Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.42, No.3, 2024, 705-734. doi:10.4208 /jcm.2206-m2021-0240

ONE-PARAMETER FINITE DIFFERENCE METHODS AND
THEIR ACCELERATED SCHEMES FOR SPACE-FRACTIONAL
SINE-GORDON EQUATIONS WITH DISTRIBUTED DELAY"

Tao Sun and Chengjian Zhang
School of Mathematics and Statistics, Huazhong University of Science and Technology,
Wuhan 430074, China;
Hubei Key Laboratory of Engineering Modeling and Scientific Computing, Huazhong University of
Science and Technology, Wuhan 430074, China
Emails: airfyst@163.com, cjzhang@hust.edu.cn
Haiwei Sun
Department of Mathematics, University of Macau, Macao, China

Email: hsun@um.edu.mo

Abstract

This paper deals with numerical methods for solving one-dimensional (1D) and two-
dimensional (2D) initial-boundary value problems (IBVPs) of space-fractional sine-Gordon
equations (SGEs) with distributed delay. For 1D problems, we construct a kind of one-
parameter finite difference (OPFD) method. It is shown that, under a suitable condition,
the proposed method is convergent with second order accuracy both in time and space.
In implementation, the preconditioned conjugate gradient (PCG) method with the Strang
circulant preconditioner is carried out to improve the computational efficiency of the OPFD
method. For 2D problems, we develop another kind of OPFD method. For such a method,
two classes of accelerated schemes are suggested, one is alternative direction implicit (ADI)
scheme and the other is ADI-PCG scheme. In particular, we prove that ADI scheme can
arrive at second-order accuracy in time and space. With some numerical experiments, the
computational effectiveness and accuracy of the methods are further verified. Moreover, for
the suggested methods, a numerical comparison in computational efficiency is presented.
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1. Introduction

The sine-Gordon equations (SGEs) are a kind of important partial differential equations
used to model some practical problems in electrodynamics [1-3], nonlinear optics [4], particle
physics [5] and the other related scientific fields. In order to give a detailed description to the
physical background of SGEs, as an example, we recall the following SGE used to characterize
the long Josephson junction in an electrodynamic system ([2]):

wu(z, t) = n@u(z, t) + Bsin(u(z,t)), (1.1)
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where u(z,t) denotes the superconducting phase difference across the Josephson junction and
Kk > 0 and 3 are the two real parameters of the system. Due to the existence of quasi-particle
tunnel current and external bias current, dissipative term a%u(m, t) (¢ > 0) and source term
f(z,t) were introduced and thus an extended SGE was derived as follows ([1]):

2 K] 82
@u(ac, t) + a&u(x,t) = ﬁ@u(ac, t) + Bsin(u(x,t)) + f(x,1). (1.2)

In view of the fact that time-dependent problems generally have the aftereffect phenomenon,

some researchers introduced distributed delay ftt_s e—o(t=n) a%u(z, n)dn (a, s > 0) into the above

equation to produce the extended SGE ([6])
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@u(x, t) + Uau(z, t)

’ t (t—n) &
— . —a(t—n) _— 3
=K x2u(:c, t) /tis e nu(:c, n)dn + Bsin(u(z,t)) + f(x,t). (1.3)

On the other hand, in order to model the nonlocal Josephson junction, by replacing the term
2
T u(z,t) in (1.2) with a nonlocal operator

oo 1 Ou(a,t)

H(ua (. 1)) = %U.p./ i

o T—x 0%

di,

the following nonlocal SGE was presented ([7]):
0? 0 .
o (e, 1)+ 0 S ul, 1) = KM (o, 1)) + Bsin(u(a, 1) + [, 1). (1.4)

In Ray [9], the author pointed out that aa—;u(x, t) and H(uy(z,t)) are just the special cases when
the order v (1 < v < 2) of the Riesz space-fractional derivative tends to 2 and 1, respectively,
where the v-order Riesz fractional derivative %u(m, t) is defined by
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8|x|7u b= 2 cos( L )T(2 — ) 02

Tt " uGt) "<
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in which T'(+) is the Gamma function. Based on this finding, Eqs. (1.2) and (1.4) were further
generalized into the following space-fractional SGE ([8-12]):

2 Y

wu(x,t) + U%u(z, t) = n%u(z, t) + Bsin(u(x, b)) + f(z,t), 1<y<2 (1.6)

Similar to Eq. (1.3), we consider the aftereffect phenomenon and introduce distributed delay
ftt_s e—at=n) a%u(:c, n)dn into Eq. (1.6). This generates the following space-fractional SGE with
distributed delay:

t
— (et = [0 ey + fin(u(e.0) + 0. ()



