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Abstract. In this paper, we study the free boundary problem of the compress-
ible Euler equations in the Eulerian coordinates. By deriving the evolution
equation of the free surface, we relate the Taylor stability condition to the hy-
perbolicity of this evolution equation. Our approach not only yields exact in-
formation of the free surface, but also gives a simple proof of the local well-
posedness of the free boundary problem. This approach provides a unified
framework to treat both compressible and incompressible free boundary prob-
lems. As a byproduct, we can also prove the incompressible limit.
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1 Introduction

1.1 Presentation of the problem

The compressible Euler equations are

*Corresponding author. Email addresses: wangw07@zju.edu.cn (W. Wang), zfzhang@math.pku.
edu.cn (Z. Zhang), wenbizhao2@pku.edu.cn (W. Zhao)



W. Wang, Z. Zhang and W. Zhao / Commun. Math. Anal. Appl., 1 (2022), pp. 410-456 411

op+u-Vp+poV-u=0,
(1.1)

atu—t—u-Vu-l—% =0,

where p is the density and u is the velocity of a compressible liquid. The pressure
p is given by the state equation

1
p=rlp)=5(p—1) (1.2)

with 0 <e <1 as the inverse of the sound speed. The method here also works for
more general state equations, but here we choose the linear one (1.2) to simplify
our arguments.

We are considering the free boundary problem (FBP) in the domain

Q= {x: (x, 2%, x%) = (%,x°) : xeT?, 1<’ <f(t,§)}
with the free boundary given by a two dimensional surface
N={ (%)X, =f(15) }.
On the free surface, there holds that
{u-n:V(t,E), (13)
p=0,

where V is the normal velocity of I'; and # is the unit outer normal direction of I';.
Since the free surface separates the fluid and the vacuum, we have the evolution
equation of the free surface

with N=(—91f,—0d2f,1)" and n=|—%. On the bottom of the domain T_={ (%, —1):

x¥€T?}, we pose the slip boundary condition
=0 on I'_. (1.5)

The initial data in
Q= { (x,x%):xeT?, —1<x° <fin}

are given by

0(0,x)=pin(x), u(0,x)=uin(x). (1.6)



