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Abstract: We study the reversible properties of monoid crossed products. The new
class of strongly C'M-reversible rings is introduced and characterized. This class of
rings is a generalization of those of strongly reversible rings, skew strongly reversible
rings and strongly M-reversible rings. Some well-known results on this subject are
generalized and extended.
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1 Introduction

Throughout, unless otherwise indicated, R denotes an associative ring with identity and M
is a monoid. In [1], Cohn introduced the notion of a reversible ring. A ring R is said to
be reversible if ab = 0 implies ba = 0 for all a,b € R. Anderson and Camillo/? used the
term of ZCy for what is called reversible. It was proved in [3] that polynomial rings over
reversible rings need not be reversible. A ring R is called reduced if it has no non-zero
nilpotent elements (see [4]), i.e., a®> = 0 implies a = 0 for all @ € R. Recall from [5] that
a ring R is strongly reversible if polynomials f(z), g(z) € R[z] with f(z)g(x) = 0 implies
g(z)f(x) = 0. Tt is clear that all reduced rings are strongly reversible, but the inverse is
not true. Rage and Chhawchharial® introduced the concept of an Armendariz ring. A
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ring R is an Armendariz ring, whenever polynomials f(z) = ag + a1z + asz? + - -+ + a, ",
g(x) = by + b1z + bex?® + - -+ + by @™ are in R[z] and if f(z)g(x) = 0, then a;b; = 0 for all
i, j. In the following, we denote by R[M] the monoid ring constructed from ring R and the
monoid M, and e always stands for the identity of M. According to [7], a ring R is called
an M-Armendariz if @ = a1g1 + a2g2 + - + anGn, B = brh1 + boha + -+ + bingm € R[M]
satisfy a8 = 0, then a;b; = 0 for all 7, j. A ring R is strongly M-reversible if o = 0
implies Sa = 0 for all o, 8 € R[M] (see [8]). Recall from [9] that a ring R is skew strongly
M-reversible whenever a8 = 0 implies Sa = 0, where o, 5 € R % M.

A monoid M is a u.p.-monoid (unique product monoid) if for any two nonempty finite
subsets A, B € M there exists an element g € M uniquely in the form of ab with ¢ € A and
b € B. If there exists a monoid homomorphism w : M — Aut(R), we denote by wy(r) the
image of r under w(g) with g € M and r € R. We can form a skew monoid ring R % M (see
[10]) (induced by the monoid homomorphism w) by taking its elements to be finite formal
combinations Zn: a;9; with the multiplication induced by (ag)(bh) = (awy(b))(gh). The map

i=1
w: M — Aut(R) defined by wy(r) = r for each ¢ € M and r € R is called the trivial
monoid homomorphism. More generally, if R is a ring and M is a monoid, then the crossed
product RfM over R consists of all finite sums REM = {d> ryg9 | ry € R, g € M} with
addition defined componentwise and multiplication defined by the distributive law and two
rules that are called the twisting and the action explained below. Specifically, we have the
twisting operation gh = f(g, h)gh for every g,h € M, where f: M x M — U = U(R). For
every r € R and g € M, we have gr = wy(r)g with w : M — Aut(R). If R§M is the crossed
product over R, then the twisted function f and the weak action w of M on R must satisfy

wy(wn(r)) = f(g, M)wgn(r) fg, B) ",
wg(f(h, k))f(g, k) = f(g, h)f(gh, k),
fle,g)=flg,e)=1

for all g, h, k € M.

Monoid crossed products are a quite general ring construction. Let R{M be a monoid
crossed product with twisting f and action w. If the twisting f is trivial, i.e., f(z,y) =1
for all z, y € M, then RfM is the skew monoid ring R x M. If the action w is trivial, i.e.,
wg = ir with i the identity map over R, then R{M is the twisted monoid ring R7[M]. If
both the twisting f and the action w are trivial, then RfM is a monoid ring, denoted by
R[M]. Motivated by the results of [3], [5], [8] and [9], in this paper we introduce and study
the concept of strongly C'M-reversible rings, which is a generalization of strongly reversible
rings, strongly M-reversible rings and skew strongly M -reversible rings. The main idea is to
study the reversible condition defined for the monoid ring crossed product R{M. It is shown
that if R is an M-rigid ring, then R is strongly C' M-reversible. Moreover, if R is a right Ore
ring with classical right quotient ring @, then we show that R is strongly C'M-reversible
if and only if @ is strongly C'M-reversible. Suppose that R/I is strongly CM-reversible
for some w-invariant ideal I of R. If I is an M-rigid ring, it is proved that R is strongly



