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ON THE CONVERGENCE OF KING-WERNER ITERATION
METHOD IN BANACH SPACE*Y
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Abstract
In this paper , a Kantorovitch-Ostrowski type convergence theorem and an
1" (20) " f (@ns)l
1" (z0) =1 f (@)l

at the center between initial points for King-Werner iteration method in Banach
space are established.

error estimate of using the information of higher derivatives
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1. Introduction

Let
flz) =0 (1.1)
where f : X — Y is a nonlinear operator which maps Banach space X into Banach
space Y. The well-known iteration methods for solving (1.1) are the Newton method

and very kinds of its improvement methods. One of them is the so called King-Werner
method defined by

_ ZTntUn
=
k’lU(P, ‘/EOJyO) : T+l = Ty — f’(zn)_lf(xn) Vn € N[], (12)

Yn+1 = Tn41 — fl(zn)ilf(xn-l-l)
which is established by King in [7], Werner in [12] in different formulas, respectively.

It is interesting that the method (1.2) is of order 1 + v/2 with the same function
computation cost and two times combination cost as that of Newton method. Define

w(z,z) =z — f'(2)7 f(2),

then (1.2) can be rewritten as

_ ZTntYn
=
kUI(P, wanO) : Tyl = w(wn’zn) Vn € N(). (13)

Yn+1 = W(Tnt1,2n)
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There are a number of papers concerning the convergence of Newton method and its
improvement methods under the condition of Kantorovitch theorem or relatively close
ones (e.g.[2],[6],[8]-[11],[13] etc.). In [4] [5], Kantorovich type convergence theorems and
estimates of Newton method and two Newton-like methods using higher derivatives
information are proved, respectively, if f has higher derivatives, though they are not
used in iteration process. The idea of using higher derivatives at initial points is also
used for Halley method in [14], and for a class of parameter based Chebyshev-Halley
type methods in [3], where the higher derivatives are used in iteration process.

In this paper, a convergence theorem of Kantorovitch-Ostrowski type using higher
derivatives at the center between initial points for King-Werner method (1.2) is es-
17 (z0) " )1

1/ (z0)~ 1f(fﬂn)ll

obtained. We put forth the main results in §2 and give the proofs and an example in
§3.

tablished. Also, an error estimate of the decreasing speed of

2. Main Results

Define O(z,t) = {z € X|||lz—z| < t}, O(z,t) = {z € X|||lx — 2| < t}, where z € X.
Theorem 2.1. Let X,Y be Banach spaces, f : X — Y have first- and second-order
Frechet derivatives, which are bounded linear operators from X toY and X to L(X,Y),

respectively. Suppose zo,yo € D C X, a convex subset of X, zp = $0+y0 and
lzo =yoll <7, [ler = woll <,
1" (z0) =" " (20)lI < 7,
1" (z0) " (@) = f"W)Il < Kllw =yl Va,y € D.
—
If O(Z(),t* - 5) C D,
3+ () < IV 22K (2.)
7 + VY2 +2K+ K
and X
S G+’ +(5+m) -1<0, (2:2)

where (1) = 2 s KT — —’)’7’ + 37, then

i) the sequence kw(f;xo,yo) defined by (1.2) starting from xo,yo converges to the

unique solution of f(x) in O(z,t* — 5)UO(20,t"" — )N D, where 0 < t* < t** are
two positive zeros of the polynomial

K T.3 1 T T T ¥

o) =BTyl T Ty T, Y2 Ko

— 2.
6 2 2 2 2 2 8 48 (23)

ii)

|xy — 2*|| < t* =t |lz* =yl < t* = sp Vn € Ny
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where ty, sp € kw(p;0,7), which is defined by

o tn + Sn
T2
kw(¢;0,7) : toit = tn — ¢ (1)~ b(tn) (2.4)

Snt1 = tny1 — ¢'(rn) " Pltnt1)
to=0,50 =7, t1 =7+1.
When 7 = 0, that is, kw(P;xo, o) is generated from one point z¢ = yo, it follows
that
Theorem 2.2. Let X,Y be Banach spaces, f : X — Y have first- and second-order
Frechet derivatives, which are bounded linear operators from X toY and X to L(X,Y),
respectively. Suppose vy € D C X, a convex subset of X, and

I (o) f(@o)ll <m0 If (o) " (o) | < 7,
1" (o) "Hf"(2) = "Wl < Kllz =yl Va,y € D.
IfO(.’E[],t*) C D:

Sy < v+ 2vV72 + 2K
T+ VYEH2K+ K

(2.5)

then

i) the sequence kw(f;xo,xo) defined by (1.2) starting from xy converges to the unique
solution of f(z) in O(zg,t*) U O(zo,t™) N D, where 0 < t* < t** are two positive
zeros of the polynomial

K 1
do(t) = Ft?’ + §7t2 —t+m. (2.6)
ii)
|xn — ™| <" —t, |l — ynll < t° = sp Vn € Ny
where t,,, sp € kw(po;0,0), which is defined by

tn + sSp

=
kw(('b[]; 0, T) tnt1 =1n — ¢6(Tn)_1¢0(tn) (27)

Snt1 = tnt1 — G (rn) " po(tnt1)-

The condition in Theorem 2.2 is just the same as that one obtained for Newton
method in [4]. Note that when 7 = 0, (2.2) is satisfied, if (2.1) is satisfied (We shall
point out in an example that this is not true for 7 # 0). So, Theorem 2.2 is a special
case of Theorem 2.1, and we only proof the Theorem 2.1 in §3.

Further more, we get the following theorem

Theorem 2.3. Under the condition of Theorem 2.1, we have

1" (20) " f (@ng )]l _ Bltnta)
1/ (z0) " (@)l — (tn)

< thto — thtyt

Vn € Ny.
tn—l—l - tn



460 7Z.D HUANG

which says that the error estimates of ||f'(20) ' f(x,)|| can be controlled by itself step
by step.

3. Proofs

At first, we use the King-Werner method to determine the smaller positive zero of
polynomial (2.3). We have

Lemma 3.1. Under (2.1) and (2.2), the polynomial (2.3) has two positive zeros
satisfying 0 < t* < t**.

The proof of Lemma 3.1 is as similar as that in [4-5], and is omitted.

Lemma 3.2. If condition (2.1) and (2.2) are satisfied, kw(¢;0,7) is defined by
(2.4), then

D=ty <sp<t1 < - <t, <8, <---<tF<t
and

lim ¢, = lim s, =¢* (3.1)
n—r00 n—r00
Proof. (2.1) and (2.2) imply that ¢(7+n) > 0 and ¢'(7+n) <0, that is, 747 < t*.
So, (3.1) follows by induction.
Lemma 3.3. If x € D, then

1f/ (z0) " " ()]l < ¢"(8), if lz— 2l <t-— g < -7
I Go) @) < —#@ 7 if el <i-L<r T (32)

Proof. In fact,

1£C20) " " @) < 1 (20) ™ £ o)l + £ (20) M (" () = £ (z0)]
< ¢"(1) (F<t<t™).

Since ¢'(t) < 0 on [0,t*), we get
1
17— f'(z0) " ()l < /0 K0df||z — zo]|* + |z — zoll
<1+¢/(t) <1 (g <t<th),

so that [f'(z0) 1f'(z)] ! exits and

1
(20) =" f' ()

||[f'(20)_1f'($)]_1|| < 1 _ ||I — f, “ < _¢,(t)_1 (

NS

holds by Neumann’s Theorem.
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Lemma 3.4. If z,y,u,v € D satisfy

[l = zoll <, lly —woll < s =,
lu =zl <p =t o -yl <q—s,

where 0 <t < s <p<q<th then

15 Go) Y - SO <~ - #EEDL e
Proof. Since
e -t = av s

where

A== [y oS By gt Y

B= (YY),
So,

x+y u+v

1" (20) (=) = £( < 1/ (z0) Al + 11 (20) B

/ K0d9 t—l—q ) +¢,,(s—21—t)(p—t—i2—q—s)

T ¢(p+")1

- -

follows by Lemma 3.3.
For the proof of Theorems, we need the following expansion of f(u): If ,y € D,u =

w(z, x—;—y), then
Fw) = f(w) - (@) - P =)
:/Olf"(y—i—H(u—y))(l—9)d9(u—y)2+/1f”(x+y+9y_$)d9(y_$)2(u_y)
+/ Cla,y)(1 — 0)do(L=" +//nydrl—0)d0( 2" (3.5)
where
wT Ty y—=T w Tty
Clayy) = /"L + 0225 - (Y,
Da.y) = 1Y) — I (- ).
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Proof of Theorem 1. Let us prove that

ILF" Czo) =1 f ()] HI < = () ™

|Zn+1 = Ynll < tng1 — sn

(1) @n € O(zo,tn)

@) o —zall 50—t
() o€ O0l0,sn—3)
(4)

(5)

hold for all x,,, Yy, 2, € kw(P;xo,yo), where ty, sp, r, are defined by (2.4). In fact, they

hold for n = 0. Given they be true for n =0,1,...,k, then

|zk1 — zoll < llzks1 — yell + llyr — 2ill + |2k — 2ol < tpya-

lye — zoll < llyx — zxll + |lzx — zol| < sks

.
ly + 0(zp11 — yk) — 20| < sp 4+ O(thy1 — 58) — 5 <t ~ 3
T
— < R < A
2k — 2zoll < 7 e 5
- —t
[P R . ’“—ggt*—%, 0<0<1.
By Lemma 3.3 and Lemma 3.4,
I1f'(z0) " f ($k+1)||
/ 1" (20) ™ £ (i + O(zrt1 — ) |(1 — 0)dO||zpi1 — yiel?
+/ 1 (20)” eyk )“d9||(yk - $k)(2$k+1 — )|l

+ [ 7o) 1C(wk,yk>||( o122l

+// 1/ (20) " D (@, yx) lldr (1 — )dQM
1

< / & (55 + Ot 1 — 51)) (1 — 0)dO(tysr — s0)?

" t (sg — tx)(t — Sk)
+/¢ k2 k)dgk k2k+1 k
+/0 KOCEE) (1 g)dn(*E k)2
+ /01/01 K(I_T)ZM(S,C —tp)dr(1 - 9)d9(%)2,
= (,ZS(t]H_l),

(3.11)

(3.12)
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which yields

11" (z0) ™ £ () T 1 (20) ™ f ()|
¢/ () pltr)
~ o1 — . (3.13)

yks1 — Tl <
<
It follows that

19r+1 = zoll < l[Yrs1 = znll + [k — ol

< Sky1 — e+l — o = Sk

<t (3.14.)
and
2641 — 20l < Th41 — % <t - %
By Lemma 3.2, we get
IF" (o) ™ ' (s )] THE S = () T (3.15)

Since

Tpt2 = Yntl = (f'(Zk) b )TN f(#ng)
—[f"(20) " f )] (20) S () = f (2rg1)]
(= f/ (1) 7" f (@r1)]-

By Lemma 3.3, Lemma 3.4, it follows that

X

Znt2 = Ynatll < 1= [F (20) 7 F ) M- 1L (20) M (26) = f/ (s
X || = f'(zkt1) " f (mrg0)
< —¢'(ri) " [ (k) — ¢ (rrg0)] - [=0 (Pheg1) T B(Ergn)]
= [¢'(rk) " = ¢ (req1) 1 (tas1)
= th42 — Sk41- (3.16)

(3.11),(3.13),(3.14) and (3.15),(3.16) show that (3.6)-(3.10) hold for n = k + 1. By
induction, the proof of (3.6)-(3.10) is completed.

Lemma 3.2 implies that the sequence kw(¢;0,7) is a Cauchy sequence. From (3.6)-
(3.10), kw(f;zo,yo)becomes a Cauchy sequence, too. Then it follows that

Jz* € O(z, t* — %) C O(xg,t%) such that Tn — 2 yp — 2F,n — 00,

and
|xn — ¥ < t° —tp, lyn — z*|| < t* — sp. (3.17)
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From (3.12), f(z*) = 0. Now to complete the proof of Theorem 1 , it is sufficient to

proof that there is an unique solution of (1.1) in O(zg,t* — g) U O(zp, t** — g) N D.
Suppose

\]

3z € O(zp, t* — %) U O(zp, t*" — 5) NnD, such that f(@) =0,

Let §g := 2" — 29 + 0(T — x*), then for 0 < 6 < 1, holds ||§g|| < ¢** — . Since
1
|/ Go)™ " + 0 = a")do ~ 1|
< [ 1) o + o) o]

/de/ e = DO — ))dn(t — 2+ 0(t — 1))

. / § (" + 0t —t*)do+1 = 1.
0

So, [fy f'(20)~" f'(z* + (% — 2*))df]~" exists by Neumann’s Theorem, it follows that
the operator equation

/ f'(z0) " f' (@™ + 0(F — 27))db(@ — ™) = f'(20) 7 (f (@) — f(a")) =0

has an unique solution  — z* = 0, that is, ¥ = z*.
Proof of Theorem 2.3. Using Taylor expansion at z,, we have

f(@nt1) = (E+F)G - [f,(z())_lf(wn)]
where

— T

2

b= /01 £ (@ + 0z0)dO ()

1

F= /0 P (@n + 01 — 20)) (1 — 0)dO (@ — 1)

G=[-f"(z0)"" f'(za)]

By Lemma 3.2 and the proof of Theorem 1,
17 (20) " F (sl < 1F'(20)"H(E + F)G - [f'(20) " f(n)]
1 _
<[+ Ora)an ™"
0

+ /0 b+ 0tsr — 1)) (1 — 0)dB(t 1 — )]
X [=¢' (ra) "1 (20) " f () |

_ ¢(tn+1) (4 -1 o
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It follows that,

1" (20) " f (@ng )]l _ Bltnta)

3.18
PG Fan)l = dlta) (319
o ¢’(Tn+1) . tn+2 - tn+1
QS,(Tn) tpy1 — &y
Int2 — tn+17 (3.19)
tn+1 -ty

which completes the proof by induction.
Example 1. If 7 # 0, that condition (2.1) is true does not imply that the condition
(2.2) is true(It is different from the case 7 =0.).

Let
4 —+/15 \/3
7”7 6 77 77- 37
we have )
N+ p(T)y = 5
and

T 1
— —1=2>0.
7(2+77) 3 >

That is, the condition (2.1) is true, but the condition (2.2) is not true.
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