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Abstract. The core-shell structure design is an important subject in science and en-
gineering, which also plays a key role in wave scattering and target reconstructions.
This work aims to develop a novel boundary integral equation method for solving
the acoustic scattering from a 3D core-shell structure in a two-layered lossy medium.
The boundary integral equation contains continuous and weakly singular kernels.
The well-posedness of the scattering problem is established by combining the integral
equation, variational, and operator theory techniques. The study lays the groundwork
for future numerical methods for layered obstacles and rough surfaces composite scat-
tering and inverse scattering problems.
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1 Introduction

The core-shell structure scattering arises in a wide range of scientific fields, including
sea radar target detection [6], underwater radar surveillance [3], and the design of optics
devices [4,14,25]. Given an incident field, the scattering problem is to determine the scat-
tered field from the governing differential equation, along with the boundary conditions.
Recent progress has been made in the development of acoustic scattering from under-
water or aerial core-shell structure vehicles. In [9], a strategy was investigated to control
plasmonic resonances by core-shell geometries from analyzing the scattering response
of a column of partially magnetized plasma. A great deal of studies deal with various
aspects of the transient response of submerged or fluid-filled elastic shell structures with
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simple geometrical configurations. The closed-form analytic solutions for spherical or
cylindrical shells have been reported in the literature, see, e.g., [10, 12, 21] and the refer-
ences therein. However, little is known in mathematics about the scattering problems of
a general shape of three-dimensional layered obstacles in an unbounded structure, which
is vital for underwater exploration and many other engineering applications. The main
challenges in analysis and computation include the unboundedness and complexity of
interfaces, multiple scales, and multiple scattering between targets and rough interfaces.

Our goal in this work is to develop a mathematical model and to study its well-
posedness for solving composite scattering problems. More specifically, we study the
acoustic scattering of core-shell structures (such as low frequency plasma-coated obsta-
cles) in a two-layered lossy medium, where the core is with an impedance boundary and
the shell is with a transparent boundary. In particular, the scattering of a point source in-
cidence is considered for the layered obstacle, interface, and shell. The wave field is gov-
erned by the three-dimensional Helmholtz equation, which describes the propagation of
acoustic waves. Throughout, we assume that the medium is lossy and inhomogeneous
with smooth interfaces. The assumptions are reasonable and general. In fact, in the target
recognition applications above the sea surface, it is reasonable to assume that the medium
is filled with two different lossy parts with smooth interfaces (air and water). The inter-
face can be very general, including plane structures, periodic structures (cf. [1]) and gen-
eral unbounded rough surfaces (cf. [26,27]). Also, the wavenumbers in the medium may
have different positive imaginary parts. Recently, related problems have been studied
extensively. In [8], a fast numerical method was proposed for calculating the electromag-
netic scattering from a perfectly electric conducting object above a two-layered dielectric
rough surface. The mode-expansion method for calculating electromagnetic waves scat-
tered by objects on rough ocean surfaces was considered in [28]. In [11], the method of
moments was used to rigorously analyze the wide-band VHF scattering from a perfectly
conducting trihedral placed above a lossy, dispersive half-space. A Kirchhoff-type for-
mula for transient elastic waves was originally introduced by Love [19] for the fluid-solid
interaction scattering problem. Helmholtz-type integral formulas were systematically
derived for elastic waves in isotropic and anisotropic solids by Pao [23]. Various systems
of boundary integral equations over the interface between the fluid and the solid have
been derived and analyzed by Luke and Martin [20]. Hsiao et al. [13] presented weak
formulations of the fluid-solid interaction problem by coupling the field and boundary
integral equation methods. The relevant functional analysis, which is necessary for the
theory’s treatment and the numerical solution of linear integral equations, can be found
in [16,22]. More recently, a boundary integral equation has been proposed for solving 2D
homogeneous obstacle acoustic (electromagnetic) composite scattering problems. Based
on the energy estimates, the uniqueness of the solution or the scattering problem is estab-
lished [2,18]. To our best knowledge, no mathematical study is available for the scattering
of the core-shell structures in a layered medium.

In this paper, we derive a rigorous mathematical model for a class of scattering prob-
lems from 3D core-shell structures in a two-layered lossy medium with an unbounded


