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Abstract. In this paper, we explore the Hamilton structures in non-equilibrium
chemical reactions, which is modeled as a random time-changed Poisson pro-
cess on countable states. Transition paths between multiple steady states in
a chemical reaction is a rare event that can be characterized via the large devia-
tion principle. Compared with the Hamilton principle, we use the Maupertuis
principle to compute the transition paths and the associated energy barriers,
i.e., the rate function in the large deviation principle. Based on the correspond-
ing stationary Hamilton-Jacobi equation, we select a proper stationary viscosity
solution, which in general is not unique, to explicitly compute the energy bar-
riers and the associated optimal control that realizes a transition path. Using
one-dimensional example, we characterize the energy barriers for chemical re-
actions using a geometric quantity in the phase plane. We also compare the
reaction barriers with the one in the diffusion approximation and show that
the global energy landscape and energy barriers for non-equilibrium chemical
reactions are quite different with its diffusion approximation.
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1 Introduction

Chemical reactions are very important for living matters and also have many in-
dustry applications [1, 20, 31, 35, 36]. For various chemical reactions, the most
important questions are how the reactions happen along a transition path and
how fast they happen. Particularly, non-equilibrium chemical reactions have
multiple steady chemical states and the global energy landscape is non-convex
and unknown. Compared with equilibrium reactions, the most distinguished
feature of non-equilibrium chemical reactions is the positive entropy production
rate [30, 32], which can be used as the characterization of living cells. For those
non-equilibrium chemical reactions, the above two questions are not only fun-
damental in the study of non-equilibrium physical processes [10, 30], but also
mathematically challenging [2, 11].

A convenient stochastic model to describe a chemical reaction is a random
time-changed Poisson process on countable states (see (2.3)) [1, 17, 25]. From this
continuous time discrete state Markov process, there are many quantitative prop-
erties that can be characterized via the probability limiting theorems for the chem-
ical reaction. For instance, the reaction rate equation, which was proposed in 1864
by Guldberg and Waage, can be viewed as an ensemble path following the law of
large numbers. More importantly, the transitions from one stable chemical state
to another stable chemical state can be viewed as rare events in the large devia-
tion regime. Rare events happen with very small probability, but they are usually
the most important events, for instance the transitions described above.

Based on the stochastic model for chemical reactions, one can further assume
the container where chemical reaction happens is very large V=1/h≫1. Thus in
a macroscopic scale, we will give answers for how to find transition paths, how to
compute the energy barrier for a transition path to happen, and what is the tran-
sition rate. First, to estimate the very small probability for transitions to happen,
we explore the Hamiltonian structures in chemical reactions. Via WKB reformu-
lations [12, 24], the Kolmogorov forward equation becomes a discrete Hamilton-
Jacobi equation (HJE). If taking V→+∞, then the limiting HJE has an associated
Hamiltonian H(p,x) (see (2.8)). The Hamilton dynamics in terms of this Hamil-
tonian can be used to describe some least action trajectories in the state space [6].
Moreover, the reaction rate Eq. (2.2) can be viewed as a special trajectory for this
Hamilton dynamics p≡ 0. It has been proved that the rate function for the large
deviation principle at fixed time of the chemical reactions can be computed via
the dynamics solution to the corresponding HJE [16].

However, whether one should use the least action principle with a fixed termi-
nal time (the Hamilton principle) or the least action principle with an undefined


