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Abstract

In this paper, some discrete-time finite elemant methods for nonlinear hyperbolic squations ars
deorived and their theoretical analysis is given., The stability and the convergence of the finite alement
method for linear and semi-linear hyperbolic equations have already been.discussed[t-31.

Congider the initial boundary problem:

| ;taﬂ‘;- [Ve, o (2, u)Vai] =B(a, w)Vast+f(2, w), 2€Q, i€[0, T,
%tu-(m, 0)=0, z€Q, 1)
]u(m, 0)=Or EGQ!

u(z, ) =0, s€aq, t€ [0, T,
where Q2 is a bounded domain in B" with a smooth boundary,

u(@, 1) ={(w(®, 1), wala, ) wr(z, 8))", Ve, (@, u)Vari]

I n &E
denotes an IL—tuple whose l-th component is D) > g (a:;,,,;,,;(:u, u:)——),
k=1 6i=1 Oy Ox;

L n
B(x, u)Vu also denotes an L—tuple whose I-th eomponent is > >3 by,5.:(, u)ﬁ-,

andf(m, H)m (f:l(mr H), fﬂ(mi H): et fL(mr “))T_

We now make several assumptions which will be referred to as condition (A).
Condition (A) (i) For (, p) € Q2 X RF, the matrix o (o, p) = (ay, 1,12, p)) i3
symmetric and wuniformly positive definite. Any a2z, P), .m"’*“é’;sm' P)__}

P02 D). Fhsni(2 P) are locally bounded
32)2 y 3PH_- y .
(ii) For the matrix B(=, p) = (bix.(2, p)), any b;,s..(2, p) €O for(z, p) €Q X R"

and Bbuw(. p) are locally bounded,

dp .
(iii) For any component f;(z, p), £ ’%I; p) is locally bounded.

(iv) u€L_(0, T; H* N W) is a unqiue solution to Problem (1).
% Received April 30, 1985. | -

e
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"The matrix &7 = (a4 i8 uniformly positive definite in the sense that there:
exigts a co>>0 such that for all £ = (&)

col§ 12 <Zau, 51 Ersns (2

1
where we have used the norm |§] = [[§, £1]%2.
Let So={(, §); 1<I<L, 1< j<n}. We shall use two ‘“nner products” on the

veotor. Suppose 8 ={(l, j); 1<I<L, jES;}; then for U=(U,) and W =(W,), detine
[U, W] to be an L—tuple given by

[UI W] s ( [Ur W]ir [U‘! W:l 2 [U: W-IL)TI
LU, W]:=1EEE UuWy,

[[U, W] =§:UIEWH-
The variational problem corresponding to Problem (1) is
a8 m>+m(u; u, v) =<{B(w, u)Va, v)+<{f(a, w), v,

o
. <%('D), ‘I.J>'=0, tE [01 T]? VﬁEHE* . (3)
w(0), vp=0,  VoE€H;
uC H (Q),

‘where ¢w, v>=({w, vDy, {w, ¥Dg{w, vDr)", W, w>:=]'n wi()vi(2)ds, a(w; u, v)=
L. [of (3, w(z))Veulz), Vov] da, and the notation w€ Hi(Q) means that each

component is in Hg(2).

‘We shall approximate the solution to (3) by requiring that the approximate
function space and the test function space lie in g =gy X pha X +++ X g, Where u; is
a finite—dimensional subspace of Ho.

Lot w;=SES(Q)cC HI(Q2) N H1(Q2) which satisfies™:

- (1) P(Q)8e5(Q),

(ii) let A€ (0, 1) and for any UcH(Q) NHV2), r=0, and O<s<min(r, j}

there exists a constant ¢; independent of k and U such that
inf |U— x| asey<scd’ \U |z,
T €S
where ¢ =min(k+41—s, r—s),
(iii) the inverse property:

lelao <Kob Zlzloken VZESEIQ).

We employ a fully discrete approximasion to (3) nsing finite elements in =
and differences in ¢ such that the following hold:
(i) The interval {0, T'] is partitioned into N equal subintervals

O=ty<ty <l Liy=T, 11— 3= At.
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No. 3
. ot N i
(ii)
gt =L, vt =L@ -,

U’+E=_(U‘+1+2UJ+U’-1) =|=__,, (Ui'!"g'__l_ U’j‘f), 3‘U!+E_ Uj'i';;—-U’

J -1 +1__T74-1
o= T=U, oit= 2 A—f—-— L @+i-gth=Len iau),

F+l1__ -1
aflUf s U +1 EAUt: ~t U - 'El"ﬁ'- (3#Uf+-§ = ain—r) ]

We propose two finite element schemes:
Scheme 1. Let UL, U be given, Find Uit E w which satisfies:

o, vy +a(Uh U 'I, v) ==(B(U’)V.,U *, W+ (0, v, VoEp. (4)

Scheme 2. Find U**€ p which satisfies:

j+1 o JTi-1
LU, w}—i—a(U" U 2U , q:)

(B (LEET), o)+<5@D, 05, Vo ®)

The initial approximation U° U* can 'be determined as follows: |
{a(u"; U°, o) =a(®; «, v), YoEp, ©
a(u®; U, v)=a(u; ', v), VoEpu,

where . .
o =0, u=u"+£|t———-(m,0)+(‘dt) %‘f‘_(m 0)=(";) 24 (2, 0) and

z:g (z, 0) can be found from equation (1).

§ 1. The Theoretical Analysis of Scheme 1

To determine the error estimates for disorete—time approximation we define

u(m, y) Ep by _
a(u(z, 1); (w—u)(w, 3),) =0, Vo€ . (7)

Let U —u=U—u+u—u=&+n where £ =l —il, n="1u—1%.
For functien «(z, t) = (w(=, ), Ul ARG RIE

[

o () = [l = |, Blula, ) [%da,

l=3
. B 2 o
b @) =l = [ 2|52

(el oz = Bl = | |, 10 9) (20

defind on QX [0, 1], led

3
dw,

iy
I““i.tn.r;ﬂitm:a“nﬂ“%.xm“[ j 2 =
o JID 3,

Ivc““%.m, T: LAD)Y) = "vlﬁ“ XL ™ ﬂil[::lpﬂ 'Z]?;;"(mr t)
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L

Because the matrix .o/(#, p) is positive definite, by variational form (6) and
the auxiliary functional definition we obtain £°=0°%—4°=4,

182 =0, 1€ m, 10 1z.<00 ()2, - ®

For equation (3) average the differential equations at times #_y, #, #,.; with

welghts i, é, -1;, and we obtain-

(LY, >+j (o (@, 0)Ve}" ¥, V,0]da

—{B@) Y} 1, 03+<f" T @), o>, Vo€ HI(Q). (9)
Notioe that (uﬁ)!'%?af-u’ —p? || E, <e(dt)® L ﬂg:fﬂ dv where ¢ is a positive
B : i=1

constant., For (9) we have

{Bmd, 'v>+L [{o (2, w)Vors} " 7 Vo] do = {{B(u)Vu}" %, w>+<ff"}(u), v)

+<r, vy, VoEHNQ). | (10)
Subtracting (9) from (4) and taking »=28,&' we have

@k, 08+ | 1o (U)V" 1, V0ot | it (O — st )}V Y, V,0811dm
+| [ @) V" (S WV, V, 047 da

~(BOHVU" 5 — (B)Vou" 3, &%+ F (U —F" % (), 2&
+4r, BT —LDprf, DL, (11)

Because the auxiliary funections % (2, £), V.u, %:{—-, Ve

are bounded™%, we

80%

Q=14 uxr. + %] st 28] £oer + |\%;i

towr. !

OF, 1,%,4(®, D) ﬂ
ap 5.’

M@= sp e pl

1« wn.pc[—g, L
la:?.iﬁﬁp =R

fﬂlﬁg;ﬂ(m* L)”L-, 33&"”3";5“:'—&);“1;_, T7EMIE )T P

Ha""“‘m 2| |, 1fie, £l uaf*;"; 28

Taking such 4¢, % that satisfy cﬂk,}h_’f (4£)2<Q we have

1€71,.<Q, |2£7]..<Q. (12)
Lot sp {16 L, ladE ) <.

,=11 2, B—-1

| 1 1
Then, 52 UT e, 1207770 <29.
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Summing up all I componeris of equation (11) and noting that
KOkt &y = (1067512, — 106 P 11,

([ @)V.&" 4 V.28 1da- i, {[. (Lo @787, vue™ 1100

- = @)V £1 v T de

we obtain from (11)

L fogt 1087 ) 4o | o @vae vt

[ [T @)v.g"%, Vit 11da}

o~ [ [0~ @}92iE, V.00

-—.!.n [Lef (u!) Ve 'Ef’ i {ﬁ(ﬂ)v‘ﬁ}h %l Ve 3;5’]]0‘:35

BNV T" = (B Ve 3, 2>+ F U —F" % (u), DED>
+ <L, BETY) — Lo, OETDD. (13)
Multiplying (18) by 24t and then summing for j=1, 2, ---, B—1, we have

08" 18— 10,6818, + [ L1 @ )Veg™, Vg™ F11da
~{ [l @), vitildo

| =5 [ [ @) -t @)V, v o
~2a8"3) [ [t — A @)}V.E" E, V.0 [do

—24 E (Lo () Vi ¥ — (o @)V, i1} 7, V.01 1d0

R—=1

+2.4 5 {KBO)V.T* I (Bw)V.w}" 1, £

F PO —F 3 (W), BED>+LKr!, BEISY—<KBur, D £}
. -""Gl_l' Gﬂ"l'Ga“l‘ Gg., | (14)
where |

6,="S) | [Tt @) - @9, vt ]1da,

=2 /0

Gam—226 3 | [T{f ()~ W}V T, V0,611,

Gom — 241 S ([ () V" §— { )V} %, V.21 1dm,

Jm]
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G =24t g KB UODYvD" i {B(u) Vou} " %1 a:isH>

2.4 ; (LF T —f" (), 8L +<Lr, DENS>—LLDer, DEDDY.
Pirst we estimate &y:

RB-1

(G| <edt 3 ug"r (15.1)
For G4 we have r

Gam—2 | [t @)~ )7, " Hlda
+2 L [[{A(UY) — A () }VeT %, ?.E"]].fﬁ'
2 5] (0t @) -t} vi E— (o @0

— A ()0, v T 1da
-2 [ [ @™ — o (07", 9" H1da

o A (U — o )}V %, vutH1do

245 | [[cor@n—secnyv. (Laa*t+ L ogteloa), vet]lo
+.‘:..'.:1|‘,22 L_[{.‘iﬁ (T) A‘:f (UY) _ A(w) A‘f (u"“)} T 1‘, v E;_!]]

HOtlﬁe thﬂt ﬂ(U“) - (ﬂ;,;,k,;(Uj)) 311(1 let G(U") = {1, ;,;,4(U’)
a(U?) =a<U""1') +al, (U ) (@-UH) +al (@3- @ -T2

+ @y (ﬂiU’—i—(l—el)U’L“‘f)_ (U -0 )8,
where 0<6; <1,
w0 hH @-vH -3 @ @-vth,

ol (00 (-T2 = 3 2 (UJ"-‘) O -0 DO -U",

(0.0 + (L—8)T' ) (U'— "f)ﬂ -
L Pa oy (g — o'y O —
= 3 rag GO+ (- ~8)U ) (U -T )@ -U (O U,
Similarly, we have

a(U*1) =a (' H) +al, @) (U =0 F)+als (U’—f) (U"l-U’_‘f)"

+alt BT+ (A 62) U )2 (0" -—U’“‘-')*.

Whﬁl'e 0< 9:{1.
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LT T fL A

Hence we obtain
a(UH —a(U1) il (U!""g') (U7 — U"i)_I_ s (BU -+ (1-—B)U-"'1) (07— U-"‘)“

At At
a(u) —a(™1) i (uf—i-) (! —uf~ +aﬂ£ (9u’+(1—3)u"1! (u’-—u"‘i)3
At " At

where 0<8, 8<1, ~
Finally we obtain the estimate of &y:

Gg-ceué“‘fumwdt 2‘. Yl L.+|| ETEL ) Fo (0O ()%}, (16.2)

Similarly, we have |
Gy=—2 | (Lt () (V)" P (S V0", V™ 1o

+2 | (L) (V)" ¥ —{ (V" I v.ede
25 [t ) (i) - (e vy |
e (W) (V) T (A @V T, V. T d
<sl&™ 7|2 a+cdf2|l§’"1‘llm+c(dt)‘ . (15.8)
Ga‘isl!éﬂ—"'ll%rl*ﬂd#z; (1 F R+ 08 2[5} +o{h @D+ (4)4}.  (16.4)

By (14), (15) we obfain
08"+ ol € Ity € Fitut oot 33 18 F B+ 108 F12)

+ 05 (A2 4 (45)4}, (16)
- G0 L b 5
We take s i cgdt-i:mm{ g 2} a.ndlf:)btam
1 ' R-1 1
10&" T it +eol € FII<20s 4 3 (1€ * i+ 10671
+ D (RN (A5)4}, (17)

where ¢, is & pogitive constant which depends on M (24).
~ Using Gronwall’s Lemma and the inverse estimate we obtain

1 1
522 {106 hn, 16T} <ou (B4 (), (18.1)
e {12, uf"fnn.}<cnh‘f{h*+1+<4t)ﬂ}, (18.2)

where cg= K04, and 4é and A should satisfy:
osh T {R¥H 1+ (48)7} < Q. (19)

We now prove by reduction o absurdity 4¢ and A satisfy (12) and (19) we
have :
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e, = = =i S Y e el Mo P ST e o s s e L o PR ]

Hag 4., 12 H0<e (20.1)

i=1, 2.»- N-1

{180 2], 10F],1<2Q. (20.2)

i=1, 2 2% N—I

Suppose there exist A and 4f which satisfy (12) and (19) such that

sup mazx {}2& T, 187} >0. 21y

§=1,2, m, N~1

Tt
Femin{j€[1, 2, -, N-1], max [|0F Fhs, 1871 >Q0  (22)
sup {108 Fu, 1E7F)<Q,

1=1,2,, §*=1

o™, 1T %] 3<20.

§=1, 2 j'-—l

By the same estimation for (14)—(17) only and changing R into * we have 7
sup {ﬁafs’“fun., 1277).) <6,

§=1,2,-,
contradictory to (22).

Theorem 1. Let the solwu#‘im v be such that u(a, 1), e EL..(O T H*0)),

.%,‘i € Ly(0, T; H*1(Q)), a:* e R, T Ls(2)) and wsmsa h and 48 satisfy (12)
and (19). Then the following estimate holds

5 {00 —w* 2, +I(T—w) ’“%u.} So{AH10+ (41)%), (28)
where s=0, 1,

In (4) we take v=8,U’ and multiply both sides 'by 24, Then summing for j=
1, 2, ---, B and using (20) we obtain

1 : 1 | 1
jo0" 7|3, + e U” Z|h <c{]o:U|L, + | ]
+edt {160 HE, + T ),

Taking A% which satigfies o df<<min {%, —02“—} and using Gronwall's Lémma. we:
obiain
fod ,_%_ 1 1 .
s {100 o+ 10 Flm}<e {1807 o+ 10 Ly + 1 F(O) 12}, (24)

Theorem 2. Suppose the conditions of Theorem 1 hold and cdt<min {%; -%—’—}.h
T'hen Scheme 1 43 stadle.

§2. The Theoretical Analysis of Scheme 2
. For equation (3), at time #; we obtain
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< i ©)+a o, 0) =BV, o)+ f(), o, Vol (25)
Bubtracting (26) from (5) and taking »=28:5f, we have

R §1>+L[ Z (UNHV, ( U+ ) V,0,& ]dm—j [Jﬁ" (W) Vd, V0,87 do

2
~(BOV. (TFT2), a8))—<Bw)Var, 2%
IO —F W), 2+, 2Py —<Durt, D, (26)
Notioe that

.L: [E(U!) Ve ( UHL.;U:): vcatfj]dm_j [ () V e, V. 0:£" dw
"J‘p[ﬁ(UJ’) v. ( §f+1_;§.f—1 ) g7 Ve(E 87 Jdo
o[ [ @) (EETY_ oy, .08 )a
Eﬁf {J [,m"'(UJ) v#§J+1 v ‘§5+1]dm_J [ .M(Uf)?,.gf‘i, V &1] dm}

j [{M(Uf) — A (u)}V. (“’ TN L o)V, {“’”"‘W ~ izf},

2
o ~§'%) |da. @)
Summing all L components of (26) we obiain
g 10 T~ 1085+ { [, (Lo @)v.87, V841 1da

- |, L@, V,e*—mdm,.
T LI [ [{M(UJ) — A (W) }V, (_ﬁ’+1+§!—1 )

2
+ A (W)Y, (E#i —;;f) v |lds
+{(B@H V. (LE )~ Bw) Ve, 3§*>>+<<f(U’) —F (), &%)
<<, DIyy—<KBur, B . (28)

Multiplying (28) by 24¢ and then summing for j=1, 2, »., R—1 we bhave
1 1 \
126" 28— 10£718, + 5 | [0 )VE", Vui™I1de

—5 | LA VL, Vit Idat £ [ (L@ V822, V.87 1da
1
3

[LA(U?) Vel Vet']1da

&

%_ ) j [E{A(UY) ~ AL (U)}V.E2, Vb1 1da

i=3 Jo
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24”8 [ [[ tar @) — sy (=52)

+ﬁ(ﬂf)v( Hg‘”"f = v,a,gf]}

+248 3 {((B@) V. (LFT) - B@) v, a7))

LT O —F ('), BESD 4L, DEDS —LLdpr, atef»}
= Gi "I‘ Gﬂ -+ Ga + Gg, | (29)

where

Gi='S | [T~ @}V, V& 1T1da, '
Gam 2483 [ [[t @)~ )}V, (L), v,067] | da,
Q= —24 2[ ([ @)v. ( —— @), Vo] s,

J=-1

Q=243 {{(B(Uf)v (U’“““U"i) B(w)Vast, B'))

Jouu ]

LU @), DY+, DTSy —<Kut, L.

Similarly as in Section 1, noticing that
@5kt (U7) — a3, 4,2, (U°) =0, (U + (1 —-8)U2) (U -U"1),

: 1 3
Ui —U2 =2 4t8,0% 1 = At(a,U’_‘-‘ +3=Uf_“')

we obtfain
n-1
@] <ecdt 3 1€ 5. i (30.1)

i
=Jull
i

[ [ @ - at@)y v, (L), v.e]] as

(O™~ f (ur-} 9, (LH), v0]| o

D

S [[tar@n —sryv, (EEE2Y, o g1 grn)]] do
[
F

(L (UF) -t @IV EEE), v g0t ] da

D

e

(ot (U%) — ()} V. (LEE ), ,gl]]

. o

R-3

- E J.n[[{"f(U’) — sl (') }V, ( E""i.;-;;:—i )

— { A (T#2) — ﬂ(#ﬂd)}v. (Ef+a_|2_ﬁf+1 ), v ‘55-1-1]]&'
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T —— T — TP

- — [ [[ear @) — o @}V (EHE=), Vot Jia
_...+Iﬂ[[{ﬁ(U1) _,ﬁ(ui)}'{?,( E”—;E“ )‘-’ v,g“]]dm

E e f = ot 3 o~ +1 st 4
-+ 1 At fﬁ K [[{ AU —F (u’)}‘?,(ﬁtuﬂg'-i— 3{1&“5—{— 6&5’ Z 4+ 3;15!—7),
=] JO : .

N ‘MJ [[JL ﬁ(U’”)—-&f’(Qj)_ﬁ(Wﬂ)—-ﬁ’(u’)}
o 4t

i+l
V& da + AtE T
ﬁj+ﬂ+ﬁ!+1 il
XV ), Vet [da

we obtain
Gl < {171+ 1658} +odt 3} {10€ T IR+ 1€/ 1} +o (A4 (4)4).
(80.2)

Sinee

Ga —

Al
5

o}

([ (2
0

: e T ¥ il s
_ Z (7 —+ 'Hrj)

F=1

— 7 ()Y, ( _M_‘f HZH" +1_ ,Ef+ﬂ)t vlfﬁi]] dao

we oblain
n—2
|G| <e{|| &% 5+ | £ H) e dt jgl | &)\ &y + e (48)%. (30.3)

Similarly we obiain
K cik
|G| <e{[|E®| 3+ 167 B} +cdt§1 (1€ 5+ | 8 23} +o (R D+ (4t)4}.
(30.4)

By (29) and (30) we have

0™ T |3+ co {1671 B+ 1€}
< {1E¥ 15+ 1672 3} +o 46 3 {18/ M+ 10 TR} +e M0+ (4. (31)

Taking ¢ =—"j-;- and ¢4t <min {-%-, %} we obtain

104" 1+ o €713, <208 3} (1€15 + 108" FIL} +20 (B0 +(40)%.  (32)
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Theorem 8. Suppose the conditions of Theorem 1 hold. Then the following
sstimate holds

sup {1040 —a)' g, + [ (U )’} < {A***-*+(de), (33)

f-—-lrﬂg- "-r

where s=0, 1,
Theorem 4. Suppose the conditions of Theorem 8 hold, Then for At properly
small, Scheme 2 i3 siable and the following estimate holds |

sup (100" 1o+ 107} <e {100 F |+ Ty + [0+ 1F @) I} (84)

J=1,2, -,
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