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GENERALIZED DIFFERENCE METHODS ON ARBITRARYQUADRILATERAL NETWORKS�Yong-hai Li Rong-hua Li(Institute of Mathematis, Jilin University, Changhun 130023, China)AbstratThis paper onsiders the generalized di�erene methods on arbitrary networksfor Poisson equations. Convergene order estimates are proved based on some apriori estimates. A supporting numerial example is provided.Key words: Quadrilateral elements, Dual grids, Bilinear funtions, Generalizeddi�erene methods, Priori estimates, Error estimates.1. IntrodutionConsider the boundary value problem of the Poisson equation( ��u = f(x; y); (x; y) 2 
 (1:1)u = 0; (x; y) 2 � = �
 (1:2)where 
 is a onvex polygon regon; � = �
 the boundary of 
 and f(x; y) a knownfuntion on 
.The generalized di�erene methods on quadrilateral networks for ellipti equationsare proposed in [11℄, where the onvergene order estimates are given for retangularnetworks. Quadrilateral networks are strutured networks, the so alled "�nite volumemethod on strutured networks" (f. [7℄ - [9℄), a popular method in omputational uid,is idential to the generalized di�erene method in [3℄(f.[4℄ and [11℄). The generalizeddi�erene methods have the same onvergene orders as the orresponding �nite elementmethods, but they require less omputational expenses, and keep the mass onservation(f. [5℄). The aim of this paper is to provide a theory for the generalized di�erenemethod on arbitrary quadrilateral networks, and to obtain the optimal onvergeneorder estimates. A generalized di�erene method with bilinear element is onstrutedin x2. Some a priori estimates are dedued in x3. x4 is devoted to the error orderestimates. Finally, a numerial example is given in x5 to show the e�etiveness of themethod.� Reeived February 29, 1998.



654 Y.H. LI AND R.H. LI2. Generalized Di�erene MethodsLet 
 be a onvex polygonal region. Deompose 
 into the union of �nite num-ber of stritly onvex and nonoverlapping quadrilateral elements.Two nodes are alledadjaent if they are the endpoints of the same side of an element. The set of all thequadrilateral elements is denoted by Th, where h is the maximum length of all the sides.Connet the midpoints of the opposite side of a quadrilateral element, and all thejoint of the two onneting lines the averaging enter. Now we onstrut the dual sub-division of Th. Let P be an inner node as in Fig.1; 2PP1P2P3, 2PP3P4P5, 2PP5P6P7,2PP7P8P1 are the quadrilaterals with a ommon node P ; and Q1; Q2; Q3; Q4 re-spetively are their averaging enter. Let M1, M2, M3, M4 be the midpoints ofPP1; PP3; PP5; PP7. Connet M1; Q1, M2; Q2, M3; Q3, M4; Q4, M1, suessively toobtain a polygonal region K�P surrounding P , alled a dual element. The set of all thedual elements is denoted by T �h , and alled the dual subdivision (f. [11℄ or [5℄).

Fig. 1Let �
h be the set of nodes of Th; Æ
h= �
h � �
 the set of the inner nodes; and
�h the set of nodes of the dual grid. Denote by KQ the quadrilateral element withaveraging enter Q 2 
�h, and by SQ; S�P the areas of the element KQ and the dualelement K�P respetively.Suppose Th and T �h are quasi-uniformly, that is, there exist onstants C1; C2 > 0independent of h, suh that C1h2 � SQ � h2; Q 2 
�h (2:1)1C1h2 � S�P � C2h2; P 2 �
h (2:1)2Remark 1. (2:1)2 an be dedued from (2:1)1 under the above assumptions on thedual grid.In order to de�ne the trial funtion spae Uh, we take a unite square K̂ = Ê=[0,1℄�[0,1℄ on (�; �) plane as the referene element. For any onvex quadrilateral



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 655KQ(Q 2 
�h), there is a unique invertible bilinear transformation (f. [6℄)FKQ : ( x = x1 + a1� + a2� + a3��y = y1 + b1� + b2� + b3�� (2:2)1a1 = x2 � x1; a2 = x3 � x1; a3 = x4 � x3 � x2 + x1b1 = y2 � y1; b2 = y3 � y1; b3 = y4 � y3 � y2 + y1 (2:2)2whih maps Ê onto KQ, where (xi; yi) is the oordinate of the node Pi of the elementKQ, see Fig. 2.
Fig. 2Remark 2. When KQ is a parallelogram (inluding retangular) we have a3 =b3 = 0, so the transformation (2:2)1 beomes linear (aÆne).Denote by P1;1 the spae of all the bilinear funtion PÊ(�; �) = 0+ 1�+ 2�+ 3��de�ned on Ê, De�ne the trial funtion spae as:Uh = fuh 2 C0(�
); uhjK = PÊÆF�1K ; uhj� = 0; PÊ 2 P1;1g (2:3)where K = KQ is any quadrilateral element and PÊÆF�1K denotes the ompound fun-tion of PÊ(�; �) and the inverse funtion F�1K . For uh 2 Uh, set uP = uh(P ), then therestrition of uh on KQ is uhjKQ = PÊÆF�1KQ (2:4)where FKQ is de�ned in (2.2), andPÊ(�; �) = 0 + 1� + 2� + 3��0=uP1 ; 1=uP2�uP1 ; 2=uP3�uP1 ; 3=uP4�uP3�uP2+uP1 (2:5)The test funtion spae isVh = fvh 2 L2(
); vhjK�P = onstant; P 2 Æ
hg (2:6)For any P 2 Æ
h, denote by  P the harateristi funtion of K�P , then any vh 2 Vh anbe written: vh = XP2 Æ
h vh(P ) P (2:7)



656 Y.H. LI AND R.H. LILet �hu be the interpolation projetion of u 2 U = H10 (
)\H2(
) onto the trialfuntion spae Uh, then we have (see [1℄)ju��hujm � Ch2�mjuj2;m = 0; 1 (2:8)Let ��huh be the interpolation projetion of uh 2 Uh onto the test funtion spae Vh.As in [11℄(f.[5℄), the generalized di�erene method for (1.1),(1.2) is: Find uh 2 Uh,suh that a(uh;  P0) = (f;  P0);8P0 2 Æ
h (2:9)where a(uh;  P0) = R�K�P0 (��uh�x dy + �uh�y dx) (2:10)(f;  P0) = RK�P0 fdxdy (2:11)(2.10) is obtained by multiplying (1.1) by  P0 , integrating it on K�P0 and applying theGreen formula. Let uPi = uh(Pi),and let 'Pi be the basis funtion of the node Pi,namely,'Pi(Pj) = Æij; 'Pi 2 Uh. So uh = PPi2 Æ
h uPi'Pi , and (2.9) an be rewriten as:PPi2 Æ
h uPia('Pi ;  P0) = (f;  P0) (2:12)where a('Pi ;  P0) = R�K�P0 (��'Pi�x dy + �'Pi�y dx) (2:13)(2.9) is a linear system for fuPig. Its formation involves a great number of integrateslike (2.13). To simplify the omputation, one should deomposite the integral (2.13)into an integration sum over �K�P0 \KQl(l = 1; 2; 3; 4), and then transform it by thebilinear transformation into a de�nite integral of � and � on the referene element K̂.3. A Priori EstimatesIn this setion we shall prove the positive de�niteness of a(uh;��huh), whih is thekey point to the error estimates.As in Fig.3, let the four nodes of the quadrilateral element KQ be Pi = (xi; yi)(i =1; 2; 3; 4), and the midpoints of the four sides by Mi = (xMi ; yMi)(i = 1; 2; 3; 4). Qdenotes the joint of M1M3 and M2M4, that is, the averaging enter of KQ, then Qbeomes the midpoint of bothM1M3 andM2M4. P1P4 and P2P3 are the two diagonalsinterseting at R.
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Fig. 3Let us writef1 = x4 � x3; f2 = x4 � x2; d1 = xM3 � xM1 ; d2 = xM4 � xM2g1 = y4 � y3; g2 = y4 � y2; e1 = yM3 � yM1 ; e2 = yM4 � yM2l12 = jP1P2j; l13 = jP1P3j; l24 = jP2P4j; l34 = jP3P4jl1 = jP2P3j; l2 = jP1P4j; m1 = jM1M3j; m2 = jM2M4j� = 6 M3QM4; � = 6 P3RP4Let jRP2j = k1l1, jRP1j = k2l2, thenjRP3j = (1� k1)l1; jRP4j = (1� k2)l2Denote the areas of the quadrilateralKQ,4P1P2P3,4P1P2P4,4P1P4P3 and4 P2P4P3,respetively, by S, S123, S124, S143, S243, thenS124 = k1S; S123 = k2S; S143 = (1� k1)S; S243 = (1� k2) (3:1)Introdue over Uh the disrete semi-normjuhj1;h = ( PQ2
�h juhj21;KQ;h) 12 (3:2)wherejuhj21;KQ;h = (uP2 � uP1)2 + (uP4 � uP2)2 + (uP4 � uP3)2 + (uP3 � uP1)2 (3:3)uPi = uh(Pi); i = 1; 2; 3; 4:Proposition 1. The semi-norms juhj1;h and juhj1 are equivalent over Uh, that is,there exist onstants �1 and �2 independent of h suh that�1juhj1;h � juhj1 � �2juhj1;h 8uh 2 Uh (3:4)Proof. We only have to show the equivalene of juhj1;KQ and juhj1;KQ;h. By(2.4),(2.5), we have 8<: �uh�x = �uh�� ���x + �uh�� ���x�uh�y = �uh�� ���y + �uh�� ���y (3:5)



658 Y.H. LI AND R.H. LIwhere ( �uh�� = 1 + 3�; �uh�� = 2 + 3�1 = uP2 � uP1 ; 2 = uP3 � uP1 ; 3 = uP4 � uP3 � uP2 + uP1 (3:6)Then, transformation (2.2) results in8<: �x�� = a1 + a3�; �x�� = a2 + a3��y�� = b1 + b3�; �y�� = b2 + b3�Denote the Jaobian of (2.2) by J(x; y), thendetJ(x; y) = (a1b2 � a2b1) + (a1b3 � a3b1)� + (a3b2 � a2b3)� (3:7)By the di�erentiation of inverse funtions we have( ���x = (b2 + b3�)=detJ(x; y); ���y = �(a2 + a3�)=detJ(x; y)���x = �(b1 + b3�)=detJ(x; y); ���x = (a1 + a3�)=detJ(x; y) (3:8)Combining (3.5), (3.6) and (3.8) leads to( �uh�x = [(1 + 3�)(b2 + b3�)� (2 + 3�)(b1 + b3�)℄=detJ(x; y)�uh�y = [�(1 + 3�)(a2 + a3�) + (2 + 3�)(a1 + a3�)℄=detJ(x; y) (3:9)Write 5uh = (�uh�x ; �uh�y )T , 5̂uh = (�uh�� ; �uh�� )T . Then (3.5) gives5uh = J(�; �)5̂uh5̂uh = J�1(�; �)5uhwhere J(�; �) =  ���x ���x���y ���y ! ; J�1(�; �) = (J(�; �))�1 =  a1 + a3� b1 + b3�a2 + a3� b2 + b3� !Use jj 5 uhjj2, jjJ(�; �)jj2 and jjJ(�; �)jjF to denote the Eulidian norm of vetors, andthe spetral norm of matries and the Frobenius norm of matries, respetively, thenjj 5 uhjj22 � jjJ(�; �)jj22jj5̂uhjj22 � jjJ(�; �)jj2F jj5̂uhjj22jj5̂uhjj22 � jjJ�1(�; �)jj22jj 5 uhjj22 � jjJ�1(�; �)jj2F jj 5 uhjj22So juhj21;KQ = RKQ jj 5 uhjj22dxdy � R̂E (jjJ(�; �)jj2F detJ(x; y))jj5̂uhjj22d�d� (3:10)and R̂E jj5̂uhjj22d�d� � R̂E jjJ�1(�; �)jj2F jj 5 uhjj22d�d�� RKQ (jjJ�1(�; �)jj2F =detJ(x; y))jj 5 uhjj22dxdy (3:11)



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 659A diret alulation givesjjJ(�; �)jj2F detJ(x; y)= jjJ�1(�; �)jj2F =detJ(x; y)= [(a1 + a3�)2 + (b1 + b3�)2 + (a2 + a3�)2 + (b2 + b3�)2℄=detJ(x; y) (3:12)By (3.1), (3.7) and the relations between the area and the node oordinates of thetriangle, one getdetJ(x; y) = 2S123 + 2(S124 � S123)� + 2(S143 � S123)�= [2k2 + 2(k1 � k2)� + 2(1 � k1 � k2)�℄S (3:13)where (�; �) 2 Ê = [0; 1℄ � [0; 1℄.Suppose that k1; k2 satisfy� � k1; k2 � 1� �; 0 < � � 12and note that detJ(x; y) is a linear funtion of �, �, then on the referene element Êwe have detJ(x; y) � minfdetJ(x(0; 0); y(0; 0));detJ(x(0; 1); y(0; 1));detJ(x(1; 0); y(1; 0));detJ(x(1; 1); y(1; 1))g= minf2k2S; 2(1� k1)S; 2k1S; 2(1 � k2)Sg� 2�SOn the other hand, we have for the numerator of the right-hand side of the seondequality of (3.12)(a1 + a3�)2 + (b1 + b3�)2 + (a2 + a3�)2 + (b2 + b3�)2= [a1(1� �) + f1�℄2 + [b1(1� �) + g1�℄2+[a2(1� �) + f2�℄2 + [b2(1� �) + g2�℄2� 2[(a21+b21)(1��)2+(f21+g21)�2+(a22+b22)(1��)2+(f22+g22)�2℄= 2[l212(1� �)2 + l234�2 + l213(1� �)2 + l224�2℄� 2[maxfl212; l234g+maxfl213; l224g℄� 4h2Hene jjJ�1(�; �)jj2F =detJ(x; y) = jjJ(�; �)jj2F detJ(x; y) � 4h22�S � 2C1�This together with (3.10) and (3.11) leads toC1�2 juhj21;KQ � R̂E jj5̂uhjj22d�d� � 2C1� juhj21;KQ (3:14)



660 Y.H. LI AND R.H. LIset z1 = uP2 � uP1 ; z2 = uP4 � uP3 ; z3 = uP3 � uP1 ; z4 = uP4 � uP2 (3:15)Then R̂E jj5̂uhjj22d�d� = 13 (z21 + z22 + z1z2 + z23 + z24 + z3z4)It is easy to show that the right-hand side of the above equality is a positive de�nitequadrati form of z1; z2; z3 and z4, and hene is equivalent to z21+z22+z23+z24 . Thereforejuhj1;KQ;h and juhj1;KQ are equivalent by (3.3) and (3.14). This ompletes the proof.Next we turn to show the positive de�niteness of a(uh;��huh). As in [11℄, we rear-range the line integrals of the rigth-hand side of (2.10) to geta(uh;��h�uh) = PQ2
�h IQ(uh;��h�uh) (3:16)where IQ(uh;��h�uh) = PP2 ÆK R�K�P\KQ (��uh�x dy + �uh�y dx)�uh(P ) (3:17)Denote by ÆK the set of the four nodes of KQ = 2P1P2P3P4(f. Fig.3), and merge thetwo integrals with opposite diretions on the same segment of the right-hand side of(3.17), then we haveIQ(uh;��h�uh) = RM1Q(��uh�x dy + �uh�y dx)(�uh(P1)� �uh(P2))+ RQM3 (��uh�x dy + �uh�y dx)(�uh(P3)� �uh(P4))+ RM2Q(��uh�x dy + �uh�y dx)(�uh(P3)� �uh(P1))+ RQM4 (��uh�x dy + �uh�y dx)(�uh(P4)� �uh(P2)) (3:18)
It is easy to see by Fig. 3, transformations (2.2), (3.9) and (3.15), that on M1QM3(� = 12 ) ( x = (x1 + 12a1) + (a2 + 12a3)� = xM1 + d1�y = (y1 + 12b1) + (b2 + 12b3)� = yM1 + e1� (3:19)18>>>>><>>>>>: �uh�x = [(z1(1� �) + z2�)e1 + 12(z3 + z4)(�b1 � b3�)℄=detJ(x(12 ; �); y(12 ; �))�uh�y = [(z1(1� �) + z2�)(�d1) + 12(z3 + z4)(a1 + a3�)℄=detJ(x(12 ; �); y(12 ; �)) (3:19)2and on M2QM4(� = 12)( x = (x1 + 12a2) + (a1 + 12a3)� = xM2 + d2�y = (y1 + 12b2) + (b1 + 12b3)� = yM2 + e2� (3:20)1



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 6618>>>>><>>>>>: �uh�x = [12(z1 + z2)(b2 + b3�) + (z3(1� �) + z4�)(�e2)℄=detJ(x(�; 12); y(�; 12 ))�uh�y = [12(z1 + z2)(�a2 � a3�) + (z3(1� �) + z4�)d2℄=detJ(x(�; 12); y(�; 12 )) (3:20)2Insert (3:19)1 and (3:20)1 into (3.18), to obtainIQ(uh;��huh) = R 120 (��uh�x e1 + �uh�y d1)d�(uP1 � uP2)+ R 112 (��uh�x e1 + �uh�y d1)d�(uP3 � uP4)+ R 120 (��uh�x e2 + �uh�y d2)d�(uP3 � uP1)+ R 112 (��uh�x e2 + �uh�y d2)d�(uP4 � uP2) (3:21)Write A1 = 2S R 120 1��detJ(x( 12 ;�);y( 12 ;�))d�;A2 = 2S R 120 �detJ(x( 12 ;�);y( 12 ;�))d�A3 = 2S R 112 1��detJ(x( 12 ;�);y( 12 ;�))d�;A4 = 2S R 112 �detJ(x( 12 ;�);y( 12 ;�))d�B1 = 2S R 120 1��detJ(x(�; 12 );y(�; 12 ))d�;B2 = 2S R 120 �detJ(x(�; 12 );y(�; 12 ))d�B3 = 2S R 112 1��detJ(x(�; 12 );y(�; 12 ))d�;B4 = 2S R 112 �detJ(x(�; 12 );y(�; 12 ))d� (3:22)
�1 = a1d1 + b1e1 = �!P1P2 � �!M1M3; �2 = f1d1 + g1e1 = �!P3P4 � �!M1M3�3 = a2d2 + b2e2 = �!P1P3 � �!M2M4; �4 = f2d2 + g2e2 = �!P2P4 � �!M2M4 (3:23)By (3.21), (3:19)2, (3:20)2, (3.22), (3.23) and (3.15), we haveIQ(uh;��huh)= [(z1A1 + z2A2)m21 � 12 (z3 + z4)(A1�1 +A2�2)℄ z12S+[(z1A3 + z2A4)m21 � 12(z3 + z4)(A3�1 +A4�2)℄ z22S+[�12(z1 + z2)(B1�3 +B2�4) + (z3B1 + z4B2)m22℄ z32S+[�12(z1 + z2)(B3�3 +B4�4) + (z3B3 + z4B4)m22℄ z42S= zTWz (3:24)

where z = (z1; z2; z3; z4)TW = �14S�0BBBBB� �2A1m21 �2A2m21 A1�1 +A2�2 A1�1 +A2�2�2A3m21 �2A4m21 A3�1 +A4�2 A3�1 +A4�2B1�3 +B2�4 B1�3 +B2�4 �2B1m22 �2B2m22B3�3 +B4�4 B3�3 +B4�4 �2B3m22 �2B4m22
1CCCCCA (3:25)



662 Y.H. LI AND R.H. LIUsing (3.13) we ompute the integrals in (3.22):A1 = 11�k [�12 � (2�k)lnk2(1�k) ℄; A2 = 11�k [12 + klnk2(1�k) ℄A3 = 11�k [�12 + (2�k)ln(2�k)2(1�k) ℄; A4 = 11�k [12 � kln(2�k)2(1�k) ℄B1 = 11�k̂ [�12 � (2�k̂)lnk̂2(1�k̂) ℄; B2 = 11�k̂ [12 + k̂lnk̂2(1�k̂) ℄B3 = 11�k̂ [�12 + (2�k̂)ln(2�k̂)2(1�k̂) ℄; B4 = 11�k̂ [12 � k̂ln(2�k̂)2(1�k̂) ℄ (3:26)where k = k1 + k2, k̂ = 1� k1 + k2, k1 and k2 are de�ned as before, 0 < k1; k2 < 1.Remark 1. If k; k̂ ! 1, in (3.26), then by Taylor Formula we haveA1 = 34 +O(k � 1); A2 = 14 +O(k � 1)A3 = 14 +O(k � 1); A4 = 34 +O(k � 1)B1 = 34 +O(k̂ � 1); B2 = 14 +O(k̂ � 1)B3 = 14 +O(k̂ � 1); B4 = 34 +O(k̂ � 1) (3:27)Note k ! 1; k̂ ! 1 are equivalent to k1 ! 12 ; k2 ! 12 .SineM1;M2;M3 andM4 are the midpoints of the orresponding sides (sse Fig. 3),we have �!M1M3= 12( �!P1P4 + �!P2P3); �!M2M4= 12( �!P1P4 + �!P3P2)So �!P1P4= �!M1M3 + �!M2M4; �!P2P3= �!M1M3 + �!M4M2By the de�nition of k1 and k2, we have�!P1P2= k1 �!P3P2 +k2 �!P1P4; �!P3P4= (1� k1) �!P3P2 +(1� k2) �!P1P4�!P1P3= (1� k1) �!P2P3 +k2 �!P1P4; �!P2P4= k1 �!P2P3 +(1� k2) �!P1P4So �1 = (k̂ � 1)m21 + km1m2os��2 = (1� k̂)m21 + (2� k)m1m2os��3 = k̂m1m2os� + (k � 1)m22�4 = (2� k̂)m1m2os� + (1� k)m22 (3:28)where k = k1 + k2; k̂ = 1� k1 + k2; k1; k2 as de�ned before.We symmetrize the quadrati form (3.24) to obtainIQ(uh;��huh) = zTW0z (3:29)where z = (z1; z2; z3; z4)T



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 663W0 = 14S 0BBBBB� a11 a12 a13 a14a12 a22 a23 a24a13 a23 a33 a34a14 a22 a34 a44
1CCCCCA (3:30)a11 = 2A1m21; a12 = (A2 +A3)m21; a22 = 2A4m21a33 = 2B1m22; a34 = (B2 +B3)m22; a22 = 2B4m22a13 = �12(A1�1 +A2�2 +B1�3 +B2�4)a14 = �12(A1�1 +A2�2 +B3�3 +B4�4)a23 = �12(A3�1 +A4�2 +B1�3 +B2�4)a24 = �12(A3�1 +A4�2 +B3�3 +B4�4) (3:31)Set G1 = 1�k̂1�k [1 + lnk1�k ℄; G2 = 1�k̂1�k [1� ln(2�k)1�k ℄G3 = 1�k1�k̂ [1 + lnk̂1�k̂ ℄; G4 = 1�k1�k̂ [1� ln(2�k̂)1�k̂ ℄ (3:32)Then by (3.26), (3.28), (3.31) and (3.32) we havea13 = �12(G1m21 +G3m22)�m1m2os�a14 = �12(G1m21 +G4m22)�m1m2os�a23 = �12(G2m21 +G3m22)�m1m2os�a24 = �12(G2m21 +G4m22)�m1m2os� (3:33)To estimate the minimum eigenvalue �W0 of W0, we deomposite W0 into a sum ofthree matries: W0 = 14S (W1 +W2 +W3)where W1 = 0BBBBB� 3m212 m212  m212 3m212    3m222 m222  m222 3m222

1CCCCCA ;W2 = 0BBBBB� b11 b12 0 0b12 b22 0 00 0 b33 b340 0 b34 b44
1CCCCCA ;W3 = 0BBBBB� 0 0 b13 b140 0 b23 b24b13 b23 0 0b14 b24 0 0

1CCCCCA (3:34)
 = �m1m2os�b11 = (2A1 � 32)m21; b12 = (A2 +A3 � 12)m21; b22 = (2A4 � 32)m21b33 = (2B1 � 32)m22; b34 = (B2 +B3 � 12)m22; b44 = (2B4 � 32)m22b13 = �12(G1m21 +G3m22); b14 = �12(G1m21 +G4m22)b23 = �12(G2m21 +G3m22); b24 = �12(G2m21 +G4m22) (3:35)



664 Y.H. LI AND R.H. LINext we estimate suessively the minimum eigenvalue �W1 of W1 and the spetralradii �(W2); �(W3).Assume m2 �m1, and let m2 = �m1, then � � 1.It is easy to show that the four eigenvalues of W1 are�1 = m21; �2 = m22�3 = m21 +m22 +q(m21 +m22)2 � 4m21m22sin2��4 = m21 +m22 �q(m21 +m22)2 � 4m21m22sin2�Obviously, �3 > �2 � �1.Write � = sin�, we have�4 = m21[1 + �2 �p(1 + �2)2 � 4�2�2℄Let �min = minf�1; �2; �3; �4g = minf�1; �4g, then�min = ( m21; � 2 [p1 + 2�2=2� ; 1℄�4; � 2 (0;p1 + 2�2=2� ℄ (3:36)For any "0 2 (0; 1) in order to have �4 � "0m21 (3:37)we need only � � �0 = p2"0(1 + �2)=2� = [12(1 + 1�2 )℄ 12p"0that is � 2 (�0; � � �0) (3:38)where �0 > 0 is small enough.Thus, if (3.38) holds, we have �min � "0m21 (3:39)We denote by D1 and D2 the up-left and down-right two-by-two matries of W2.Then the eigenvalues of W1 are the eigenvalues of D1 and D2. The bigger eigenvaluesin norm of D1 and D2, respetively, are�D1 = U(k)m21; �D2 = U(k̂)m22where U(k) = (A1 +A4 � 32 ) +q(A1 �A4)2 + (A2 +A3 � 12)2U(k̂) = (B1 +B4 � 32) +q(B1 �B4)2 + (B2 +B3 � 12)2 (3:40)Noting (3.26), we know that U(k) and U(k̂) are the values of the same funtion U(t)at t = k and k̂ respetively.



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 665By (3.27) and (3.40), we obtainU(k) = O(k � 1); k ! 1; or k1; k2 ! 12U(k̂) = O(k̂ � 1); k̂ ! 1; or k1; k2 ! 12 (3:41)In addition, the funtion U(k) is symmetri on (0, 2) with respet to k = 1, and fortaking � 2 (0; 0:5℄, we have maxk2[2�;1℄U(k) = U(2�)Write D� = f(k1; k2); � � k1; k2 � 1� �; 0 < � � 0:5g.Then max(k1;k2)2D� �(W2) = maxfU(2�)m21; U(2�)m22g= U(2�)�2m21 (3:42)Next, we onsider the spetral radius ofW3. By solving the square of the eigenvaluesof W3, we obtain[�(W3)℄2 = 18 [(G1m21 +G3m22)2 + (G1m21 +G4m22)2+(G2m21 +G3m22)2 + (G2m21 +G4m22)2℄+14 �q(G1m21 +G4m22)2 + (G2m21 +G3m22)2�q(G1m21 +G3m22)2 + (G2m21 +G4m22)2 (3:43)From (3.32) we know that the right-hand side of (3.43) is a funtion of k(k = k1 + k2)and k̂(k̂ = 1� k1 + k2) for �xed m1 and m2, then we havemax(k1;k2)2D�[�(W3)℄2 = [�(W3)℄2j(k1;k2)=(�;�)= (1�2�)2�4m414So �(W3) � (12 � �)�2m21; (k1; k2) 2 D� (3:44)Finally, by (3.39), (3.42), (3.44) andS = 12 l1l2sin� = m1m2sin�we obtain �W0 � 14S ["0m21 � U(2�)�2m21 � (12 � �)�2m21℄= m214m1m2sin� ["0 � U(2�)�2 � (12 � �)�2℄� 14� ["0 � U(2�)�2 � (12 � �)�2℄ (3:45)Thus,we haveProposition 2. Suppose(1) �1 � � = m2m1 � �2 (3:46)1



666 Y.H. LI AND R.H. LI(2) There exists �0 > 0, suh that�0 � � � � � �0 (3:46)2(3) k1; k2 approximate 12 suh thatU(2�)�2 + (12 � �)�2 � "1 < "0Or replae (3) by(3)0 k1; k2 ! 12 ; as h! 0 (3:46)3Then for suÆiently small h, there exists onstant C0 > 0 suh that�W0 � C0 (3:47)Hene IQ(uh;��huh) � C0jjzjj22 = C0juhj21;KQ;h (3:48)By (3.48) and Proposition 1 we haveIQ(uh;��huh) � ~Cjuhj21;KQSo (3.16) implies a(uh;��huh) � ~Cjuhj21 � jjuhjj21 (3:49)Where ~C;  are positive onstants.This is the positiveness of a(uh;��huh). From this one an dedue the existene anduniqueness of the solutions of the generalized di�erene methods.Remark 2. Denote the midpoints of P1P4 and P2P3 by M14 and M23 respetively,then j �!P1P3 + �!P4P2 j = j �!P1P2 + �!P4P3 j = 2jM14M23j (3:50)Also notejM14M23j2 =(k̂�1)2m21+(k� 1)2m22+2(k̂�1)(k�1)m1m2os� (3:51)Suppose 2P1P2P3P4 is a quasi-paralell quadrilateral element, namely (f.[5℄)j �!P1P3 + �!P4P2 j � Ch2 (3:52)(3.50) shows that the ondition (f. [10℄)jM14M23j � Ch2 (3:53)is equivalent to (3.52).



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 667By (3.50)-(3.53), we know the ondition (3:46)3 of the Proposition 2 is similar to(3.52) and (3.53), moreover, we an dedue that the ondition (3:46)3 is weaker than(3.52) and (3.53). 4. Error EstimatesLet u 2 H10 (
) \H2(
) be the solution to the problem (1.1), (1.2) and uh 2 Uh tothe generalized di�erene sheme (2.9). Thena(u;��hvh) = (f;��hvh); 8vh 2 Uh (4:1)a(uh;��hvh) = (f;��hvh); 8vh 2 Uh (4:2)So a(u� uh;��hvh) = 0; 8vh 2 UhBy the positive de�niteness (3.49), we havejj�hu� uhjj21 � 1 a(�hu� uh;��h(�hu� uh))= 1a(�hu� u;��h(�hu� uh))Hene jj�hu� uhjj1 � 1 supwh2Uh ja(�hu� u;��hwh)jjjwhjj1 (4:3)where a(�hu� u;��hwh) = PQ2
�h IQ(�hu� u;��hwh) (4:4)NoteIQ(�hu� u;��hwh) = RM1Q[�(�hu�u)�x dy � �(�hu�u)�y dx℄(wP2 � wP1)+ RM3Q[�(�hu�u)�x dy � �(�hu�u)�y dx℄(wP3 � wP4)+ RM2Q[�(�hu�u)�x dy � �(�hu�u)�y dx℄(wP1 � wP3)+ RM4Q[�(�hu�u)�x dy � �(�hu�u)�y dx℄(wP4 � wP2) (4:5)
It follows from the de�nition (3.3) of the disrete semi-norm thatjwP2 � wP1 j � jwhj1;KQ;h; jwP3 � wP4 j � jwhj1;KQ;hjwP1 � wP3 j � jwhj1;KQ;h; jwP4 � wP2 j � jwhj1;KQ;h (4:6)Write '1 = �(�hu�u)�x , '2 = �(�hu�u)�y , thenj RMkQ[�(�hu�u)�x dy � �(�hu�u)�y dx℄j (k = 1; 2; 3; 4)� RMkQ(j'1j+ j'2j)ds� Ch 12 [ RMkQ('21 + '22)ds℄ 12 (4:7)



668 Y.H. LI AND R.H. LIThe inverse transformation F�1KQ of (2.2) transforms the element KQ into the ref-erene element K̂Q, the funtions 'i(x; y) on KQ into funtions '̂i(�; �) = '(x; y)(i =1; 2), and Q;Mk; Pk into Q̂, M̂k, P̂k(k = 1; 2; 3; 4) respetively. ThenRMkQ j'ij2ds � h RM̂kQ̂ j'̂ij2ds; i = 1; 2 (4:8)The trae formula implies that there exists a onstant C > 0 independent of KQ, suhthat RM̂kQ̂ j'̂ij2ds � jj'̂ijj21;K̂Q ; i = 1; 2 (4:9)Also note 8<: j'̂ij0;K̂Q � Ch�1j'ij0;KQ ; i = 1; 2j'̂ij1;K̂Q � Cj'ij1;KQ ; i = 1; 2 (4:10)Combining (4.8)-(4.10) and using (2.8), we haveRMkQ j'ij2ds � Chjj'̂ijj21;K̂Q= Ch(j'̂ij20;K̂Q + j'̂ij21;K̂Q)� Ch(j'̂ij0;K̂Q + j'̂ij1;K̂Q)2� Ch(h�1j'ij0;KQ j+ j'ij1;KQ)2� Ch(h�1ju��huj1;KQ + ju��huj2;KQ)2� Chjuj22;KQ (4:11)
Insert this into (4.7) and employ (4.6), then we have from (4.5) thatIQ(�hu� u;��hwh) � Chjuj2;KQ jwhj1;KQ;h (4:12)Finally, the ontinuity estimate results from (4.12), (4.4) and the equivalene (3.4) ofthe norms: ja(�hu� u;��hwh)j � Chjuj2jwhj1 (4:13)Substitute (4.13) into the right-hand side of (4.3) to obtainjj�hu� uhjj1 � Chjuj2 (4:14)Then we have the error estimate for the generalized di�erene method:jju� uhjj1 � jj�hu� uhjj1 + jj�hu� ujj1 � Chjuj2 (4:15)Thus we have proved the following theorem.Theorem 1. Let u 2 H10 (
)\H2(
) be the solution to (1.1),(1.2), and uh 2 Uh to(2.9). Suppose the quasi-uniformly subdivision ondition (2.1) and the ondition (3.46)of the proposition 2 are valid. Then the following error estimate holdsjju� uhjj1 � Chjuj2 (4:16)



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 669Remark 1. Obviously, the result (4.16) holds for retangular grids. And in [11℄, thesuperonvergene estimate whose order is higher than (4.16) is obtained for retangulargrids.Remark 2. As known, an error estimate like (4.16) an be found in [2℄. But thereare two important di�erenes from those in [2℄. Firstly, the method in our paper is basedon the Petrov-Galerkin formulations, so we an onstrut the higher auray methodsby taking tried and test spaes in higher order. On the ontrary, the auray of themethod in [2℄ an not be inreased, one an not obtain the sheme with higher aurayby methods in [2℄. Seondly, the estimate in [2℄ is obtained on a strit restrition, i.e., the networks must be loally irregular networks, in other words, the elements of thesubdivision onsist essentially of equilateral triangles and retangles.5. Numerial ExampleAs a numerial example we use the generalized di�erene method to solve the fol-lowing problems:Example1:( ��u = f(x; y); (x; y) 2 
 = (0; 1) � (0; 1)u = 0; (x; y) 2 �
 (5:1)where f(x; y) = 2�2sin�xsin�y, and the true solution is u = sin�xsin�y.
Example2:8>>>>><>>>>>: ��u = f(x; y); (x; y) 2 
 = (0; 1) � (0; 1)u(0; y) = u(1; y) = 0; 0 � y � 1u(x; 0) = sin�x; 0 � x � 1u(x; 1) = e(sin�x); 0 � x � 1 (5:2)

where f(x; y) = (�2 � 1)eysin�x, and the true solution is u = eysin�x.To solve these two problems, we deomposite the region �
 = [0; 1℄ � [0; 1℄ into10�10 = 100 small squares, ending up with a square mesh as in Fig.4; Then we obtaina triangular mesh by drawing the diagonal of eah small square as in Fig. 5.Two generalized di�erene methods are used to solve (5.1) and (5.2).(1)The linear element generalized di�erene method on triangular meshes (see [3℄),denoted by TGDM .(2)The generalized method on quadrilateral networks (see [11℄ and this paper),denoted by QGDM .
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Fig. 4 Fig. 5Gaussian elimination method is used to solve the generalized di�erene equationsof the above two methods. The numerial results of (5.1) (respetively (5.2)) and theorresponding true solutions (TS) are given in Table 1(respetively Table 2). We seethat for Example 1, the generalized di�erene method on the triangular mesh behavesbetter than the one on the quadrilateral mesh, while for Example 2, the quadrilateralnetwork is better. In pratie, it depends on the geometry of the region 
 to determinewhih kind of mesh to use. Table 1(xi; yj) TGDM QGDM TSuh uh u(0.1,0.9) 0.096281 0.097473 0.095491(0.2,0.9) 0.183137 0.185406 0.181636(0.3,0.9) 0.252066 0.255189 0.250000(0.4,0.9) 0.296322 0.299993 0.293893(0.5,0.9) 0.311571 0.315431 0.309017(0.2,0.8) 0.348347 0.352662 0.345491(0.3,0.8) 0.479458 0.485398 0.475528(0.4,0.8) 0.563637 0.570620 0.559017(0.5,0.8) 0.592643 0.599985 0.587785(0.3,0.7) 0.659918 0.668093 0.654508(0.4,0.7) 0.775780 0.785391 0.769421(0.5,0.7) 0.815703 0.825809 0.809017(0.4,0.6) 0.911984 0.923282 0.904508(0.5,0.6) 0.958917 0.970796 0.951056(0.5,0.5) 1.008265 1.020755 1.000000



Generalized Di�erene Methods on Arbitrary Quadrilateral Networks 671Table 2(xi; yj) TGDM QGDM TSuh uh u(0.1,0.9) 0.761336 0.760967 0.760059(0.2,0.9) 1.448147 1.447446 1.445719(0.3,0.9) 1.993203 1.992238 1.989861(0.4,0.9) 2.343151 2.342016 2.339222(0.5,0.9) 2.463735 2.462542 2.459603(0.1,0.8) 0.689988 0.689192 0.687730(0.2,0.8) 1.312054 1.310921 1.308140(0.3,0.8) 1.805887 1.804328 1.800501(0.4,0.8) 2.122948 2.121114 2.116615(0.5,0.8) 2.232199 2.230272 2.225541(0.1,0.7) 0.624762 0.624042 0.622284(0.2,0.7) 1.188367 1.186999 1.183654(0.3,0.7) 1.635647 1.633764 1.629160(0.4,0.7) 1.922819 1.920605 1.915193(0.5,0.7) 2.021771 2.019444 2.013753(0.1,0.6) 0.565698 0.564932 0.563066(0.2,0.6) 1.076021 1.074565 1.071015(0.3,0.6) 1.481016 1.479012 1.474125(0.4,0.6) 1.741039 1.738682 1.732938(0.5,0.6) 1.830637 1.828159 1.822119Referenes[1℄ P.G. Ciarlet, The Finite Element Methods for Ellipti Problems, North-Holland, Amster-dam, 1978.[2℄ B. Heinrih, Finite Di�erene Methods on Irregular Networks, ISNM82, Birkhauser Verlag,1987.[3℄ R.H.Li, P.Q. Zhu, Generalized di�erene methods for 2nd order ellipti partial di�erentialequations, Numerial Mathematis, A Journal of Chinese Universities, 2 (1982), 140-152.[4℄ R.H.Li, Generalized di�erene methods for a nonlinear Dirihlet problem, SIAM J. NumerAnal., 24 (1987), 77-88.[5℄ R.H.Li and Z.Y.Chen, The generalized di�erene method for di�erential equations, JilinUniversity Publishing House, 1994.[6℄ R.H.Li and G.C.Feng (Third Edition, Revised by Li Ronghua), The Numerial Methods forDi�erential Equations, Higher Eduation Publishing House, 1996.[7℄ V.Selmin and L.Formaggia, Uni�ed onstrution of �nite element and �nite volume dis-retization for ompressible ows,Numerial Methods in Engineering, 19 (1996), 1-32.



672 Y.H. LI AND R.H. LI[8℄ V.Selmin, The node-entred �nite volume approah: bridge between �nite di�erenes and�nite elements, Computer Methods in Applied Mehanis and Engineering, 102 (1993),107-138.[9℄ E. Suli, Convergene of �nite volume shemes for Poison's equation on nonuniform meshes,SIAM J. Numer Anal., 28:5, (1991), 1419-1430.[10℄ Endre Suri, The auray of ell vertex �nite volume methods on quadrilateral meshes,Math. Comp., 59 (1992), 359-382.[11℄ P.Q.Zhu and R.H.Li, Generalized di�erene methods for 2nd order ellipti partial di�erentialequations, Numerial Mathematis, A Journal of Chinese Universities, 4 (1982), 360-375.


