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Existence and Multiplicity of Solutions for a
Biharmonic Kirchhoff Equation in R®*

Ziging Yuan®' and Sheng Liu?

Abstract We consider the biharmonic equation A%u—(a + b [5s |Vu|*dz) Au
+ V(z)u = f(u), where V(x) and f(u) are continuous functions. By using a
perturbation approach and the symmetric mountain pass theorem, the ex-
istence and multiplicity of solutions for this equation are obtained, and the
power-type case f(u) = |u[P~2u is extended to p € (2,10), where it was as-
sumed p € (4, 10) in many papers.
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1. Introduction

We consider the existence and multiplicity of solutions for the following biharmonic
equation

A2y — (a + b/ |Vu|2dx) Au+V(x)u = f(u),
RS

u(@) = u(|z]) € H*(R®),

(1.1)

where V € C(R® R), f € C(R,R). Biharmonic equations appear in many areas, for
example, some of these problems arise from different areas of applied mathematics
and physics such as surface diffusion on solids, Mircro Electro-Mechanical systems,
and flow in Hele-Shaw cells (see [7]). Also, this kind of equations can describe the
static deflection of an elastic plate in a fluid and the study of traveling waves in
suspension bridges [6,15]. These equations have been discussed by many authors.
Indeed, if we replace f(u) by f(x,u) and set V(z) = 0, and a domain  C R3,
problem (1.1) becomes the following biharmonic elliptic equation of Kirchhoff type

APy — (a—l—b/ Vu|2da?> Au = f(z,u) in Q,
R5

u=Vu=0 on 09,

(1.2)
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which is related to the general form of the following stationary analogue of the
equation

uge + A%u — <a—|— b/ |Vu|2d;v> Au = f(z,u), €. (1.3)
R5

Equation (1.3) is used to describe some phenomena appearing in different engineer-
ing, physical, and other scientific fields, because it is regarded as a good approxima-
tion for describing nonlinear vibrations of beams or plates [2,4]. For example, on
bounded domains, Zhang and Wei [19] used the mountain pass theorem and linking
theorem to obtain the existence and multiplicity of results for the following problem

{A2u+aA“_ Aul =20 + f(a,u) in Q, (1.4)

u=Vu=0 on 9N,

where Q2 C RY is a smooth bounded domain, a is a constant, f € C(Q x R,R) and
1< g<2 If A\=0, An and Liu [1] obtained the existence of solutions of (1.4).
By using critical theorems, the multiple results of (1.4) were proved in [9]. Some
related results can be found in [8,10,16] and the references therein.

As the presence of term [, |Vu|?, problem (1.1) is no longer a pointwise identity
and therefore, this equation is viewed as an elliptic equation coupled with non-
local terms. The competing effect of the non-local term brings some mathematical
challenges to the analysis, and also makes the study of such problems particularly
interesting. Another difficulty lies in proving the boundedness of PS-sequences,
which is very important to use variational methods. In many papers, in order to
get the boundedness of PS-sequences, such as in [11], the authors need to assume
p > 4 in (H2) and the famous AR-condition. While in our paper, we relax p > 2
and drop the AR-condition.

In order to state our main results, we give the following hypotheses.

HO0) V(z) = V(|x]) for any x € R?, and inf,cps V(z) := Vo > 0;
H1) fe CR,R) and lim;_ () =0;

@)

H2) limsupy| o0 fip=r L < oo for some p € (2,10);

(
(H1)
(H2)
(H3) For a € (3,2), t£0, f(t)t > (2+5a)F(t) > 0, where F(t) = [5s f(
(H4) ()] < crlt] + colt]*™Y, s € (2,10);

(H5) F(—t)=F(t), Vt € R.

H5

Note that if b = 0 in problem (1.1), and it transforms into the following bihar-
monic equation
Ay — alAu+ V(z)u = f(u), (1.5)

which does not depend on the nonlocal term fR5 |Vu|? any more. In contrast to
problem (1.5), the nonlocal term makes problem (1.1) more complex in finding
sign-changing solutions. The main difficulties are as follows:

(1) We don’t have the following decomposition
[(u) = [(u) + I(u™), (I'(w),u®) = (I'(u*),u*),
where I is the energy functional of (1.5) given by

I(u):%/Rs(\Au\Q—FMVUP—FV(JU)uQ)—/ Flu).

R5
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