (3.8).
3.2. Preliminaries

We need to make provision for discussion of the properties of schemes ME, MI and MS.
First define
r
D(h, 7, L,a)n*(z) = nf (x) — ﬁ(%igl (@) + (1 = O)mz(x)) — arn®(z) (1 — 0"+ (2)).
Thus we have the following result.

Lemma Al. Assume 0 < nf(z), max ¢&*(z) <1 and
2€Tp,k>0

D(h ,L,a)n*(x) < D(h,7,L,a)¢*(x), x €l k>0,
" (@) <£’“(:v), x=0,1,k>0 (3.9)
(ZL“) < fk(w)a z €I
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2T

then for 6 =0 and r = 1 with <1_L2—h2

1
>200r9:§with(1 T)ZOthereisall

-

ETY
(@) <€),  welnk>0.

Proof. Put n¥(x) = ¢*(x) + ¥ (x). We can obtain from the inequality (3.9)

20Tr . Orr . _
(14 2o+ rtnf @) 740 0) = o o 1)+ = )

< (1 _2=bmr rA(l - 5’““(@)) ii* (x) (3.10)

L2h?
(1-6)rr

S (@ )+ (@ = ),

+

Obviously, 7°(z) < 0 for all x € I}, and suppose that for all = € I, 7' (z) < 0,i < k.
Let 71 (2(9)) = max ¥+ () and Assume z(®) £ 0 or 1 (otherwise one of both 7*+1(0) and

zelp
7*+1(1) = max " ™! (z) < 0 from which 7*+!(z) < 0,2 € Ty, thus the induction is completed).
z€lp
. 2T . Tr .
Hence, when # = 0 and r = 1 with 1—L2—h2 > 0or 6 =1/2 with (1_L2—h2) >0in

the inequality (3.10) there is

(1+rAnt (@) @) < (1+ rAQL - €71(2)) max it (z) < 0,
€l

from which 7¥+1 (2(®)) < 0 and so 7¥** () < 0 for all z € T,. Thus the induction is completed.

1
Lemma A2. Let o(y) = ﬂ,ﬂ >0,y > 0. Then ¢(y) has the following properties:

(1+ By)
>0 as0<y<1

Dew:{Zy o0y
and

(ii) ¢(0) =0,9(1) =1 and 1 < p(c) < casc> 1.

4. The Properties of Schemes

In this section the boundness and asymptotic behaviour of numerical solution for schemes
ME, MI and MS will be discussed in detail.

4.1. The Scheme ME

For first-order explicit scheme ME the difference equation reads
W (@) = ut () + Truks(@) + Au@)(1— (@), k>0
BO)=b and uF(1)=by, 0<b;<1,i=12Fk>0 (4.1)
u(z,0) = Up(z) = u’(z),z € I, A = ar.

Let u*(z) be the solution of the difference equation (ME). We have the following results.
Theorem ME1. Suppose that the conditions
(1) 0<Up(z) <L,z e,

and
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2T
@) (1 - ﬁ) 20
hold. Then for arbitrary o > 0

0<uf(z)<1l, zelpk>0.
Proof. Solving Eq. (4.1) for u*T1(z) gives

(14 A - 3=)uf(2) + 3= (uf (z + h) + u¥(z — h))

Wt () = [+ Auk(2)) ,

k>0,  (4.1)

2T

By u%(z) > 0,z € I, and <1 ~ T3

) > 0 we obtain from (4.1)’

uF(x) >0, zelyk>0.

On the other hand taking § = 0,r = 1,7*(z) = u*(z) > 0 and £*(z) = 1 in the Lemma Al.
leads to
0<uf(z) <1, w€&lyk>0.

Thus the Theorem is completely proved.
Theorem ME2. Suppose that the conditions (1) and (2) for Theorem ME1 and

(3) —yuls(e) (@)1~ (@) <O, @€,

hold. Then u*(x) is a nondecreasing function of k for all x € I, and o > 0. In particular, if
the condition (3) is a strict inequality then u*(x) is monotone increasing and

N
lim u” ({—]) =1.
k— o0 2
Proof. Applying Theorem ME1 leads to
0<uf(z)<1l,z€l,k>0.
Using the equation (4.1) can obtain
T ok

(L+ Aut(2)) (@ (z) = ub (@) = Fzu(@) + Au(2)(1 - u'(2))

>0,k=0 (by the condition (3))

and
T o k+1 k41 k41
~ ol () — Au" " (2)(1 — w7 (2))
- %(“’iz(w) —ul (@) + [1+ A1 — T (2)](u* (2) — u* T (@)
= 2 [(u*(z + h) —u* " (@ + h)) + (u* (x — h) —u"* (z = h))]
+|1-— L22—7i—12 + A — ()| (uF(z) — uF T (2))
< (14 A(1 - wh+ (2))) max(uk (z) — w1 (2))

zETh
<0,k =0 (by the above inequality).
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By the above inequalities there is u®(z) < u!(z) < 1 and the condition (3) for k£ = 1 holds and
that the induction can be carried out. In particular, if (3) is a strict inequality then

uf(z) <uf () <1, z€l, k>0

(3]

Thus the Theorem is completely proved.

and

Similarly we can prove the following result.

Theorem ME3. Suppose that the conditions (1) and (2) for Theorem ME1 and
1
3y —ﬁugf(az) —au’(z)(1 —u’(z)) >0, zel,
hold. Then u*(x) is a nonincreasing function of k for all x € Iy, and o > 0. In particular, if
(3) is a strict inequality then u*(x) is monotone decreasing and

lim u® ({E]> =0.
k—o0 2
Remark 2. Let kK — oo in (4.1) and

v(z) = kli)n;ouk(x), x € Ip.

Then v(z) is a solution of the following steady problem

{ —éuﬁ(:ﬂ) — av(@)(1 = v(z)) = 0
v(0) =by and v(1)=0,,0<b; <1,i=1,2

N
and the limit value v <[5}> is determined by the initial-boundary value, the second-order

difference quotient of Up(x) and L, the eritical length of (ME).
2T

EYE
improvable because it is the stability conditiion for the corresponding heat equation (a = 0).

Remark 3. The condition <1 > 0 for (ME) which is indepentent of «, is not

4.2. The scheme MI

For first-order implicit scheme MI the difference equation reads

W (@) = ut () + Tkt (@) + Au(@)(1 - u" @),k > 0,
(MI):q uk(0)=b and wF(1)=by,0<b;<1,i=1,2,k>0 (4.2)
u(z,0) = Up(z) =u’(z),z € I, A = ar.

Let u*(z) be the solution of (MI). We have the following results.
Theorem MI1. Suppose 0 < Up(x) < 1,z € I,. Then for all positive parameters h,T and
a7
0<ukf(z) <1, zel, k>0.

Proof. The equation (4.2) can be rewritten as

(1 + Auf(z))ub T (z) = %u’;;l(w) +(1+ Aur(z), k>0 4.2)
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We may suppose that no boundary value arrives at maxu***(z) or min u**!(z) otherwise, at
z€ln z€ln

least, one side of the inequality 0 < u*(x) < 1 is proved.
Now suppose that for all z € Tj, and j < k, 0 < u/(z) < 1. Assume v+ (z(?)) = max uk ()
EASH

and ubt (V) = arcréllnh u**1(z). Then there are u*T" (2(®)) < 0 and w*Z*(z(M) > 0 respectively.

By the formula (4.2)’ and Lemma A2, we can obtain

(1 + A)uF(z(®)

k+1 (0) <
W) S G Aw o)

<1

and
(1+ A)uk(x(l))

T (14 Auk(2)) =
from which 0 < u**!(z) <1, z € I}, k > 0. Thus the induction is completed.

Theorem MI2. Suppose that

(1) 0<Up(z) <L,z elp, k>0
and

L o 0 0

(3) —ﬁuﬁ(az) —au’(z)(l —u'(x)) <0,z € I)
hold. Then u*(z),x € Iy, is a nondecreasing function of k for all positive parameters h,T and
a. In particular, if the condition (3) is a strict inequality then u*(z),x € Iy, is monotone

uk—i—l (ZE(l))

N
increasing and lim o | |=| | = 1.
k—o0 2
Proof. Applying Theorem MI1 leads to

0<uf(z)<1, zel, k>0
The equation (4.2) can be rewritten as
(1+ Aub (@) (Wb () — uh(2)) — 75 (Ul (2) — uby(2))
= Sulz(a) + Aub(2)(1 - u* ().
Let o* (z) = uFt! (z)—u*(2),u € Tj. Clearly, ¥* (z)|s=0,1 = 0. Assume o* (z(V)) = min ¢*(z), k >
0 and () # 0 or 1. Then -
1+ Auf @)t (V) 2 Sulz@) + 4t @)1 - uf @),
from which (u!(z) — u®(z)) > 0,z € I, moreover, by the equation (4.2) there is
— Ut (@) — AuF (@) (1 - uh (@)
= —(1+ AL —u!*(2))) (" (z) — u(2)),

from which the condition (3) for ¥ = 1 holds and that the induction can be carried out. In
particular, if (3) is a strict inequality then

uk(z) <uftl(z) <1, z€l,k>0

and lim u® ({%]) = 1. Thus the Theorem is completed proved.

k—o0
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Similarly, we can prove the following result.
Theorem MI3. Suppose that the condition (1) and

1
(3) = fzea(®) — au’(2)(1 —u’(x)) 2 0,2 € I
hold. Then u*(z) is a nonincreasing function of k for all positive parameters h,T and «. In
N
particular, if (3) is a strict inequality then u*(x) is monotone decreasing and klim uF <[5]> =
— 00
0.

4.3. The Scheme MS

For second-order scheme MS the difference equation reads

W (@) = uh (o) + i (Wi () + uls (@) + rdut (@) (1 - ot (@),

(MS) : €Ik 20 (4.3)
ub(0) =b; and wf(1)=0,,0<b;<1,i=1,2,k>0
u®(x,0) = Up(z) = u’(z),z € I, A = ar,

where r = (1 + %A) .

Applying the techniques used in §4.1 and §4.2 to the difference equation (MS) can obtain
the similar results. Only the key steps to the proof of these results are given in the following.
Theorem MS1. Suppose that the conditions
(1) 0<Up(z) <L,z eI
and

o (1 ) 20

hold. Then for all x € Iy,

Proof. The equation (4.3) is rewritten as

(1 + rAuf (z)uf 1 (z) = %(uﬁ%l(:ﬂ) +uf_(2)) + (1 +rA)u”(z), €.

Assume v*+1 (™M) = min «***(z) and 2™ # 0 or 1. Then
z€lp

™
EE

7 (W@ + )+ uF @) — 1))

> (14 rA) min u*(z) > 0.
xz€lp

+ Ar| u*(zM)

(1 + rAuk (zW)uh+ (V) > [1

+

Moreover, in the Lemma A1 taking § = 1/2,n*(z) = u*(z) > 0 and ¥ (x) = 1 leads to
0<uf(z) <1, w€&lyk>0.
Theorem MS2. Suppose that the conditions (1) and (2) for Theorem MS1 and

(3) —éugf(az) —au’(z)(1 —u’(z)) <0, z€l,
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hold. Then u*(z) is a nondecreasing function of k for all x € I,. In particular, if the condition
N
(3) is a strict inequality then uk(x) is monotone increasing and klim u <{?}> =1.
—00

Proof.
i) Applying the Theorem MS1 leads to

0<uf(z)<1, zelk>0.

ii) The equation (4.3) is rewritten as

(14 7 Au (2) (W () = uh (@) = 55 (uhE (o) — ubz(a))
= ulz(e) + rAut (@)(1 - o (@) (2 0).

ili) Using the equation (4.3) can obtain

T () — A (@) (1 - (2)

L2 T
B QT—J;(uI;E(x) —ubt (@) + (1 4+ rA(L — u* (2))) (u" (2) — u* T (2))
< (1+7rA(1 — ukbt(2))) JIEI?TX(ulc (z) — ! (2)).

On the basis of three inequalities above it is easy to prove the results of the Theorem.
Similarly, we can prove the following result.
Theorem MS3. Suppose that the conditions (1) and (2) for Theorem MS1 and

(3) ~Luli(o) - (@)1 @) 20, ey

hold. Then u*(x) is a nonincreasing function of k for all x € Iy,. In particular, if (3)’ is a
strict inequality then u®(x) is monotone decreasing and

()

Remark 4. The approach constructing the schemes in this paper can be extended to
reaction-diffusion equations with other stiff scource terms. It remains to be researched whether

the condition (2) ((1 - LT;f—lQ) > 0), in Theorem MS1, can be cut out.
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