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Abstract

In this paper, we estimate the error of the linear finite slement solutions of the obetacle problem
and the wunilateral problem with monotons operator. We obtained O(R) error bound for the
obstacle problem and O(hR%4) error bound for the unilateral problem. And if the solution u* of the
unilateral problem possesses more smoothness, then O(h) error bound can be obtained in the same way

as [27.

1. Introduction

In Brezzi, Hager and Raviart™, the error estimates for the linear finite element
solutions of the obstacle problem and the unilateral problem with linear ¥ —elliptio
operator have been obtained. Their results are the following: O(h) error bounds for
both the obstacle and unilateral problems with linear finite elements. Now in this
paper, we obtained the same result for the obstacle problem with nonlinear monotone
operator. For the unilateral problem with nonlinear monotone operator, we obtained
O(%**) error bound justas [5], and if the solution u* of the unilateral problem
possesses more smoothness, then O(A) error bound holds in the same way as [2].

Let £ denote a bounded convex open subset of R?, 92 denote the boundary of
Q. Let H™(Q) be the usnal Sobolev space ™ consisting of real value functions defined
on {2 with derivatives through order m in L?(Q); the norm on H™(Q) is denoted by
| * im0 LotV be a Hilbert space with norm |+ and ¥’ be the dual of ¥ with norm
|, the pairing between ¥ and ¥’ be denoted by (-, ).

Let T be a (generally nonlinear) mapping

2y P
which possesses the two following properties(e. f. [3]):

(1) The mapping 7 is uniformly monotone, i. ., there exists a positive constant
a>-0, such that

Pu—Tv, u—vd>>a|u—2v|?, Yu, v€V, (1.1)
(ii) The mapping 7' is Lipschiiz—continuous for bounded arguments in the sense
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that, for any ball B(0; r)={oEV:|v|<r}, there oxists a congtant I'(r) such that
|Tu—Tol <I (r)-lu—2], V¥, v€ B(0; 7). (1.2)
We stato a well known result of interpolation [3, p. 194]. Let v &€ H** (&%), vl
be the piecewise linear interpolation of-v on Q* and 2" be a regular triangulation™,

then

(1.8)

[o—'| m.nﬂ‘gah“i"'"lﬂlkﬂ.m for k=1, m=0, 1,
(1.8")

H‘”‘_”I“Lnf-gol‘l’li.m vv€ H{(Q),

where C is a constant independent of h and v,

9 ‘The Obstacle Problem

Let us iniroduce some other notations:
- ov dv

a(u, v) -jn [mi(u, Vu) oy +aq(u, Vu) = ao(u, Vu)v ]d@ deg, (2.1)

(f, oy=|, frodedas (2.2)

K — {v€ HY@Q) 0> 8. o.inQ, v]0=g}. (2.3)
(=0, 1, 2)anday=—oa(f), and
¢ 5

Tob us assume that (&, &1, &) €H' (R%),

3 a@mnalnl?, Il = 2 1, V6 n€F (2.4)
i [a(o, VoYlun| <T(0) lnl?, Vo€ H(@) [oluo<r, n€RC. (2:0)

Then there exists an operator T,
' T: H* (@)~ (H(Q))',

defined by
a(¥, ‘I?) =Ty, R : (2-6)
Weo can find that the mapping T defined above possesses tWO properties (i) and

(i1) in section 1.
Lot I denote an operator defined by

L= —Hi 2 a,(u, Vu) +ao(u, Vu), (2 .-7)

The obstacle problem is to find v’ € K, such
a(u’, v—uy={f, v—uD, voe K,
or we can write it in the another form: to find v* € K, such that
| (T, v—uy={f, v—uD, VvEK, (2.8)
If f€12(Q), Y& H2(Q), 918 the restriction to 282 of an H?() function and 9=
s on 802, then the existence and mnique of the solution of the problem (2 .8) are insured

by classical result™. _
£ the solution '€ H?*(Q), y&€H 2(Q), fEL(Q) and Ly € I? (Q), then the
[7]

following differential forms holds™,
{Lu'*—f}i}, (L* — f) (@ =) =0, > 2. e.inf?, (2.9)

'u'\sn=9.
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We now consider the approximate problem of the problem (2.8) by linear finite
element. Let Q* denote a polygon inscribed in £ and also denote a regular triangu-
lation'™. Let u/, ' denole the piecewise linear interpolations of #* and Y on £*

respectively. Let ¥ denote a space of the piecewige linear continuous functions defined
on &, Let

K= {v"€P*:0* >’ at the nodes on Q*, ¥*=g¢g at the nodes on 2G}, (2.10)
Then the approximate problem is that to find »" € K* such that

(T, 2 ~yp={ £, o —wda, VPEK?, (2.11)

where the index £2* denotes the integration on £*,
We have the error estimate as follows,

Theorem 1. If f € L*{(Q), y € H*(Q), g€ H*(Q), y=¢r on 82 and the solution
'€ H2(Q) of the problem (2.8), Lu* € I2(Q), then

4 —u' 1,0 =0(%),

Proof. Since u* and %* are the solutions of the problems (2.8) and (2.11) re-
gpectively, and with use of Green’s formula we have

Ty —Tu, u*—u>gp={Tu'—Tu*, v —ud>p
+ T, u— > — < f, ul—uM>ps
— T, W~ F, W —uD,
<A —Twb, v —uHop+ T —F, W —u*>p

= (T — Tu*, w*— u‘>ga+Jm (Lt — ) (v —u?) dayday

oo ON
— (T —~Ted, " — uf>n,.+jm (Lnd* — £) (! — ) daoy davs, (2.12)

—I—J 52 (u! —u)ds

where in the inequality we have used (2.11), and in the last equalilty we have
used the fact that both of «' and «* are piecewise linear functions and ' =u*=g at the
nodes on 9£2; and Ju*/on is defined as follows:

» 2
Zun =’¢=21 a; (v, Vu*)Yeos(n, z;), (2.13)

where n is the external unit normal on 982,
Let us first estimate the second term on the right side of (2.12), we have

[, =) w—ydaydmy= | (L —£) L —4) = (" — )1 de; da

| = f) (0 — ) oy dos + | (L) (9~ o) day

< =) [ — ) — (o — ) Ty oy
<1 2* — flo,ol (2 =) — (" =) o, <O "~ 2,0, (2.14)

gince (2.9), S0 J.a* (Iag* — ) (2" — ) dwy dwg == 0; and since Y, u* are piecewise linear

on 2*, and w*>=y at the nodes of @*, so «*=y’ on &*, and since (2.9). Lu*—f=0 a. e,
in Q" so
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LF (La* — ) (P — u*) Aoy A, << 0;

and in the last inequality of (2.14), we have used the error estimate (1.3).
Let us now estimate the first term on the right side of (2.12). From the property
(ii) of the mapping 7 and the error estimate (1.3), we have
| Tu* — T, o —ulypr| < T — TP, (18" —u’]] 4, o»
<I(|4'] 1,0+ |t 1,00) [[4" — e |1, ool 08" — 0 [ 5, 0
<I(Ju’[1,0+ || 1.0) Rlu' 2,00 [ — 2|1, 00, (2.15)
. Now we prove that the solution «* of the approximate problem (2.11) is bounded
independently of A. Let

¢(z) =max {g(a), ¥(2)}. | (2.16)
Since g, 4 € H*(2), and by a well known rosult of Lewy and Stampaocchia™’, then
we have o € H*(Q2)_

Let ¢’ denote the piscewise linear interpolation of p on @*, if P, is an any given
node on £* then we have ¢' ( p)=y'(p); and since g(z)=v¥(w), Yoz €02, then we
have ¢'=g¢g, at the node on 2Q. Thug ¢'€ K*. From the properties (i), (ii) of the
mapping I' and (2.11), we have

alu’ —p'|f, o <KL —~Tg!, '~
— T, g (T, =g
<(f, P =g — <Dy, P =g

<(lflo,0e+ 7¢'].) < |4*—¢'[1.av, (2.17)
and then
1
IUL“G"I"L::*‘QE(UH_U.H"*' |1 T'¢'].). (2.18)
From (1.2), we have
| To' —To| <L (|¢']1aa+ | @l1.0) * [0 —pl1e. (2.19)
And from the error estimate (1.3"), we have
¢ —@l1.e<O|p|1,e. (2.20)
From (2.19) and (2.20), we can sbe that there exists C=const. >0, such that
[o 1, 179 ].<O, (2.21)
And from (2.18), we have
‘ je 1, <O, | (2.22)

Thus from (2.12)—(2.15) and (2.22), we have
afu"— 1] p<{Tu" — TP, u* —uP)ps

<Ok |u* —ut| 1, o+ O'R2, (2.23)
Thus the proof is completed.

3. The Unilateral Problem

In this section, let us assume that 2 is a convex polygon in plane with the
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boundary 8Q. The unilateral problem is that to find ¥ € K, such that -
(Put, v—u">={f, v—u>», WEK, (3.1)
where "

K ={o€c H(Q):v>¢g a. o.0on 802} (3.2)
Let the mapping T be defined in section 2, then the existence and uniqueness of the
problem (3.1) are insured by [5]. If the solution w™ € H*(Q2), f& I3 (), g€ 0°(892),
Lu* € I2(Q), then we can prove the following differential form as in (7],

{Lu*—-f=0 a. ¢, in O,

alty*

. - 3.3
u'>=g, _55.""}"0 and %(g——u*) =0 a.e, on da2, B

The approximate problem by linear finite element method is the folidwing: to
find «"€ K?*, such that | | £

(T, P — o= f, P —ulde, VPEKY, (3.4)
where K*= {p*€ P*:v*>¢ at the nodes on 8"} (3.5)

Since we assume that the domain Q is a polygon, so 2=0Q" 22~=0Q", thus we will not
write the subscript £2* in (8.4) below. B

We have the following error estimate,

Theorem 2. If f € L?(Q), g 4s the restriction to 8Q of a function in H(L2), and
the solution u* € H*(Q) of the problem (3.1), Lu*€ L?(Q2), then

1,6 =0(%)

Proof. Since u" and ¥ are the solutions of the problems (3 1) and (3.4) respec-
tively, using Green's formula, we have

(T~ T, u— oy = (Pu’ = Tof, '~y
(T, W~y — < f, W=y — T, >+ f, o =)
<(Tu* —Tut, w'—uy+<Tu"—f, uf —u’)

jut s

= (T — T, u* —ul> + L (Lt — ) (o — ) daoy dea

ou ;o5
+Ln on e

— T T, ity | P ads (3.6)
20 ON |
In the last equality of (3.6), we have used (3.3), and u/, &u"/on eto. are the same as g
in the sectio 2. | |

Let us first estimate the first term on the right of (3.6). From the error estimate

of interpolation (1.8) and the property (ii) of the mapping T, we have

|[(Tw* — T, u*—u> | <|Tw* T [u" — 1,0
<T(Ju*]1,0+ |%*]1,0) [ —0*|1,0% 4" —2'[ 1,0

‘gOh‘T(i]”*J o+ [¥ts,e) e ]2,0]u" — ¥ 1.0. (3.7)

We also need 10 prove that|*|;,o<<C =const. >0, k. But this proof is the same as
the proof of (2.29), and simpler than the proof of (2.29). Because of ¢', the piecewise.
linear interpolation of g of H3(Q), belongs to K*, so we can replace ¢' in the proof
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of Theorem 1 by ¢'. Then we have
[<Tw* - T, u' —ul) | <Okl —uP|y,0. (3.8)

Next let us egtimate the boundary integration on the right side of (3.6) as
follows.,

jm-—-tuf—mds | oo L@~ gD — (' )1ds
+Ln on gl +Lﬂ on

'gLa DL [ (w1~ gt — (u" — g)]ds, (3.9)

g' and «* are piecewise linear func-

sinoe (3.3), SOI

tions, and w*>>g’ at tha nodes on 69, so g' —ut<0) on 82, and taking account of du*/on
=0 on 082 in (3.8), then we have

b B
iR on

Thus from (3.9), with use of the trace Theorem™ and the error estimate of interpola-
tion (1.3), we ha.ve

—uh)ds<0,

- 3” “)ds-gj X [~ g") — (u'~ 9)1ds

‘QO’“ ‘.1.9ﬂ'|(“ _Q)I"‘ (26" —9> fo ag
<Ol g,0] (@' — ) — (U —g) 373+ | (0 — @) — (" — ) |13
<OR2|u* |3, 0] — gl.0. (3.10)

Taking account of u* € H*(2), g& H*(Q) and the property (i) of the mapping T, we
have, from (3.6), (3.8) and (8.10),

::n||u — U ﬂ1 ﬂ<<T‘H “-T'H- A -u")%@h”u —u"Li g‘f‘O}ba‘!ﬂ (311)

Thus the proof is completed.

Remark 1. If the domain Q is a convex bounded open set in plane with bound-
ary sufficiently smooth, and «* € WL (near 2Q), g€ WL (near 8Q), than in the same
way as [2], it can be obtained as in [2] that

|4 —2u*]1,0=00h),

Remark 2. For the obstacle problem in the section 2, H. D. Mittelmann™ has
proved the same order of error bound under different hypotheses. In [8] the author
treated the error estimate for domain £ not necessarily convex but the following
hypothesises are needed and assumed: the coefficients @,(¢&) € O*(R®) and the solution
o' CW=(Q), which in fact assumes that the mapping T is uniformly Lipschtz contin-
uous, and g & W =(9£2), which is an extra hypothesis for the non-convex domain 0.
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