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Abstract. In this work we prove the existence and uniqueness theorems of the
solutions to the relativistic Boltzmann equation for analytic initial fluctuations
on a time interval independent of the Knudsen number ǫ > 0. As ǫ → 0, we
prove that the solution of the relativistic Boltzmann equation tends to the lo-
cal relativistic Maxwellian, whose fluid-dynamical parameters solve the rela-
tivistic Euler equations and the convergence rate is also obtained. Due to this
convergence rate, the Hilbert expansion is verified in the short time interval for
the relativistic Boltzmann equation. We also consider the physically important
initial layer problem. As a by-product, an existence theorem for the relativis-
tic Euler equations without the assumption of the non-vacuum fluid states is
obtained.

AMS subject classifications: 35Q99, 82A47

Key words: Relativistic Boltzmann equation, spectrum analysis, Euler limit.

1 Introduction

The relativistic Boltzmann equation, which is a fundamental model describing
the motion of fast moving particles in kinetic theory, takes the form of

P⊗∂X F=−1

ǫ
C(F,F). (1.1)
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Here ⊗ represents the Lorentz inner product (+−−−) of 4-vectors. As is custom-
ary we write X=(x0,x) with x∈R3 and x0=−t, and P=(p0,p) with momentum

p∈R3 and energy p0=
√

c2+|p|2, where c denotes the speed of light. For conve-
nience of presentation, we rewrite (1.1) as

∂tF+ p̂ ·∇xF=
1

ǫ
Q(F,F) (1.2)

with Q(F,F)=C(F,F)/p0 , where the unknown F=Fǫ(t,x,p) stands for the density
distribution function of time t≥0, space x∈R3 and momentum p∈R3 and the di-
mensionless parameter ǫ is the Knudsen number, which is the ratio of the particle
mean free path to a characteristic physical length scale. Here the dot represents
the standard Euclidean dot product, and the normalized velocity of a particle is
denoted as

p̂= c
p

p0
=

p√
1+|p|2/c2

.

For notational simplicity we normalize all the physical constants to be one. Then

p0=
√

1+|p|2, p̂=
p

p0
. (1.3)

We rewrite (1.2) supplemented with initial data as

∂tF+ p̂ ·∇xF=
1

ǫ
Q(F,F), F(0,x,p)=F0(x,p). (1.4)

To describe the relativistic Boltzmann collision term, we introduce the relative
momentum g as

g= g(p,q)=
√

2(p0q0−p·q−1) (1.5)

and also the quantity s as

s= s(p,q)= g2+4=2(p0q0−p·q+1). (1.6)

Note that s = g2+4 and this may differer from that in [19] by a constant factor.
The Mφller velocity is given by

vφ=vφ(p,q)=

√∣∣∣∣
p

p0
− q

q0

∣∣∣∣
2

−
∣∣∣∣

p

p0
× q

q0

∣∣∣∣
2

=
g
√

s

2p0q0
. (1.7)

Then we may express the collision operator Q(F,G) in the form (see [11, 14, 19])

Q(F,G)=
∫

R3

∫

S2
vφσ(g,θ)

[
F(p′)G(q′)−F(p)G(q)

]
dqdω, (1.8)


