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Abstract

The abstract L?-norm error estimate of nonconforming finite element method
is established. The uniformly L?-norm error estimate is obtained for the noncon-
forming finite element method for the second order elliptic problem with the lowest
regularity, i.e., in the case that the solution u € H*(2) only. It is also shown that
the L2-norm error bound we obtained is one order heigher than the energe-norm
error bound.
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1. Introduction

This paper is concerned with the uniformly L?— norm error estimate of the noncon-
forming finite method for the second order elliptic problem with the lowest regularity,
i.e., in the case that the solution u € H'(2) only, but not in H?(£2).

For the conforming finite element method of the second order elliptic problem, it is
well known that using the Aubin-Nitsche lemma obtained the L?— norm error bound,
which is one order of h, the parameter of triangulation, higher than the H'— norm
error bound, in the case that the solution u of the primale problem is smooth enough,
ie., u € H*(Q) (c.f.]1]). And recently, Schatz and Wang [2] considered the uniformly
L?— norm error bound for the conforming finite element method of second order elliptic
problem in the case that the solution u is not smooth enough, i.e., u € H'(£2) only, but
not in H2().

In order to consider the L?— norm error estimate for the nonconforming finite ele-
ment method, we need the Aubin-Nitsche lemma for the nonconforming finite element
method, which has been considered in [4], and for which we now give a clear expression
and a simple proof.
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Firstly, let us state the Aubin-Nitsche lemma for the conforming finite element
method.
Counsider the variational elliptic problem as follows

Find u € H}(Q) such that 1
{ a(u,v) = (f,v) Vo € Hy(9), (1)
where
a(u,v) E/Qaij(x)aiu8jvdx, (1.2)
(fov) = /Qf-vdx (1.3)
and a;j(z) € L®(Q), f € L*(Q),
2 2
Y aii(@)Gg > ay & Vo eQ, &= (&,6)" € R (1.4)
hj=1 i=1

Then the conforming finite element approximation of (1.1) is as follows, let V}, C HJ ()
be the finite element subspace of H} ()

Find uy € Vh, such that
(1.5)

a(up,vn) = (f,0n) ¥ vn € Vi
Then it is well known that
Theorem 1. (Aubin-Nitsche Lemma)(c.f.[1])

Let u and uy, be the solutions of the problems (1.1) and (1.5) respectively, then there
exists C = Const.> 0, such that

1 .
|lu—wupllo < llu —wuplly sup {7— inf |dg — dnl1}, (1.6)
geL2(Q) llgllo dLEVR

where, for any given g € L*(2), ¢y € H}(Q) such that

a(v,¢g) = (9,v) v € Hy(Q). (1.7)

Corollary 2. ([2])
Assume that f € L*(2), then given any e > 0, there exists an hg = ho(e) > 0 such
that for all 0 < h < hg(€),
lu —unllo < €ellu —unl- (1.8)

The proof can be completed from that ||¢g — (¢g)nll1 < €llgllo (c.f[2]) and (1.6).
Note that the Corollary 2 shows that the L?— norm error bound is one order of e
higher than the H'— norm error bound for the conforming finite element approximation

to the second order problem in the case that the solution v € H'!(Q) only, but not in
H?(9).



The L?-norm Error Estimate of Nonconforming Finite Element Method ... 279

2. L?— norm Error Estimate for Nonconforming Finite Element
Method

We now turn to consider the L?— norm error estimate for nonconforming finite
element method for second order elliptic problem (1.1) in the case that the solution
u € H}(Q) only.

Firstly, we give a clear expression and a simple proof for the Aubin-Nitsche Lemma
for the nonconforming finite element approximation to the second order problem. Let
Vig HE(Q) be the nonconformin finite element space, and uj, € Vj be the solution of
the following problem

ap(up,vp) = (f,on)  Yop €V, (2.1)

where
ap(up,vp) = Z/kaij(x)ﬁiuhﬁjvhdx, (2.2)

K
and
1
lonlln = O loali k)2 (2.3)
K

Theorem 3. Let u and uy, be the solutions of the problems (1.1) and (2.1)
respectively, then there exists C= Const. > 0, such that

1
lu —upllo < C sup ——
ger2(@) llgllo

{llu = unllnlldg = (¢g)nlln

+ Ep(u, (¢g)h - ¢g) + B (un — u, ¢g)}v (2.4)

where ¢, € HE(Q) is the solution of (1.7), and (¢g) is the nonconforming finite element
approzimation of ¢y : (¢g)n € Vi, such that

an(n, (dg)n) = (g,vn) YV vp € Vp, (2.5)

and
Ep(u, wp) = ap(u, wp) — ap(up, wy) = ap(u,wp) — (f, wp), (2.6)
Ep (wh, dg) = an(wh, dg) — an(wh, (¢g)n) = an(wn, ¢g) — (g, wn)- (2.7)

Before proving the theorem, it should be noted that, when V}, C H}(Q), i.e., the
conforming finite element method, the abstract error estimate (2.4) reduced the estimste
(1.6). In fact, for the conforming finite element method, the expressions (2.6) and (2.7)
vanish and that

I = (@a)ulln = Iy = Bo)ul < C_inf llgg = gl (2.8

Proof of Theorem 3.
Noting that

o _ |(97u —Uh)|
|u—wupllo = sup ="
gerr  lgllo
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and
(9,u —up) = a(u, ¢g) — an(un, (Bg)n) = an(u — up, dg — (dg)n)
+ {an(u, (9g)n) — an(un, (pg)n)} + {an(un, dg) — an(un, ($g)n)}
= ap(u — un, pg — (dg)n) + Enlu, (¢g)n) + Ep(un, dg). (2.10)
We have
lan(u — up, ¢y — (¢g)n)| < Cllu —up|ln - [|¢g — (Bg)nlln- (2.11)

Taking into account that u and ¢, are the solutions of the problems (1.1) and (1.7)
respectively, we have

Eh(ua ¢g) = E;;(U, ¢g) =0, (212)

from which, it can be seen that
Ep(u, (¢g)n) = En(u, (dg)n — dg), (2.13)

E;:(U’haqsg) = E;;(uh _Ua¢g)- (214)

Summarizing (2.9)-(2.14), the proof is completed.

We now give the uniformly L?— norm error estimate of nonconforming finite element
approximation of the problem (1.1) with the solution u € H{(2) only.

Theorem 4.  Assume that the solution of the problem (1.1) v € H{(R), and
f € L%(Q), the triangulation T;, of the polygonal Q is quasi-uniform and satisfies the
inverse hypothesis (c.f.[1]), and the nonconforming finite element space V- HE(9)
possesses the following property, for any given ¢ € C§°(2), there exists C= Const. > 0
independent of h, such that

I [ 0 wnds] < Chllglla- funlhs ¥ wn € Vi (215)
K

where K € Ty is the element with the edge 0K, 0, denotes the conormal derivative
operator associated with the bilinear form a(-,-) in (1.2) on OK. Then for any given
€ > 0, there exists hy = hy(e) > 0, such that

lu—unllo < efllu—wnll + ellflo},  as 0<h < hie). (2.16)

Proof. By the Lemma 1 in [2], let D = {f : f € L%(Q),|fllo = 1},W = {u :
u="TfVf € D}, and W, = {uy : u, = T*g,¥g € D} where u = Tf € H}(Q), and
ux = T*g € H}(Q) are the solutions of (1.1) and (1.7) respectively, i.e.,

a(Tf,v)=(fv) VYV veHy(Q),

and
a(v,T*g) = (g,v) V¥V v € Hy(),
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then W and W, are precompact in Hg (). And due to that the space C§°(£2) is dense
in H}(2), then there exists a finite open cover {S(¢;;€)},, W C U™, S(¢is€), W C
Un,8(gi; ) where ¢ € CRo(Q), 8(dsi¢) = {v € HUQ) : o — gilli < b1 <i <n.

For any given f,g € L*(Q), f,g # 0, set

= f _ u o up,
= _ Uh 2.17
T=1 “= Tl ™ = Tl 217)
and b (4)
=9 g _ Pz — Pgh 2.18
T= Tl % el P = gl (2.18)
then
a(@,v) = (f,v) V veH)9Q), (2.19)
an(@n,vn) = (fyon) YV vp € Vi (2.20)
and
a(v,cﬁg) = (g,’U) Vowve H(}(Q)u (221)
an(vn, (Pg)n) = (G,vn) ¥ vh € V. (2.22)
By the Theorem 3, we have
g —apllo < C sup {l|a—anlln - llgg — (Pg)nlln
geL?(Q)
+ Eh(ﬁa (Qgg)h - ‘lgg) + E;;(ah — U, ‘lgg)} (2'23)

From the Theorem 3.1 in [3], it can be seen that there exists h] = h](e) > 0, such that
g — (Pg)nlln < cne,  as 0 <h <hi. (2.24)

And by the similar way as in the proof of Theorem 3.1 in [3], we have, there exists
h’1 = h’1(e, W,W,) such that
{ | En(a, (‘lgg)h - $Q)| < aﬁ“(ﬁgg)h - &g”ha (2.25)
| B4 (@ — @n, dg)| < czell@n — alln, as 0 <h < h7y,

where the parameter ay, as > 0 will be determined in the following. Thus we have

[z — anllo < Cef(ar + az)l|a — anlln + azlldg — (¢g)nlln}
< Ce{(a1 + a2) (|G — aplp + craze}
< €f||lw — up|lp + €}, as 0 < h < hi(e) = min(h},h"1), (2.26)

when the parameter aq, as have been chosen as follows

1
2C7
and it is not losing the generality to assume that the C= Const. > 1 in (2.4).

] = 0y =

Finally from [|a — apllo = [l —unllo - [|fllo and [|a — @p[ln = [lu — unl[n - [|f]lo, the
proof is completed.
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