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Abstract

A local remapping algorithm for scalar function on quadrilateral meshes is described.
The remapper from a distorted grid to a rezoned grid is usually regarded as a conservative
interpolation problem. The present paper introduces a pseudo time to transform the
interpolation into an initial value problem on a moving grid, and construct a moving
mesh method to solve it. The new feature of the algorithm is the introduction of multi-
point information on each edge, which leads to the numerical flux consistent with grid
node motion. During the procedure of deriving scheme, we illustrate a framework about
how the algorithms on a rectangular mesh are easily generated to those on a moving
mesh. The basic ideas include: (i) introducing coordinate transformation, which maps
the irregular domain in physical space to a perfectly regular computational domain, and
(ii) deriving finite volume methods in the physical domain, which can be viewed as a
discretization of the transformed equation. The resulting scheme is second-order accurate,
conservative and monotonicity preserving. Numerical examples are carried out to show
the good performance of our schemes.

Mathematics subject classification: 65D05, T6M12, 34M25.
Key words: Remapping, Advection, Multi-point flux, Coordinate transformation, Geomet-
ric conservation law.

1. Introduction

In numerical simulations of fluid flow, the arbitrary Lagrangian Eulerian method (ALE) has
been regarded as having excellent accuracy, robustness, or computational efficiency compared
with Euler and Lagrangian method. It is usual to be separated into three phases. These are: (1)
a Lagrangian phase in which the solution and grid are updated; (2) a rezoning phase in which
the nodes of the computational grid (old) are moved to more optimal positions (new); and (3)
a remapping phase in which the solution is mapped from a distorted Lagrangian gird onto the
rezoned grid. Hence the remapping algorithm is a very important part in ALE method.

Given a distorted Lagrangian grid and a rezoned grid, there are two kinds of classical remap-
ping methods. One is finding the intersections of each new cell with the old ones. Such method
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is suitable for the problems in which the two grids are independent even have different topolo-
gies. Recently such methods have been extensively used in multi-material flows calculation
with interface reconstruction or reconnection-based ALE methods [11] [12] [20]. Finding the
intersections is feasible but computationally very expensive in two dimensions, and not practical
in three dimensions due to its complication. Another remapper usually termed as continuous
remapping is constructed by advection algorithms, which can avoid detailed calculations of the
intersections. The underlying assumptions are that the topology of the mesh is fixed and the
mesh motion during a step is less than the dimensions of the elements.

There is an extensive literature about advection algorithms, cf. [9] [40] [29] [1] [2] [5] [30] [26].
The most widely used is the donor cell upwind (DCU) method in which the advected quantity
only streams from the adjacent cell on the upwind side (the donor cell). For a structured
quadrilateral grid, it has five-point stencils. Such method is accurate and robust in most
situations, but sometimes it may suffer from some small flaws. For example, suppose the flow is
two-dimensional, and some physical quantities should be transported between grid cells sharing
only a vertex. If only the one-dimensional advection algorithms are applied simultaneously
in the two mesh directions, the velocity at which a signal propagates for advection along the
diagonal may be slower than in the two mesh directions [19]. To alleviate or cure this kind
of error, the corner transport upwind (CTU) method proposed by Colella [5] is a good choice,
which is based on tracing the characteristics of the advection equation in two dimensions. The
CTU scheme involves more information, such as nine-point stencils in structured quadrilateral
grid, hence has larger Courant number compared with the DCU method. The same algorithm
was derived in a different manner by van Leer [16]. Dukowicz and Baumgardner put forward a
kind of new method with corner contributions [9].

In remapping algorithm framework based on advection approach, a local remapper exchang-
ing conservation quantities between neighboring cells is extensively used [12] [3] [15] [24] [25] [28]
[31] [33] [39]. Among them, Pember and Anderson [33] proposed a corner transport method.
Since the remapping algorithm presented in [33] is only a middle procedure in solving ALE
problems, some details and numerical results of this algorithm are omitted. In addition, all
of the above schemes do not consider grid node moving information and use single-edge flux
at cell interface, which may result in large errors in some situations (see case 1 in numerical
experiments, below). P. Hoch et.al. [14] considered such case, and computed two sub-volumes
of fluxing for an edge for both adjacent cell. But the method has not to be generalized to the
higher-order accurate case and the details are neglected.

In this paper, we hope to benefit from all previous experiences and develop a second-order
accurate CTU method for solving remapping problem. Analogously with [31] [33], we introduce
a pseudo time and transform the interpolation into an initial value problem (hereafter we call
it remapping equation) on a moving grid. However, we adopt a wave propagation method
[18] which may be easier than that in [33] to extend to solving more complicated system of
nonlinear conservation laws in moving grid context, especially for those nonlinear equations
in non-conservative form, such as Elasticity equations or multi-phase fluid problems. The
main new feature of our remapping scheme compared with traditional ones is to introduce
‘node velocity’ and two half edge fluxes per cell interface which is consistent with node motion
manner. Such technique has been extensively used in solving Lagrangian form hydrodynamics,
cf [7] [23] [21] [22] [4], but does not appear in other moving mesh method context. Different
from [14], we need not to compute self-tangled patch created by edge displacement. At the
same time, a high order CTU method is implemented.
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The ‘node velocity’ in remapping problem results from the introduction of the pseudo time
and avoids the difficulty of evaluating exact intersection areas of two layer grid. We design an
elaborate example to show the drawbacks of traditional single-edge flux method and advantages
of our algorithm.

Although this paper aims to design remapping algorithms, the remapping problem is not
introduced immediately at the beginning of the paper for the sake of clarity. An outline of
this paper is as follows. We recall two kinds of classical advection methods on a fixed grid
in Section 2, including the DCU, CTU algorithms and their high-order accurate correction
on quadrilateral grid. In Section 3, we make a modification to the classical DCU and CTU
method when discretizing advection equation, in which multi-point flux at edge of a grid cell
is introduced. In Section 4, we discuss the remapping methods. Firstly, the physical pictures
of an advection equation and the remapping equation are described. Then a finite volume
method with the first order accurate DCU flux for solving the remapping equation is recalled,
and a coordinate transformation approach equivalent to the DCU scheme is depicted. Also the
CTU and its second-order accurate modification schemes are derived. In the end, a multi-point
flux remapping scheme according to the modification in Section 3 is constructed. In Section
5, some two-dimensional remapping simulations on different sequences of grids are performed.
The results are shown graphically and analyzed from the viewpoints of accuracy and order of
convergence. Some concluding remarks are given in Section 6.

2. The Advection Algorithm

Consider a two-dimensional variable-coefficient advection equation

qt + (uq)z + (vq)y =0, (2.1)

where ¢(x,y,t) is a conservative quantity, and u(z,y),v(z,y) are advection velocities along z
and y direction, respectively.
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Fig. 2.1. Notations on (a) a quadrilateral grid and (b) a rectangular grid.

The finite volume approach can be applied on any shape control volume C. In this pa-
per, we assume that the velocities @ = (u,v) are defined at the edge of grid and limit our
method on logically rectangular grids. We adopt the following notations. A grid cell C; ; has
vertices (points) Pi_1/25-1/25 Pit1/2,j—1/2> Pix1/2,j+1/2 and P;_y3 j11/2. The coordinates of
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a vertex Piiq/2j41/2 are ($¢+1/2,j+1/2, Yit1/2,j+1/2)- The edge connecting points P/ j_1/2
and Pji1/2 4172 is denoted by I;i;/o ;, its midpoint is P/ ;, and the flux defined at the
edge is Fj /o j. Similarly, the edge connecting points P;_1/3 jy1/2 and P12 j11/2 18 I; jy1/2,
and the flux is G; j11/2, see Fig. 2.1(a). A special case is a rectangular grid cell of the form
Cij= [%‘—1/2, sz‘+1/2] X [%‘—1/2, yj+1/2], where Tiv1/2—Ti—-1/2 = Ax; and Yj+1/2=Yj—1/2 = ija
see Fig. 2.1(b).

2.1. Finite volume approach

Using the integral form of the conservation law on grid C; ; in Fig. 2.1(a), there is

tn+1
1

Qi =Qy - / (u,v) - 7i(s)q(x(s),y(s), t)dsdt,
Cijl Jen Joc.,

where Q7; represents the cell average of quantity g over this cell at time ¢", |C;.;| is the area of
the cell C; j, and 7i(s) is the outward vector normal to the edge (x(s), y(s)) of C; ; parameterized
by the arclength s.

The fully discrete finite volume method in flux form is

At
Q?jJrl =Q5 — —|Cij| (Fig12,5Liv1/2,5] — Fic1y2,51Li—1/2,51

+Gijr12lli g2l — Gijo121lij-1/20), (2.2)
where [I; 11/ ;| is the length of the interface ;1,5 ;, and the fluxes are

tn+1

1
F_ i, =-—— / u,v) - 71(s)q(x(s),y(s), t)dsdt, 2.3a
T A AR S CORTON) (2.3)
1 tn+1
Giip1=-—7— / u,v) - 1(s)q(z(s), y(s), t)dsdt. 2.3b
el M ACE R CICORTON: 2:3)

The simplest finite volume method for the advection equation is the first-order DCU method.
Its fluxes are

D _ 0 + 0 _
Fi+§,j - (Uz’Jr%,j) QZj + (Ui+§,j) Q?H,j’ (2.4)
D — (Y0 + 0 - ’
Gi,jJr% - (Vi,jJr%) ;L] + (‘/i,jJr%) Q?,j+1’
where the superscript 'D’ in the flux function expresses the DCU flux. If we denote advection

velocity by d’ﬁrl/lj = (Uig1/2,55Vit1/2,5)5 Ufj+1/2 = (U j4+1/2, Vij+1/2), then the transport

velocities at normal direction of edges I; |/ ; and I; j1/o are

Upps ;= Titayog fiviyzg, Vigerye = Gigeiyz e, (2.5)
where 7,12 ;,7; j+1/2 are outward normal directions of edges I; 1,2 ; and I; j11/2. In addition,
ut = max(u,0), v~ = min(u,0).

Colella [5] took account of the flow direction more fully and proposed a better scheme on
rectangular grid: the CTU method. Fig. 2.2 displays a distinguish between DCU and CTU
fluxes in the situation of UiOJr%,j > 0, ‘/i(,)j—l/Q > 0. For the general velocities U° and V°, the
numerical scheme (2.2) with the DCU flux has five-point stencils at most. The CTU method
may include nine-point stencils, thus it has better stability.

When extending the CTU scheme to a general quadrilateral grid, we can still use finite
volume method in physical space to describe CTU fluxes. But a simpler method is using the
coordinate transformation, which is easier in designing more complex schemes.
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Fig. 2.2. Two advection ways in numerical algorithms for a physical quantity. (a) The DCU method.
(b) The CTU method.

2.2. Coordinate transformation

In this subsection we will use coordinate transformation to introduce the CTU method. At
first, a coordinate transformation for dealing with general domains is introduced, and the trans-
formation maps an irregular domain in physical space (z,y) to a perfectly regular computational
domain in computational space (£,7), see Fig. 2.3. The advection equation is discretized in a
perfectly regular mesh as done for Cartesian domains. We know such methods may not be easy
to exactly conserve the correct physical quantities in the physical space, and they have strict
requirements to the smoothness of mapping transformation. To cure such defects, we construct
a first-order discretization of the transformed equation and keep it be consistent with the DCU
finite volume method (2.2) in the physical domain; then construct a CTU, a high-order accurate
flux scheme for the transformation equation. Similar coordinate transformed idea has been used
in more complicated flow problems [8].

Define the transformation via

dr = Ad¢ + Ldn,
dy = Bd¢ + Mdn,

where K = (A, B, L, M) are the geometric variables satisfying
Azx& L:xn, Bzyg7 szn, AnZLg, Bn:Mf- (26)

The advection equation (2.1) defined in physical space in terms of the (z,y) coordinates is
transformed into computational space in terms of the generalized coordinates (£,7) as

(Jg)e + (%(Uq) n a%(m) —o, (2.7)

where J is the determinant of Jacobian transformation matrix, i.e. J = AM — BL. U,V are
transformed advection velocities,

U=Mu—Lv, V =-Bu+ Av.

The discrete scheme in computational space for advection equation (2.7) can be expressed
by
At At
+1 _
QYT =Qi — m(FiJr%,j —Fi_1) - m(Gi,jJr% —Gij 1), (2.8)
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Fig. 2.3. The physical grid cells (left) are mapped to computational grid cells (right).

where

o _ J S Ja(& n,t")dédn
E JijAEAD ’

I 1 ey
el T AAY S ),

j—

% 1 tn+1 67’+%
Ugdndt, G, .. 1= —— Vgdedt
qanat, Lj+3 AtAg /tn /& q )

W=

Jij = |Cij|/AEAn, and |C; ;| is the area of the cell C; ;. Note that Fi /o ; is the flux per unit
length in computational space, which is different from the one in (2.2) with a scaling factor.

In order to keep the consistency with the finite volume scheme (2.2) on arbitrary quadrilat-
eral grids, there must be

. T+ . §ivl
| @ aads = [ vadn [ o asads = [ v
Ii+1/2,j ﬁj,% Ii,j+1/2 fi,%

To satisfy these conditions it is enough to let

Yit1/2,541/2 — Yit1/2,5-1/2 Tit1/2,541/2 — Lit1/2,5-1/2
M ., = , L =
2] An

1
it+3,] A77 ’
- Tit1/2,541/2 = Li—1/2,j+1/2 B .= Yit1/2,5+1/2 — Yi—1/2,j+1/2

]+ 5 Ag ’ ,j+3 A§ )

which satisfies the discrete Piola compatibility conditions (2.6). Denote

U.

i+3.4 =

My g jisyg = Livg Vit g0
(2.10)
Vijrs = ~Bijratijes 4110544
Then U; ;1 ; and V;

i+ describe normal velocities at edges. The DCU fluxes are

D _ 77t - D ot _

Fz‘+%,j - Uz'Jr%,j i T UiJr%,j i+ Gi,jJré - V;,jJr%Q?j + V;,jJr%QZjH' (2.11)

For the CTU scheme, one may obtain flux by tracing back the characteristics q(§ — U At, n—

V At,t"™), but a simple and unified derivation to DCU, CTU and high resolution approaches is
to use Taylor series expansion.
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We make a Taylor expansion

Q€ 1) = 46, 17) + At + g + O(AF)
= a(En. ")~ FAUg)e ~ FAUV ), (2.12)
+ S (G009 + (G Vae + (S Uaey + (5 (Va)y) + 0(AE)

Obviously, the DCU fluxes (2.11) use upwind approximations to the derivatives (Uq)e¢/J
and (Vq),/J in the O(At) terms of the above expansion.

The CTU flux modification will be provided by the discretization of cross-derivative terms
(UWVq)y/J)e/J and (V(Uq)e/J)y/J in the O((At)?) terms of the Taylor expansion (2.12), that
is

1 At
C _ D = + + o - o
Fz+%7] - F‘l-ﬁ-%,] 2 Ji+1/2,jA7] (Uz+%7J(B AQ@J—E + B AQ@,]-‘,—i)

T ULy (BT AQu s + B AQu 1)) (2.13a)
1 At
C _ D _ = + + R - S 1
Gi7j+% N Gi’jJr% 2 Ji,j+1/2A€ (‘/;7]4’% (A AQZ_EJ + A AQ1+§1])

VL (ATAQ +A‘AQH%JH)), (2.13b)
where the superscript 'C’ in the flux function expresses the CTU flux, J;; A in (2.8) represents
average grid space in § -direction within a grid cell Cyj, and J; 11/ jA§ represents average grid
space between two cells C;; and Cit1,5. Thus Jiyq/2 5 and J; j11/2 usually have forms as

Jiv1/25 = (Jig +Jiv15)/2, Jijriy2 = (Jig + Jiji1)/2.

Partial cross-derivative terms
+ + + +
BEAQ; ;-1 =V, 1(Qf — Qifj1), ATAQuy1 ;= U, (@ — Qi) (2.14)

introduce transverse propagation of waves Q7 — Q7';_; and Q7' ; — Q7; to fluxes Fz‘+%,j and
G+ 1 Then the transverse jumps are transported by advection velocities U and V. Fig. 2.4
gives the case of Fj /5 ;. Normally three out of these four corrections will vanish, as in the
case that U and V are constants. Due to the contribution of these transverse waves to fluxes,
the corner information is introduced.

The CTU schemes fail to be second-order accurate because of lack of discretization to terms
(UWUQq),/J)e and (V(Vq)e/J), in the O((At)?) terms of the Taylor expansion (2.12). These

two modification terms are discretized in [18] as

~ 1 At =~
FiJr%,j = §|Ui+%,j|(1 - |Ui+%,j|m)wi+%,j7 (2.15a)
~ 1 At ~
Gi,]Jr% - §|‘/z’,j+%|(1 - |Vi,j+%|m Wi,jJr%' (2.15b)

I . . . . _ n n
where W1/ ; is a limited version of wave Wi y1/2; = Qiq ; — Q7.

Witi2,; = ¢(9i+1/2,j)Wi+1/2,j7
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+
-~ Ui+1/2,j

B+AQi,j71/2 B+AQi+1,j+1/2

Fig. 2.4. The correction terms in the CTU flux F; ;s ; consist of four possible transverse jumps. Their

contributions to the flux depend on single-point velocities Ui-l/Q e

where 6; 1 /2 ; should be some measure of the smoothness of the single wave. It is easily obtained
by comparing this jump with those at the neighboring Riemann problem in the upwind direction.

Denote
7 i, if ui+1/2,j > 0.
a 14+ ]., if ui+1/2,j < 0.

Then we have
Oiv1/2,5 = M
T Wity
¢ is a high-resolution limiter, for example, ¢(8) = minmod(1,0) is the minmode limiter, and
¢(0) = max(0, min((1 + 6)/2,2,26) is the monotinized centered one. For more details see [18].
The similar expresses for Wi, j+1 can be obtained.
The final fluxes including high-resolution correction terms can be implemented by adding

corrections in the &- and 7- directions separately, for example,

D2 _ D ~ D2 D ~

FiJr%,j =Fli;+Fyg Gi,jJr% =G TG (2.16)
c2 _ po = c2 _ A ~

Firy=Fogs tFass Gijig = Gijey T Gignp (217)

where the superscript ’2’ in a flux function denotes the resulting flux with second-order accurate
modification.

During the computation, we introduce two constants A¢ and An, whose choices do not
affect the computing results. In our code, we let A{ = L¢/N¢, An = Ly /N, where L¢, L, are
domain lengths in § and 7 directions, and N¢, N, are cell numbers in these two directions.

Remark 2.1. The CTU method has better stability properties than DCU one. The stable
steplength limit condition for the CTU method is
-U,

ut, .. SV -V
At max( iZ1/2, /2, hizl/2 Z7J+1/2> § Ccfla

JiAE T TS T JiAn T JiAn
where C.f; < 1 is Courant number. The stable condition for DCU method is

ut, .. U, .. V< -V
At( i—1/2,5 + i+1/2,5 + i,j—1/2 + ’L,j+1/2> Sccfl-

Jii AL Jii AL Jij An Jij An



600 7.J. SHEN AND G.X. LV

Remark 2.2. The discretization scheme (2.8) of the transformed equation (2.7) is consistent
with a finite volume method (2.2) in the meaning of keeping the same DCU algorithm, so
the method remains valid and accurate even on a highly nonuniform grid (corresponding to
a nonsmooth mapping). At the same time, the conservation of quantity ¢(x,y,t) is strictly
preserved in physical space.

3. A Modified Advection Algorithm

When advection velocity @4 = (u,v) varies smoothly along a cell edge I;; 12 ;, using single-
edge velocity approximation (u;t1/2,;,vit1/2,5) can provide good results (Fig. 3.1(a)). But
if transverse variation of advection velocity is very large, such as in Fig. 3.1(b), single-edge
velocity transportation may result in large errors. Here we describe a new multi-point flux
method which includes more information.

T Yi+1/2j T Yit1/27
® ®
T 1 Wit+1/2,j T Uit1/24
—® T l * T
Vij—1/2 Vi j—1/2 Vij—1/2 Y5 j-1/2

Fig. 3.1. Normal velocity distribution along an edge of a grid cell. (a) Small variation. (b) Large

variation.

Introduce two advection velocities ﬁiAH /2. and ﬂ'ﬁ_l /27 at each cell edge I; /2 ;, where
—A _ .y _ B . -
Uiiryey = (ui+1/2al’vi+1/2€) and Ulype; = (ui+1/2’j,vi+1/2’j) represent the velocities at the

lower and upper half-face of I; /s ;, respectively. Similarly, ﬁfj +1/2 and ﬁ?j 112

velocities at edge I; j11/2 (Fig. 3.1). Then the flux of physical quantity ¢ passing I;1 /5 ; will

are half-face

have multi-point characteristic.

Adopting similar derivative procedure in Section 2.2, the multi-point flux algorithm on
quadrilateral grid with variable coefficients can be constructed easily. Let us write down con-
clusions to those schemes.

In the DCU method, the edge flux is the summation of partial fluxes

1 1
pm _ Ly + . _ n

s = gVl + Ul 5) Q5+ 5 (Ui + Uiy 5) Qs (3-1a)

oM l(V+ VL )@+ 1(V— VL)@ (3.1b)
gty 9\ ity | dg+y) YU T o Uidts T ity ) It :

where the superscript "M’ means multi-point flux, and

Uiy ;=M1 juips j— L1 i1, Uppr5= Mg juiga 5= Ligy i s,
Vig+r = =Bijpstijes T A jpavigin, Vi = =B a0+ A a0,

where geometric variables A, B, L, M are the same as given in (2.9).
Note that if velocities Ui+%,l and Ui+%,7 have same signs, and VMJF% and V;’j_% have same
signs, then flux (3.1) degenerates to the classical DCU fluxes (2.11).
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BTAQ;; 1o BTAQiti 1172

Fig. 3.2. The correction terms in the multi-point CTU flux F;y;/; consist of four local transverse
jumps. Their contributions to the flux Fj;,,2 ; depend on local velocities.

For CTU scheme, there are

oM _ oM 1 At n Ut A
FHN FHQJ §Ji+1/2jA77( Z+27JB Al + i+%38 AQi 4y
+UL, BYAQu;y + U, FB’AQMJ%), (3.2)
oM _ ~pm 1 At ¥ ¥ - _
G,J+2 Gi,j-i-% 2Jij+1/2A§( 7J+2A AQ;_ —J+V %A AQiyy3
VAT AQu gy + Vi ATAQu ) (3.3)
where
BEAQu; y =Vis 1 (Qf - Q). BAQ; 1 = Vi (QF - Q1)

(3.4)

+ +
AiAQH%J UH_ ](Q?+1,j_QZj)7 AiAQH%,j UH_ j(Q?-H,j_ 7;)

The discrepancies between new multi-point CTU fluxes (3.2)-(3.3) and classical ones (2.13)
can be illustrated by comparing Fig. 2.4 and Fig. 3.2. The corrections in the traditional
CTU flux Fi;q1/2; consist of four possible global transverse jumps. Whereas the corrections
in the new multi-point CTU flux Fj ;o ; consist of four possible local transverse jumps. The

+
contributions of these local jumps depend on local propagation velocities Ut 11/2,5 and Uz+1/2,]
The second-order accurate numerical fluxes in (2.8) are
C,M,2 Cc,M 1 ~ -
F;/+21‘7 7FZ+2,]+§(F+%]'+F-+%3)
C,M,2 Cc,M ~
Gt =G ¥t Q(Gz,j+§ + G5 1)

where E +1,; represents high-order modification terms (2.15) with U, 1 41 ; replaced by U, 1
The other expressmn has the similar transformation way. -
The stable steplength limit condition for the CTU method is

+ + - ,
At max Uiil/Q’l’ Ui_l/QJ 7Ui+1/271 7Ui+1/25 V;}—l/Q
JAE T T AE T T AE T T AE T AT

+ _ -
VE,j71/2 7‘/3',j+1/2 VE,]'+1/2 < C‘fl
T Ay o Ay ) T
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where Courant number Ccs; < 1.

Remark 3.1. If a grid can be refined arbitrarily, the multi-point flux method seems not to ex-
hibit more advantages than the classical advection algorithm. But it is suitable to the following
problems:

1. A grid is not allowed to be refined arbitrarily.

2. Even if a grid is refined, the transverse variation of the transport velocities at edge of
grid cell still may have large variation.

The remapping problem belongs to such kind of ones.

4. The Remapping Method

4.1. Statement of the Remapping problem

The Remapping problem includes two grids and corresponding physical quantities on these
grids. For the sake of consistency with latter discussion, we adopt the following notations. The
physical quantity g on the old grid has superscript n, whereas superscript n + 1 indicates the
quantity on the new (remapped) grid. For the quadrilateral grid, an old grid C}'; has coordinates

3 n mn mn mn 3 3
vertices P; Pi+1/27j_1/2, Pi+1/2,j+1/2 and Pz'—1/2,j+1/2' The interface connecting

i—1/2,j—1/2>
vertices Pi11/2,j71/2 and Pi11/2,j+1/2 is denoted by I?+1/2,j’ and its length is | f+1/2’j|. Similar

notations will be employed in new grid with the superscript n replaced by n+ 1, see Fig. 4.1(a).

Fig. 4.1. Old and new mesh in remapping problem. (a) The planform plot.(b) The control volume with
a pseudo time.

We assume that there is a function ¢(z,y) defined on the domain. The only information
available of this function is its mean value in each of the cells of the old grid:

. Jop alwy)dzdy
Ao N
2V

(4.1)

Once given a new grid, the problem statement is to find approximations to

il fch;rl q(.f,y)dIdy
i ' 1 ;
G35
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and the new quantities should satisfy the following conservation requirement

ZQnJrl Cn+1| _ ZQ ]|C

4.2. The remapping equation

Introducing a pseudo time ¢, then the continuous remapping problem can be regarded as
being equivalent to the following equation (see, e.g., [31] [33])

dq
5 =0 (4.2)

with a grid moving from C7'; to C’E'l, see Fig. 4.1(b).

In fact, the remapping problem arises from a time splitting procedure during a time step
when solving fluid hydrodynamics equations on a moving grid. In the time step, the mass,
momentum and total energy keep constant but the grid moves. The conservative quantities
naturally satisfy equation (4.2). The benefit of introducing remapping equation is to transform
a conservation interpolation problem into solving a partial differential problem.

Let us observe two pictures: an initial physical distribution g¢(z,y,0) is at rest where a
grid moves with velocity (—u, —v) or ¢(z,y,0) shifts with velocity (u,v) on a fixed grid. The
former is described by equation (4.2) with grid velocity (—u, —v) and the latter is by advection
equation (2.1) with transport velocity (u,v). Obviously the two physical phenomena are the
same if the observer moves with grid.

4.3. The finite volume approach

It is convenient to recast equations (4.2) into the more fundamental control volume formu-
lation, which holds for an arbitrary moving control volume:

d ~
pn gdv = / (u,v) - 7i(s(t))g(z(s(t),t), y(s(t), t)ds,

C(z,y,t) 0C (z,y,t)
where C(z,y,t) is a control volume, 0C(x, y,t) is the boundary of C(z,y,t), ©i(s(t)) is the unit
outward normal vector, and s is the length element on dC. The boundary of the control volume
is assumed to move with an arbitrary local velocity (u,v).

In our notation, the moving velocity at vertex P of grid cell C; ;(¢) is

i+1/2,54+1/2
M n+1/2 /2
" (Piv1/2,5+172) = (u Uit1/2,5+1/2) i+1/2,j+1/2)7
where
71+1 n n+1 )
n+1/2 Tiv1/2.g+1/2 ~ Tit1/2,+1/2 n+1/2 ~ Yiva254172 ~ Yiv1/2,541/2
Uir1/2,541/2 = Al v Yiy1/2.541/2 = Al :

Thus the edge I; 112 ;(t) moves with

TR 0-5<ﬁM(Pi+1/2,j—1/2) + ﬁM(Pi+1/2,j+1/2)) :

The fully discrete finite volume method for (4.2) in flux form is

Qrtt = |Cznj| no At F |In+1/2| _r |In+1/2|
o |Cn{r1| ij |Cn+1| it gl g i—g.dltioL g
?

+1/2 +1/2
FG I ), (4.3)
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where Q7 ; is given by (4.1), and the fluxes are

t‘n.+l
Py, = Nﬂwvzlm / ) As()ale(s(0), 0, y(s(t), Odsdt,  (4.4a)
t‘n.+l
G iy1= / ) - 7i(s(t)q(x(s(t), ), y(s(t), t)dsdt, (4.4b)
J+ 5 At|]n+1/2 tn 1J+1(t)
n+1/2 .
where |1 | is the average length of the interface I;, 1 ;(¢), that is

tn+1

=5 (/ | o)

Substituting the grid moving velocity into I, 1 41 (t) gives

= 5 (1)

The time integration between t™ and t"*! of the equations (4.4) raises the issue of where
to evaluate the numerical flux function: on the mesh configuration at n time layer, or on that
at n 4+ 1 time layer, or in between these two configurations? This problem is often referred to
as the geometric conservation law (GCL), which may be regarded as an identity that must be
satisfied, if the conservative property is to be maintained [10] [27] [13] [17] [37] [38]. In the

present situation the GCL is satisfied if fluxes are computed on the control volume at ¢"+1/2.
_n+1/2 (—'n + nnJrl
i+1/2,5 z+1/2 J i+1/2,5

I"1/2  the fluxes in the DCU method are

Denote 17, )/2 as the unit vector normal to the middle interface

i+1/2,5°
FZE’FN (UfJr e+ 1) Qi
G[,)wrz = (Ve 3)7Q0 + (V0 3) Q1
where U+1/2] = —ﬁ%_l/m _"7-:_11//22,_]7 z‘(,)j+1/2 = _ﬁ%+1/2 ﬁllj—i{z

Notice that the numerical fluxes of the remapping equation in the DCU method are the
same as (2.4) of the advection equation except U and V° with opposite signs.

Remark 4.1. Geometric conservation law states a conservation property between geometric
quantities. When ¢ = 1, note that

+1/2 +1/2
Ath‘+1/2,J|I:L+1/2 j| AtU+1/2]|[:L+1/2 j| = Vi+1/27j’

here Vi /o ; is surface integrals over the region swept by the displacement of the cell faces

. . . n+1 n+1 :
from their old to their new locations Pz'rjr1/2,j71/2pi73rl/2,j+1/2 PZ“/2 j1/2 iz g-1y2 see Fig.
4.1(a). Similar equalities hold to other edges. From scheme (4.3) there is

|C"+1|*|C J|+Vl+1/2]+Vz 1/23+Vw+1/2+v] 1/2- (4.5)

Thus, the discrete geometric conservation law associated with the numerical scheme (4.3) is
satisfied.
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4.4. The coordinate transformation approach

Once more we use coordinate transformation to introduce the CTU and more complicated
schemes. We will derive finite volume methods in the physical domain, then view it as a
discretization of the transformed equation. That means the discretization of the transformed
equation is consistent with the moving mesh method.

Transform the independent variables in physical space (x,y,t) to a new set of independent
variables in a transformed space (£,7,7) by

dt = dr,
dr = udt + Ad¢ + Ldn, (4.6)
dy = vdr + Bd¢ + Mdn.

Denote K = (A, B, L, M) as geometric variables, and W = (u,v) as the mesh moving velocity.
The consistent relations between each two geometric variables are

AT = ug¢, LT = Up, An = Lg,
BT:’Ug7 MTZU»,], Bn:MS-

Under the transformation (4.6), the remapping equation is transformed into
(Jq) Jrﬁ[(fMquLv) ]Jrﬁ[(Bquv) 1=0 (4.7)
q)r D¢ q an q =Y, .

where J = AM — BL is the determinant of Jacobian transformation matrix, which satisfies
geometric conservation law

3(Bu — Av) =0. (4.8)

Jr + 2(fMquLv)Jr an

23

The remapping equation (4.7) has been transformed into an advection equation in a com-
putational space. The advection algorithms in Section 2 and 3 can be used. But two new
requirements need to be considered. One is the metric parameter J varying with time ¢; the
other is that the discretization of fluxes should satisfy discrete geometric conservation law. That
means the discretization of (4.7) and (4.8) is consistent.

Denote U = —Mwu + Lv, V = Bu — Av. The discrete scheme in computational space for
the remapping equation (4.7) is

Ji; At At
n+1 2 n
@i J{}il i JZ+1A£( i1y~ Fio1g) - TA (Gijrs = Gij1)s (4.9)

where

n+41 n+1
1 ¢ 1 ¢

Mgl
= dndt, G, .. 1= dedt,
Fivsi = xan ). /,7 Ugdndt,  Gijvy = Xiag |, / Vade

j71

= |Cjjl/AgAny, I =[O/ AgA.

)

In order to keep the consistency with the finite volume scheme (4.3) on a moving quadrilateral
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grid, it is enough to let

n+1/2 _ n+1/2 n+1/2 n+1/2
nt1/2  Jir1/2,5+172 ~ Yiv1/2,5-1/2 nt1/2 _ Tiv1/2+4172 ~ Tit1/2,5-1/2
M. 1 = ) L. 1. )
i+3,j An i+3,J An
gcn—i—l/Q o zn+1/2 n+1/2 o n+1/2
n+1/2 i+1/2,5+1/2 i—1/2,541/2 n+1/2 yi+1/2,j+1/2 yi,1/2’j+1/2
A . = ; B 1 = )
,j+5 Ag L,i+3 Aé’
n+1 n n+1 _.n
2 Tiyag T T2 Jrt2 _ iz~ Yiyeg
e At ’ BEN A At ’

where (xiJrl/Q’j’ Yit1/2,;) are the coordinates of the middle point P /o ; at edge Ij11/2 ;-
Define

_ n+1/2 n+1/2 n+1/2 n+1/2
Uit = M 1.5 Ykl +Lz+2u it3.5
(4.10)
V.. o Bn+1/2 n+1/2 7An+1/2 n+1/2
Bits T T+t ig+i Gitg itg ]
- 1/2 1/2
as normal velocities on edges I:L_:_l /2 J and IE:_I/ /2" The DCU fluxes are
D o + n — n o n —
FRy = Uk Qi UG Qi Gl =V Qi+ Vo Qi (4.11)

The two fluxes have the same form as (2.11) except the definition of U and V in (2.10) is
now replaced by (4.10). It is noted from (4.10) that

Uppry = 52 AnU

_ |2
+1/2,5 'L+— N Vtiy]'Jr% - | ’Lj+1/2|/A£ ij+3°

The DCU scheme (4.9) is then equivalent to (4.3).

4.4.1. The CTU method and high-order corrections

Construction of the CTU fluxes and high-order corrections depends on Taylor expansion
1
(Ja)(&m 7" ) = (Ja)(&m,7") + At(J)r + S AL (Jg)rr + O(ALY), (4.12)

where from (4.7), there is
(Ja)r = =(Uq)e = (Vg)y, (4.13)

and

J)rr =—Uq)er = (V@)yr = —(Ur@)e — (Vr@)y — Ugr)e — (Vigr)y

= —(Urq)e = (Vrq)y + (%Uq)g + (%Vq)n

+(Gwae) + (50an) + (S0ae) +(Sva,) . @

Substitute (4.13) and (4.14) into (4.12), let us consider discrete form of each term in this
expansion. The CTU fluxes include cross-derivative terms (U(Vq),/J)e and (V(Uq)¢/J )y, thus

1 At

i+3.7 :Fi+%,j ‘]2-411/2 Aﬂ( i+3.]
i J

(B+AQ ij—% L+ 57 AQ'L]+ )

+ Ui:-%,j (B+AQ1'+17];% + B_AQiJrl,jJr% ))s
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1 At

GOy =GPyt Rl (VEL(AYAQ y, + ATAQu )
7J+2 7J+2 2 Jz _;:—11/2A§ 2J 2J
+V, +%(A+AQ1'—§,]'+1 T ATAQiy 1 j41)),

where AT and B* have the same expressions as (2.14) except the definition of U and V.
The high-order corrections are

- 1 At

Fi+%,j:§|U % |( | +27J|J;L_:11/2JA§) l+27.77

~ 1

Giji1 §|V;,j+%|( Vi1l n++11/2An) INEEN
0.

Jacobi J in these fluxes may be more properly evaluated at time ¢t"1t1/2 rather than "1,
however, if the mesh varies smoothly this only affects high-order terms.

Remark 4.2. Neglecting other second order terms in (4.14), the flux form in remapping
method is the same as that in advection equation except definition of U, V and J.

Table 4.1: Comparisons of the advection algorithm and the remapping one.

Advection algorithm

Remapping algorithm

Numerical schemes (2.8) (4.9)

Uit1/2,5: Vij+1/2 (2.10) (4.10)
Space steplength in Fj 10 | Jiy1/2,;88, Jiv1/2,;4n J:LJ:FII/Q SAE, J:fll/Q JAn
Space steplength in G125 | Jijy1/2A8, Jijr1/247 J:L;jrll/QAg, ; j+1/2A77

The numerical results are good enough using the above remapping scheme, so we would
not make further discretization to other terms. In general, to obtain an overall second-order
accurate scheme in moving mesh frame is rather difficult, not only due to poor accuracy at

extrema (local maxima or minima in q), but also due to the discretization to terms UZX and
VE.

4.4.2. The multi-point flux CTU method

In continuous remapping computation, possible relative locations of old and new meshes are
shown in Fig. 4.2(a) and 4.2(b). In the situation depicted in Fig. 4.2(a), the moving directions
at the vertexes P;_1/5 j_1/2 and P;_1 /5 j11/2 coincide with edge normal direction, so the single-
edge flux is enough. But for the case in Fig. 4.2(b), the volumes of the total swept regions at
Ii11/2,; may approximate to zero due to the fact that two opposite direction vertex velocities
may cancel out, however, when physical quantity has large difference between edge I;_, /3 ;, the
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N+
Pigoje

Pl n
/ 2 P

n+l
E j+1/12

n n
P 212,j-1/2 P\+1/2.rl/2

n+l

N P +1
i-1/2,j-1/12 1/2j-172

n+1l
i+1/2j-112

Fig. 4.2. Two situations of remapping grids. (a) Without distortion at the edge I;,_1,2;, (b) With
distortion at the edge I;_1/2 ;.

transportation of the physical quantity is not zero. So using single-edge velocity to construct
numerical flux may result in large error.

At each edge I; 11/ ; we introduce two normal transport velocities according to the vertex
velocities ﬁM(B+1/27j_1/2) and L_[M(B-H/QJH/Q), which are

_ n+1/2 n+1/2 n+1/2 n+1/2
Uity = Mz+2,g Yirdg-4 +Lz+27] i+1i—3
o n+1/2 n+1/2 n+1/2 n+1/2
Uity 5= =My 5%y T havs s Vi ry

Similarly at edge I; j1/2, we have

_ pn+l/2 n+1/2 B n+1/2 n+1/2
ij+2 7Bi,j+% i—%.J+% A ij+3 1)177 J+30
r _ pn+l/2 nt1/2 _ n+1/2 n+1/2
Vigrs = Bigey Wirpgey ~ Aiget Vie bl

Just like the analysis to single-edge flux, the multi-point fluxes in the DCU method have the
completely same form as (3.1), which are fluxes in the advection equation. The CTU scheme

has fluxes
1 At
FOM _ pDM 7( +A Ut _B-AO- .
g Titgd JTEl/z]An ”NB @ijoy UL 5B AR
1 At
C,M __ ~DM + + _
G,J+2_ i,j+3 2Jn+1/2A€( aJ+2A AQ%——J"'V %A AQH%J

Vo ATAQu i+ VL ATAQ L)
where AT and B* have the same expression as (3.4) except definitions of U and V.
The numerical fluxes in (4.9) with second-order modification are

C,M,2 C,M C,M,2 C,M -~
F =F —l—l(F 1 +F+ J) G G +1—|— (GZ]-JF%-FG;J_’_%)- (415)

l+27] l+%7] 2 E 1]+2
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Remark 4.3. Since numerical flux Fg_iwf in (4.15) is same to cells C; ; and Cyy1 ;, the remap-
2

ping scheme (4.9) is conservative.

Remark 4.4. Numerical scheme (4.9) with corner transport upwind and high order modifica-
tion terms (4.15) satisfies discrete geometric law. In fact, when ¢ = 1, these modification terms
are zero. The discrete fluxes will degenerate to the DCU fluxes (4.11), which satisfies discrete
GCL.

5. Numerical Results

In this section we will only test the numerical results of the remapping equation in the
context of interpolation. That is, we will choose an underlying function, prescribe a grid motion,
and compare the exact integrals of this function on the new grids with the numerical simulations.
All algorithms with second-order accurate modifications use the monotinized centered limiter.

Case 1. The first remapped function represents a discontinuous one. It is defined as

1, if —1<z<0,

q(z,y,0) =
0, if 0<z<l.

We carry out a simple test problem on a square domain [—1, 1] x [—1, 1], subdivided into a
uniform grid of 20 x 20 cells. The special node velocity is chosen as v = 0 and

1, if 4 =10 and j is odd,
Uit =4 —L if =10 and j is even,
0, others.

In this situation, the middle two-layer grid cells are stretched all the time until ¢ = 0.1 when
the quadrilateral meshes are degenerated to triangular ones. During this procedure, despite
the overall sweep area is zero strictly, the transport of physical quantity exists. The exact
integrals of this function on the new grids are 0.75 and 0.25, respectively. Using single-edge
remapping method, whether the DCU method or the CTU method, the edge flux F,, 1 is
zero. The false numerical result at ¢ = 0.1 is shown in Fig. 5.1. The first and second-order
accurate results are the same. The multi-point flux method presented in this paper can remedy
the defect. The integral on local transport area can guarantee the remapped physical quantity
not being counteracted. Figs. 5.2 and 5.3 give the results using multi-point CTU method.
The second-order accurate scheme is more accurate than the first-order one. The Table 5.1
compares these results on cells (10, j) and (11, j), where ‘SCTU’ represents single-edge CTU
method and ‘MCTU’ is the new one proposed in this paper.

Case 2. The second example comes from [25]: The mesh moves according to a sequence of
tensor product grids in the unit square [0, 1] x [0, 1], generated by

el ger = (& t"), vl e = (s n ),
where § = (i —1)/Ip,i=1,--- | I, +1; n; =(—-1)/Jy,j=1,---,Jy +1, I, and J, are mesh
numbers in x-direction and y-direction, respectively, and

w(&n,t) = (1 - a®)g + ()€, y(&n,t) = (1 —at))n + alt)r’,
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Table 5.1: Case 1: Comparison of classical CTU method and Multi-point flux method.

Mesh 1st SCTU 2nd SCTU 1st MCTU 2nd MCTU Exact

(10, j) 1 1 0.686 0.786 0.75

(11, j) 0 0 0.314 0.214 0.25

Table 5.2: Case 2: The errors on the sequence tensor product grids for numerical results of ‘peak’

function.

Mesh Number At Norm 1st MCTU order 2nd MCTU order

64 x 64 2.0e-3 ! 4.40e-2 - 3.02e-3 -
128 x 128 1.0e-3 Lt 2.73e-2 0.69 1.02e-3 1.57
256 x 256 5.0e-4 Lt 1.57e-2 0.80 3.52e-4 1.53

64 x 64 2.0e-3 L 0.55e-0 — 0.13e-0 -
128 x 128 1.0e-3 L 0.42¢-0 0.39 8.37e-2 0.64
256 x 256 5.0e-4 L> 0.31e-0 0.44 5.82e-2 0.52

where «(t) = 0.5sin(4nt). The final time is ¢t = 1. During this time, the mesh moves along
z-direction and y-direction non-uniformly. We use the anisotropic grids to check our remapping
algorithm.

The remapped physical quantity is a ‘peak’ value function defined as

(2,1,0) = 0 r > 0.25,
A58 = 1 max(0.001, 4(r — 0.25)) < 0.25.

where r = \/(z — 0.25)2 + (y — 0.25)2.
To discuss convergence, we first choose two norms,

llg — 4[|~ = H}?X|q(mz]'\,[j7yz!yj) — ¢ (@, yy ),

lla— ¢l =Y (@, ui) — ¢ (@, il - 1Ci s,
i,
where ¢°* is the exact quantity, and ¢ is the numerical results. We use three different lev-
els of refinement to investigate convergence. The grid numbers are I, = J, = 64,128,256,
respectively, and corresponding time steplengths decrease in proportion.
Fig. 5.4 gives the contour and 3D fully view plots for second-order multi-point flux method
with 128 x 128 grid. Due to the anisotropy of the grids, the results are not perfect. The peak of
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Fig. 5.1. Case 1: Classical flux methods (including DCU, CTU, the Ist-order, 2nd-order accurate)
provide false results, left: 2D side view ; right: 3D full view.

Fig. 5.2. Case 1: Multi-point flux method (first-order), left: 2D side view; right: 3D full view.

Fig. 5.3. Case 1: Multi-point flux method (second-order), left: 2D side view; right: 3D full view.

the cone is chopped off. But the method preserves the symmetry of the contour line very well.
In Table 5.2 we summarize the convergence results for the sequence of tensor product grids.
The L' norm convergent rates are about 1.57 and 1.53 for the two-level grids, respectively.
Compared with ones in [25], these convergent rates and absolute errors are satisfying.

Obtaining such results is reasonable. In fact our scheme is monotonicity preserving due to
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Fig. 5.4. Case 2: The ‘peak’ function on tensor product grids. Left: The contour, right: surface plot.

the use of limiter. It is well known that the high-resolution methods give rather poor accuracy
at extrema (local maxima or minima in q), even though the solution is smooth. Osher and
Chakravarthy [32] proved that TVD methods must in fact degenerate to first-order accuracy
at extremal points. With the
development of TVD schemes, high-order accurate results at extremal point can be constructed
see, e.g., [6,35]. Another possibility affecting numerical results may be the anisotropy of the

So our method is generally second-order accurate at most.

grids. As comparison, let us consider the next example.

Case 3. We will compute the same ‘peak’ value function on consecutive smoothing of an
initially random grid.

Now we consider a sequence of grids, in which each is obtained from the previous one by
smoothing

1 xr

-n
1+
2

AR S AN S AN S AN
s W i—3.gts | TiAdgts C Tidgg-g it g.43
3 .

==
i+3.0+3 2

i+g,5+

Table 5.3: Case 3: The errors on random smoothing grids for numerical results of ‘peak’ function.

Mesh Number At Norm 1st MCTU order 2nd MCTU order
64 x 64 2.0e-3 Lt 4.04e-4 — 1.39e-4 -
128 x 128 1.0e-3 Lt 1.75e-4 1.21 5.55¢-5 1.32
256 x 256 5.0e-4 Lt 8.02e-5 1.13 2.29e-5 1.28
64 x 64 2.0e-3 L™ 1.22¢-2 — 6.32¢-3 -
128 x 128 1.0e-3 L™ 8.47¢-3 0.53 5.32¢-3 0.25
256 x 256 5.0e-4 L™ 2.51e-3 1.75 1.98¢-3 1.43
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05

05

1515

Fig. 5.5. Case 4: Initial value of a solid-body, left: contour; right: surface plots.

The initial grid is a random perturbation of a uniform grid
i1 g1 = = DAEH ALyl 0= — DAY + 754,

where —0.5 < r;,r; < 0.5 are random numbers, factor v = 0.5, A§ = 1/I, and An =1/J,, I,
and J, are mesh numbers in x and y direction, respectively. For nodes on the boundary of the
unit square, only one coordinate is perturbed.

Graphically, the ‘peak’ value function is not distinguishable from that on tensor product
grids, and so is not shown. The numerical errors and the convergent rates are presented in Table
5.3. Note that these results are more accurate than those on the sequence of tensor product
grids but the convergent rates are lower. Margolin and Shashkov [25] regarded that the random
sequence of grids maybe not allow a systematic buildup of remapping error, thus the results
are better than those on anisotropic grids. At the same time, they regarded it should not use
random grids to measure convergence rate.

Case 4. We will carry out a comparison of the remapping algorithm and the advection algo-
rithm in this and next cases. The initial distribution comes from [18]. Fig. 5.5 shows an initial
solid-body on a 128 x 128 grid with data ¢ = 0 except in a square region where ¢ = 1 and a
circular region where g is cone-shaped, growing to a value 1 at the center:

1 if 0.1 <z <0.6 and —0.25 <y < 0.25,
q(x,,0) =< 1—-7/0.35 if r=/(z +0.45)% + 12,
0 otherwise.

Table 5.4: Case 4: The errors in L' norm for numerical results of Case 5.

Mesh Number At Norm 1st MCTU order 2nd MCTU order

64 x 64 2.0e-3 Lt 3.86e-1 - 5.82e-2 —
128 x 128 1.0e-3 Lt 2.88¢-1 0.42 2.87¢-2 1.02

256 x 256 5.0e-4 L 2.04e-1 0.50 1.42e-2 1.02
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1515

Fig. 5.6. Case 4: Time t = 7/8, left: contour; right: surface plots.

15715

Fig. 5.7. Case 4: Time t = 77/8, left: contour; right: surface plots.

05

05

15715

Fig. 5.8. Case 4: Time t = m, left: contour; right: surface plots.

In the remapping problem, the velocity field of the grid movement corresponds to uniform
clockwise angular rotation about the center of the domain where the velocity is u(z,y) =
2y,v(x,y) = —2x. Obviously, at time ¢ = N, the grid agrees with the initial one for any
integer V.

Figs. 5.6 — 5.8 show what we would obtain with the second-order multi-point flux scheme
at time ¢t = w/8, ¢ = 7w/8 and t = m. The accuracy comparison at t = 7 using the first and
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05

05

Fig. 5.9. Case 4: Time t = 7, left: contour; right: surface plots. Obtained by using the first-order
CTU method.

osk

o5

1515

Fig. 5.10. Case 5: Advection. Time ¢t = 7/8, left: contour; right: surface plots.

05

05

Fig. 5.11. Case 5: Advection. Time t = 77/8, left: contour; right: surface plots.

second -order schemes are given in Table 5.4.

Once again we find the discontinuity in ¢ is smeared out, and the peak of the cone is chopped
off. In particular, the convergent order just attains first for the second-order accurate scheme.
However, this high-resolution method shows much better results than would be obtained with
the first-order methods. Fig. 5.9 gives results with the first-order CTU method, and the
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05

05

15715

Fig. 5.12. Case 5: Advection. Time ¢t = 7, left: contour; right: surface plots.

convergent rate is just about 0.4 or so.

Case 5. We evaluate an advection problem corresponding to the previous remapping case.
The initial value is the same as that in Case 4, and the velocity field of the solid-body u(x,y) =
2y,v(x,y) = —2x. Figs. 5.10 — 5.12 give the solid-body rotation results at three different
times. Comparing with Figs. 5.6 — 5.8 we can see that the discontinuity resolutions between
the advection and remapping algorithm are almost same.

6. Summary

This paper consists of two parts. One is advection algorithm; the other is the remapping one.
Starting from the classical advection algorithms, we use coordinate transformation method to
derive a new multi-point flux advection algorithm on an arbitrary quadrilateral grid. The new
algorithm contains more information than classical CTU method. Furthermore, by introducing
remapping equation, the remapping problem is shown to be equivalent to the advection one.
With the help of the remapping equation, the conservative interpolation problem is transformed
into solving the partial differential equation. Due to the grid motion, the remapping algorithm is
not completely equivalent to the advection one, and more conditions need to be satisfied, such
as discrete geometric conservation law. In addition, to obtain overall second-order accurate
scheme in form, the remapping algorithm needs to discretize more terms in the associated
truncation error expansion than the advection one. But if neglecting these extra terms, the
flux formulations in the remapping algorithm are almost the same as those in advection scheme
(see Remark 4.2). Once more we use coordinate transformation method to construct a new
multi-point remapping algorithm suitable for continuous rezone ALE procedures. It can be
regarded as a natural generalization of multi-point flux advection algorithm.

The new multi-point flux method retains many advantageous properties, such as conserva-
tion, accuracy, and including corner-coupling terms. Notable among these is the consistency
with node local motion, which can remedy partial defects of the conventional CTU method.
A numerical experiment validates this point. The other numerical tests either show that the
scheme has good robustness on anisotropic grids, or illustrate the accuracy on random grids. In
general, the new remapping method has almost the same resolution as corresponding advection
algorithm.

Essentially, the process of deriving remapping schemes in this paper provides a framework to
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transform an algorithm on a rectangular grid into the one on moving grid. In this framework,
we may construct algorithm not only for linear remapping equation, but also for nonlinear
scalar equation and nonlinear systems of conservation law. The next work is to construct a
moving mesh method for gas hydrodynamics equations. The feature of the new algorithm will
include corner coupling information and be consistent with grid motion. Of course, due to the
nonlinearity and its viscosity properties, the finite volume method for system of conservation law
may suffer from numerical shock instability or other nonphysical phenomena (see, e.g., [34,36]),
more modification techniques need to be adopted.
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