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- Abstract

A modified Calahan method for parabolic equations with time—dependent coefficients is presonted.
It is shown that the convergence oxder is O (h"+14+-%¥%) ‘while the convergence order obtained in [1] for
a standard Calahan method is only O (R™+1+-k2).

§ 1. Introduction

Sammon™™ considered the single step methods (including fully disorete finite
olement methods) for parabolic equations with time-dependent coefficients (PETO).
The convergence order he obfained is O (k1 +F=*3@) under the restriction k<<ORh*
where A and & are respectively the step lengths-of space and time, while O(A"+%%)
is the optimal order that we usually gek for parabolic equations with fime—
independent coefficients. It was asserted in [1] that this estimate cannot be generally
improved. It is then an interesting problem whether we could give some schemes
for the PETC with convergence order better than O(A'**+F="®?) in some special
oages. Ag a trial in thig respect, we consider in this paper a modified Calahan method
{g=38 in this ocase, see [2]) for the PETC. The convergence order we shall show is
optimal, O(A™*1-+4®), under the same restriction k<Oh? agin [1].

" We shall desoribe in this section the problem to be dealt with and give some
notations and definitions. In Sections 2 and 3 we shall do some preparative work
and in the last section we shall give our main result, the convergenoce order
estimate. ,_ #

Lot Q be a bounded region in R¥ with smooth boundary I" and #*>>0 a constant,
T =[0, t']. We consider the following PETC,

du

'E;=A“: (, 3) €2XT, (1.1)

u|p=0, t€T, | | (1.2)

| _ . 'M]f=ﬂ‘u0: ﬂie Q_: - _ - ‘(1.3)
-y ' ' N8 | Tp——
where A=A(t)=§155:(aﬂ(m, :)E), ay=ay(z, 1)

are preseribed smooth functions in axT, Q=0+TI; w=u’(z) is a given smooth
‘funetion in Q2. |

#* Roceived December 30, 1984.
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Tet He=H*(Q) (s:>0) be Sobolev spaces of degree s s the
olosure of Uy (&) in the norm |-{s; (-, ) denotes the inner produﬁt in L2 H®. We
also use ( , ) to0 denote the dual pair (of. [6]) of H} and ity dual apaca (H} ) = H "
normed by

| "'U“...f" Sﬁp ('U._r '?”)t
weH:
- =1

- Let SI(h>>0) be a family of finite dimensional subspaces of Hi with the
approximation prope-rty’

(H1) inf (Jo—va]othlo— vnlli)-@h*‘”llwll.-.n, WEH""I‘IH

Va8

where and bellow we always use O to denote generalized constants whioch are not

necessarily the same at any two places.
Define

X ov ow ri
a(t; v, w) = ;(::ai; T~ 31:{) for v, we Hj, t€T.

Toke k—t"/M as the time step length and #—sk for s=0. The modiﬁed Calahan
method for (1.1)—(1. 3) ig to ﬁnd {U“}H {,C:S;., suﬁh that for #n=0, 1, «-+, M —1 and

all QJhESn, ~

(W, o) +bha(t™ B WL, o) = —ka( U, o), (1.4)
(Zm+2, o )+bkm(t"+3 Z ) = —ka (87 U, o)

+ eka (st Ur, lﬂvn) a(t" u», v )—i—a(t”ﬁ W=+l wy), (1.5)

S -l-%- Zm, (1.6)

U°=u®, ' ' (1.7)

where b=%—(1 —i—%—x/ ?) : c-——-%’-w’ 8: (Wt ,, {Z"} 51 ©85; %° ig an approximation

of »? in 8} satisfying
(H2) -+ . 1 — 2|5 -i—h“u“-—u“[] SO | psae

Throughout this paper we shall always assume that the ﬁondltmna (H1), (H2)
end the following hypotheses (HS) and (H4) are valid,

.—1) @y = Oxu, for (ﬂﬂ, t) EQXT,
N N i

2) {Zﬁiﬂ'ﬂ'j?aizlﬁ;'fﬂr (‘le R TN)GRN_, (ﬂ}, tJEQXT;
3 Je=1 e

Ty 0 . Q== oo, v %G . w8
(H3) {3) T coo(R2xT), for 4, j=1, 2, -, iN; 3=0, 1, , 4

4) (1.1)=(1.8) possesses a unique solution % and
\\u\lp-m=ﬂﬁp\\%(i) | << o0, p=max(r-4, 8);

l*Ei) ||w|\.+g€OI|Aw\|., for vEe H*Y2NHG, t€T, s=>—1.
(H4) k<<Oh.
-~ Remark 1. Condition 5) of (H3) is valid when I’ and @8 are sufficlently
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smooth (of. [6]), and this implies that A% H*—>H*?[] Hj is well-defined,
| | A" 100 2],y for o€ B, 3>-—1, €T, | (1.8)
We denote f(29, ©) by f? for ¢>>0 and '

dg.- 50 ((Zea)' 2, o<e<s

.A.?n = _A_ﬂ_
In virtue of hypothesis (H3) they are well-defined and bounded in the sense that
| A%, <Olv]ps for o€H"?, p=>0, ¢=>0, 0<s<4. (1.9)

Moreover, noticing (1 8) we know that by integrating by parts we can write, for
v, wE Hj,

a(t: v, w)=—(4», w), for i€T, (1.10)
and |

ay (3 v, w) = gi(.a—“_ﬂ- ﬂ) — — (4w, w), for t€T. (1.11)

i

By virtue of (H3) we have
la (2; v, w) |+ @t v, w) | <O|oli|wl:, for #€T; v, weHs, (1.12)

. ?alt v, v)=C|v|2, for €T, o€ HJ. (1.13)
By the Taylor expansion we can write for p, ¢=0 |
A“=g'—-—(g — ) H! AL +—(q—-p)'?a’A¢., (1.14)

a(1% v, w)—a(t? v, w) = (g—p)ka; (&%, v, w), for v, wE HY, (1.16)

where p ’s denote numbers between p and g. .

To end this section we point out that (1.4)—(1.6) possesses a unique solution
{U"X_, for given u° since (1.4)—(1.6)is equivalent to a series of positive definite
systems of linear equations.

§ 2. Elliptic Approximation

Tet V=V (£): i85 be the elliptic approximation of u, the solution of (1.1)—
(1.3), namely

ot V—u, u) =0, for €8 t€T. (2.1)

It is well known (cf. [7]) that we have the following error estimaies
|V —ulot+b|V —u|1 <O **|u]r1.-, Tor €T, (2.2)

[V i— ] o<OW**| ]| 4= OB | Att]| 111, |
<OW*|u|rss,., for €T, (2.3)
where |
[l | 8o =s0p () [
Sed

Let {W1}¥_, €8} be the solutions of the following equations

(W3, v 2 +Dka (™ % Wi, w,.)=-—km(¢=+'= V", o), s
for '!JLES;, 'Hv'=0 1 M 1. : 5 R {2.4)3
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Let {Wﬂ-} n=y & Eﬂ-tlﬂ‘j' . |
| 2 |
(W3, v)+bka(t™ ¥; Wi, o) = —kas(t"ﬂ‘;. T PR
for oCHj, n=0, 1, «, M1, o (2.5)
Equatlon (2.5) can be rewritten in 0pera.t0r form T
(I—bbA™ YWt —FA™ ¥y in H-1, (2.6)

Using (H8) we know that for given o€ H* the equation
(I -bkA)W =n, in H™*
has a unique solution W € HjN H*?, where 20, 5>>0, s> —1 (of. [6]), that is,
(I—bkA)™Y: H*->H***N\ H} are well defined operators and we can deduce that
| (I—bkA)w|,0a<O(k) jv],. But what is useful for us is the following regularity
egtimarte, : s g
Lemma 1. For all v H*P, O<s<r+1, tE€T, k>0, we have
- (Olol,. oven numbers,
[|'(I—bkA)'1wﬂ'.€{ |2 for even numbers
Clv|s31, for odd numbers. -
Proof. Betting W=(I—-0kA)" 'UGH% for y€ H!, we have from (1.10) and
(1.18) that »
folo= ] (I~ bk A)w]o— ((I-bkd)w, )

EH |-u .;--1

> (- bk A)w, w/|wlo) = [(w, w)+bka(t; w, w)]/|wlo

=[lw|o={ (I—0k4)v]o. (2.8)
Furthermore, for even number s=2p (p>>1), we have by (1. S\J that

H (I bkﬁ) —1'11' [l a9 = " A-i (I bj}.A.) —:"A‘U "5,;@0" (I bk.A.) A‘ﬂ " Hp—1)e
Hence, by induction we conclude by (2.8) that
| (I —05A) 0] 2p<O| Av[209-1,<T| ] o9.
For odd number g=2p—1 we simply get (2.7) in terms of
| (T —0kA4) " w]ap-a <] (I~ bkA4) 0| 20 <O v 200

The proof is then completed.
Lemma 2. .For gll 0<<n<M we have

[Wat— W | <OB* . (2.9)
Proof. Bubtracting (2.4) from (2.5) we get by (2.1) and (1.15) that for
wES; |

(2.7

(Wit —W3*, o)+ bkﬂ(tn%; Wit —W3, m)
= — ha(#t% wr— V™, o) _
= —ka(t" w'=V", ») —bkPa(i"; v'—V™", u)
= — bi%a: (1% W —V™, va),

where and bellow we always use nC (w, n+1) to denote constants which are not

necessarily the same at any two plaoes
Then, it follows that |
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(Wn+1 Wn+1 Watl_ W"“)%—bim(t”r Wﬂ.+1 Wn-l-i Wrtlo Wn-i'l)

—(Wﬂ“—-w W"“—-—-!J J +bkﬂ(t“+3 Wnﬂ W“ﬂ; Wt —a)
— bk, (3%; u ~V", vm— Wi, | - (2.10)
In virtue of (2.10) and (1.12), (1.18) we have R LS. T
. “Wn+1 Wn+1 |[ﬁ+kuwn+1 _Wn.[-j_ﬁﬂ

< ¢ inf {"Wn+1 W"+1H ﬂW"H‘_‘Un"o
0, ESL ; .

4| W — W’i+_1U1"W2 —QJ;.H-_. g
| P =P (W — o)t HW"“ W’ri““i)}-
This implies by (H1), (H4) and (2.2) that - . '
"Wﬂ+1 ‘Wn—!-:l “ "I" ka [IW:H:L Wﬂ-'l'i“ |
<C {F“Fhr f] it |1W““ | ir*+:l]‘'Q':}’]"hr-lm1 Htﬁ“ 73410y
where we have used the fact that by Lemma 1,

AW s =Rl (I - BRA™ TY-2 4w,
QOI‘“A"H“ l|r+s-£~:0kk|u"|1r+4<0kN'Hfllm-- N
Now, Setting D,V =V*1_V*, §"=V"—u", we write the equa.llty" "

(D, V", 'u,.) —I—bkm(tHF DY, w,.)+ka(t“+" Ve, w;..)

_%Ok[w(t““' V*, o) —a(i V", u)

o (T W )]=(A" o), for w-.es,., ogngy 1, S (2.
whore 4" =47+ A and v R o
-
(Aa‘, 1.?1,)==(.D¢6", 'Uﬁ.) +bkﬂ(tﬂ+_ﬁ;D¢9", ‘U};)
A-Fa (£ 07, v,) -—% Ok[a(t™%; 6, v)

—-a-('t*‘;. &, v) ta@t %; Wit —Witd, 'Un)-], . - (2.12)
(&5, v) =(Dar~ bk A™ S D — kA
+L opr(art - 4w+ 4™ EWE], v), ©(2.18)
Loemma 8. For all v€ 8}, 0<<n<M -1, we have -

(4, ) | <OB(B-+B) nun,_,.qmum [, (2.14)

where p=max(8, r+4).
Proof. By (2.3) we have

1D lo={ 10.atlo<| 16:lot
OB [t aton= OB Al 1, e <OBR [l (2.15)
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-

By (2.1) and (1.15), (1.11) it follows that
2
ﬂ(tﬁ 8. D", n) l"= |‘3(t"+1; 9"“3 'Uh) "% ka; (1% 0", v,)

—a(t; &%, m)—3 ka, (37; 0", oa) |

< ORI 1+ 16]2) Lonla < ORR [l g2, | or 1 < OBE ] 5,

(2.16)
Similarly -

\w(t“‘" o, w:.)—}—(?[ﬂ(t"“' 7, v) —a(t & w)]
— | bk, (3%, 6, u,.) & Oha (3 07, q;,,)

-gcm|\9~|11|\mlli-gafahf||u||,,..,||m||1. S N

Using Lemma 2, we know that - R - - - L

2 1 i -

e E W, w) | <O - lunli< OBk ulsalols. (2.18)
Combining (2.15)—(2.18) we get from (1.12) that

: L : S

) * (42, v) <SORA**|ut] g0 ([ a0+ 57 [ 2] ). (2.19)

Neoxt, we estimate 43. Under the hypothesm (H3) we can write by virtue of
(1.1) that for :&€T -

Av=u,, o ' (2.20)
.Auﬂ == (Au) Py S Aﬂu — QA;H; t— 'Hﬂr oo Aﬂ% = 2.14.{%; (2 . 21)
and so on. By these equalities and (1.9) we have
|'
-g!—g-] o <OJuls e<<O| )y for O<s<4. v (2.22)

By (2.6) we have
e An+1W=+1_.= s kA“'F %(I — bk A"f %') 'T-IA“'P?H'_‘
1 | il g |
--—(I — (I=DBEA " 3)~1) Ao, - - o (2.28)
For « € HY 1€ T, we can write |

(L bkA)‘iwn(I—[—bkA-{—bﬂkﬂAA-l-(I—bkA)‘ib'*"k“AAA)w (2.24)

Therefore, by setting p-——-n—l—-% in (1.14) and using (2.20)—(2.24) and (2.7) it is

cagy to deduce that
[ 850 = E CE—hd™ B D

0

{ kA“*"—i—i OB[AM - A+ BA™ 5 (T — bkA"+'§)*1 A"“’]} ﬂ

il SPu ﬁ
4
QG}V ; i 3'6# 8—93+ 00

Now, (2.14) holds by (2.19) and (2.25).

<OW[ufsrm L (2.25)
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§ 3. On the Discrete Elliptic Operator An

Define the projection operator Py H™—>8} safisfjring

| |  (Pw—o, wn) =0, for aw,&Si. (3.1)
Lot A,=P,AP;. Then wo have (cf. [41) S _
— (Asvs, wa) =a(t; va, wa), for us, wa€S, t€T. - (8.2)
Temma 4. For €T, v,€8;, wehave . ,
| (I — bk Ay) a1 <O oals, (3.8)
L (T —bkAy) oalo<<|2al0. o (3.4)

Proof. Notice that by (3.2) the linear operator — A, is positive and symmetric
in S% s0 that there exisé A0, 0 €SE for ¢=1, 2, >, m (n ig the dimension of 87

gatisfying

"-'-Ag‘lh—}q;ﬂ;, (‘U;, "!J,;)'=‘3u, for 1=qg, j"‘gm:..ﬂ, (35)
and for any »ESE - |
» T : %mg(q}m q;‘)q:‘_ : (3.6)
| i

‘Then, we can write
up]3<Calt; vn oa) = —C(4an, )

"O (g""ﬁ;@;(ﬂh | ‘H;), g('vhr 'Hi) ‘!?;)
= (;:;?wh(‘vm %), g('ﬂm 'ﬂi)‘vi)—a g ?u('l’ai vg)?. (3.7)

Similarly, noticing [v,|3=>Ca(%; vs,. va) We can Write

gm(m 2.)2<C | a2 o (3.8)

Then, by (3.7), (8.8) we have
| (I~ bdy) *0p| 20 Z Mu((T = D) P, 00)°

=C 2&((1-1— bkAs) ug, 0)7 (o, 21)?
= 23-1(1'1'3'57?"0-2(@?“ ) .
§= ; : '

<0 g As(va, )2 <O a1,
i=

Therefore (3.8) holds.
It is easy to show (8.4) by using the same argument ag in (2.8). The proof is

ended. = -
Define

| Li=A¢(I—bkA})"*4f, for ¢=0,

where Af=P,A9P,. Obviously Li's are gymmetric and positive in S} since — Af's

are. Therefors S; hecomes a Hilbert space equipped with inner product
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{va, wpdg= (Liva, ws)
snd the corresponding norm
I%]ﬁ’“(ﬁ?m MDge
Lemma 8. For v,€8j}, q, p>0 with |g—p| <O, we have
1

Iwilg'g bk ﬁ(tﬂ; U,y '111,), (3.9)
|oala— [oal2<O]anl. (3.10)

Proof. It is easy to see that
Ljm — o A= T4 b%ﬂ (I-bkAD)™ (3.11)

Therefore, by (3.4) we have
Iwh|g= (Lg'vh wh)=*'zj%-(ﬁg@ﬁ, Wi) bg_kﬂ ('U;., "L'r'n.) { bﬂ]ai‘;s' ((I—"bk.tii)_i‘!}h, '!1;)

L (T = kAL valolvale

< ot v, ) — ozl 0l + 5

bk bR
%—E— a($% on, Un)s

This implies (38.9).
Begides, we can write

(I —bhAD) 2 — (T —bkAD) = (I — bhAY) -2 (bkAI— bMﬂ) (I —bkAD2,
(8.12)
Then, by (8.12), (8.2), (1.5), (1.12) and (3.3), it follows that
| | ((I — bBAD) s, v3) — (I — BEALD) 0y, vy) |
= | ((I —- bk AL~ (bkAf — bk AL) (I — bhAD) 1oy, )]
= |3k ( (A% — AF) (T — bEAL) "Lup, (I —bkA) " 0n) |
= |05°(g—p)a(P; (I—bkAL) v, (I—-0kA%) 0s)|
SOB| (I — kAL w1 (T — 0EAD) 20, 1 <OF?| 03] 3. (3.13)
In virtue of (3.11) and (8.13) we get (3.10) since by (1.15)

[0a13— || 3= — - ((45— 4D s, va)

+‘5;F(((I — kA — (I—bkAD) " )va, 1a)

<Oa (1% v, ) +0|n]i<<O|wnli.
This completes the proof.

§ 4. Error Estimate

By (1.4) X%+(1.5)J>< %, we get form (1.6)
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>
(D,O", ) +bka(™ 3 DO, v)+ka(t: U*, v)

——i— Ok a( t“ﬂ; U, w) —a(t® U, v) +alt %, Wrtl g,)] =0. (4. 1)

Bet e"=V7"—U" and subtract (4.1) form (2.11). Then it follows by choosing
1?1,-3“+1+6" that

n 2 :
(D, ¢*t14-¢") +bka(t +§; D", ert14-et)
| 1

+ha (3% e, e“.+1+6“)—-3—0k [a("*1; e, e*14-e") |
nt 2 '
“"ﬂ-(fr"; E“; E"+1+E“)+ﬂr(t +'§', W2+1_Wn+1’ &"+1—]—E")]
(A", e*T14e"). | . (4.2)

Lemma 8. For 0<in<<M, we have

: 8
ﬁ{t“-l-b; Eﬂ, Eﬂ"]‘i‘_i__ﬁ'ﬂ) . % GL’E (t + F; 'W;:+1_Wﬂ+1’ 3n+1 +3ﬂ)

?_%_ ﬂ(t"; 'Eﬂ} 511) 2y _;_ &(in-l':l; f}n+1, 1B-nr+1)

»

& OBL|o") 3~ 67+ [24a] — O (le ]+ " ]D). (4.3)

Proof. Tirst, it is easy to show that for :€7T and o, w € Hj,
alt; v, w)%‘—%— a(t; v, *u)+-%— m(t.; w, W), (4.4)
and for g=>0; vy, wa€ESH, |
(o, W30Sy [0ald +5 ol (4.5)
Hence, in view of (1.15), (4.4) and (1.12) it follows that
a (™% ¢°, "1 t+e") =a(th; e, ") —bka (1"; e, e*)
1

__2_ G(tﬂ+b; B", ﬂﬂ) ——-;—_ﬂ(ﬁ"'bb; 3“+1, En-l-:l.‘}

=alt® ¢", ") —bka, (1", €, a“)é—%— a(t"; ", ")

__%_ E,kﬁt(tﬁ; an E“)—--—%—ﬂ(tﬂq‘j‘; E“+1, 3n+1)

L (1 B)ka(t &, ) > a(t o, )

~ L agews; o, vy —OB(Jer T+ [ 1D 4.6y

Next, by (1.4) and (2.4) we can write, by (3.2),

5 .
Wit — W= (I —bhA, ® )" 1477,
Then, in view of the definitions of Lf and 'Ag it follows that
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A —

-G (f,'l'?: Wt _Jat1 Bn+1+ﬁ,_)
— b (A 5k 47 By e, 42k
k(43 3, (I=BkAy )B4 (1 )

+(b‘"-§*)kﬂa,(t“, ", (I—bkﬁ? 'E)-iA:"' E’(anﬂ__l_gn))

! 2 e 3
S, e e o —Okle|a] (T— kAL $)-1 AT 3(am 4 o) s, (4.7)
n+ 3

But by Lemma b and (4.5),
<3", 6n+1 4 ﬂn:}n_]_ g-_ | e If+%+<ﬂl’ ﬂ“+1>.+%

>lerl2, = (12, 112, )

____[3-|2 -

e
Ie"I” —I e —C([e 1+ 1e*]D). (4.8)

"+F

By Lemma 4 werhave
; .
| (ZT— bk ALY )15k AL 3 (et tem |4
=
= | [(I—bk Ay ¥)~*—I1 (e +e")]s

<[ (T — bk 4™ F)~1(e™t o) 1+ |*+1+ e .
<O| e+ 1 KO 6] 1+ [ 2. (4.9)
From (4.7)—(4.9) we get

- (t""' %'; Wﬂﬂ-—- Wn-i-i: gt L 6!1)
>L 8|12 #2200 — Ok Cle 2+ 1D, (4.10)

Finally, by combining (4.6) and (4.10) we obtain (4.3).
Now, having done so much preparative work, we can show the following error

egtimate.
Theorem. Under ithe hypotheses (H1)—(H4), we have for OQWQM and

sufficiently small %
= T o+ k2 [t — U1 <O+ B U gy (4.11)

whers p=max{r+4, 8).
" Proof. Notice that

(D, ' +-e") = |3 — [e"[3, (4.12)
nt 2 ni 2 ne 2
a(t % D", "' +e")=a(t 3 ", 1) —a(l 3; e, &)
=a(t™; ¢t 1) —a(t"; &, ¢") —Ok([e" |1+ [e*]1), (4.13)

Iﬂ(tn+1; an B“+1+3ﬂ)—ﬂ(t"; E“, &n-l-:l._'_sn)l
= | b, (3% &, e +e) [ <OR([e" ]I+ [en]5). (4.14)



20 .. . JOURNAL OF COMPUTATIONAL MATHEMATICS Vol. 5

[ Fr—

Then, using (4.3) and (4.12)—(4.14) in (4.2) we have for 0<<a<M
|23 o [3-+R(b -+ ) [ @43, o) —a(#s o, &)

+LOk[[e|2— |62l — OB (Jem 23+ | |D < (4, 6246,

8
Hence, adding the above inequalities from n=0 to n=m—1(<M), we have
m {2 __1—_ m. o - 1! 2| m]2
b3 + (b= ka(e™; o, o) — 5 OR |3

m—1 m-1
<0F* 2 (| e+ [et] D+ 23 (4, B -ta)

163 +(b—%-)kw(£°; &, ). (4.15)
But using (3.9) we know tha,t |
____]_-_ M. M oM _l m|[2 1 c M oM
(b 2):3(15 . g™, ¢™) 3 Oﬁ?lﬂ [m}(b 5 Sb)a*(t : e™, e™)

1 m, m ml2 |
2(3+~,3)w(t_, e™, e") =0 e"|3. (4.16)

On the other hands by (H2), (H4) and (2.2) we have
le%)|3-+Ck|e°|3= |70 — a3+ Ok [V —u®|
<O(|V°—u®l3+ [ —w |3+ K| Vo~ -+ |u® —u®( 1)
1
SO(HH + A2 v 7 4a ,,,QOF&E"'"'” 2] 3, coe (4.17)
Therefore, by (4.15)—(4.17) and Lemma 8 we deduce for sufficiently small %

Jom 13+ ko™ |3<OF 3] (" [3+ Ele"|D +O 0 *+55)2ul}, .

Finally, using the discrete Gronwall lemma, we get for O<m<M
"5+ Elem 1< O (R **+5)* ul.m
Thig implies (4.10) immediately.

Remark 2. For odd number r, (4.11) holds with p = max(r+3, 8) by
noticing (2.7).
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