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Abstract Let M be a noncompact complete Riemannian manifold. We consider
the existence of harmonic functions with [Vu| € LF (M),
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1. Introduction

Let M be a noncompact complete Riemannian manifold of dimension n. Yaull!
proved that every nonnegative L”(1 < p < oo) subharmonic function on M is constant.
Later, Li and Schoenl? proved that if the Ricci curvature of M is nonnegative, then
every nonnegative LP (0 < p < 1) subharmonic function on M is also constant (see
alsol®l). Dodziukl¥ considered the relations between the geometry or topology of a
manifold and the spaces of L2 harmonic forms on it.

In this paper, we consider the existence of harmonic functions with |Vu| € LP(M).
If M has nonnegative Ricel curvature, we know® that :‘l['f-"uF > () when u is a harmonic
function, so there is no nonconstant harmonic function with [Vu| € LF(M) (0 <p < 00)
by Yau's result and the result of Li-Schoen (Example 2 in [4] implies that there is not
any nonconstant harmonic function u with |Vu| € L*M) on M = R x §' with the
product metric). For this reason, we mainly consider the case where M is a negatively
curved manifold. We first give an example similar to Example 1 in [4] to show that
there exists a complete Riemannian manifold M with sectional curvature Kas satisfying
—1 < Kjs < 0, on which there does exist a nonconstant harmonic function « with
|Vu| € LP(M) for any 1 < p < oo. For every 0 < p < 1, we then give a complete
Riemannian manifold M with Ricci curvature Ric(M) satisfying Ric(M) ~ —Or(x)~?
as r(x) — oo, where r(x) is the geodesic distance from x to some fixed point in M
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and C > 2, on which there is a nonconstant harmonic function u with |WVu| € LP{AL).
Finally we prove the following theorem.

Theorem 1  Let M be a simply connected complete Riemannion manifold of
dimension n with constant negative curvature — K2,

(1) If u is a harmonic function and |Vu| € LP(M) for 1 <p < n—1, then u =const.

(2) There exists a nonconstant harmonic function w with |Vu| € LP(M) for any
w— L =i o

For the nonexistence result we have a more general theorem (Theorem 2 in Section
3). For the existence result we suspect that if the sectional curvature K A satisties
-K: < Ky < -K 12 < 0 we may have a result similar to the second part of Theorem
1, but we think new ideas are needed to prove it.

2. T'wo Examples

: f 4
Example 1 Suppose D*CR? is the unit disc, ds3 = dz?+dz?, ds? = e
P
ds%, My = {Dg,ds,ﬁj, M; = (D?,ds?). Let T"? be the n — 2 torus with a flat metric.
We set M = M; x T"? with the product metric.
Clearly Kpr, = 1,50, =1 < Kpr < 0. Ay = Apny + Agpa-z.

We choose u(wy,xa, -+, zn) =z, then Apru =0 and Appu=0.

] |V nru|Pd Vg =[ f |V w|Pd Vg, dVipaoz
= f / |V o0 P dVg, dVin-2
= Mp

2
where ¢(z) = ————, [Vagu| = 1.
j e

We therefore have |Vysu| € LP(M) for any 1 < p < co.

Example 2 ([2]) Let My be a compact surface with arbitrary genus. Assume the
metric on My around some point O € My is flat. Hence locally around © we can write
the metric in polar coordinates as dsi = dt* + t2d#?. Consider the Green’s function on
My with the pole at O, G(0,z) = f(z). By definition f(x) is harmonic on M\ {0} with
respect to the given metric dsi. Let ds® = p?ds? (p > 0) be a conformally changed

metric on My, and let My = (My, ds?). Obviously, A, flx) = 0.

1y —a 1
Choose p(t) = i_l(lug E) i 5 < @ < 1, we know [2] that M) is a complete Rie-

mannian manifold with sectional curvature K(z) satisfying K (z) ~ —a|(1 — a)r(z)] 2
as r(x) — oo where r(x) is the geodesic distance from r to some fixed point in M;.

: £
Let M = M; x T*2, We also have A f(x) = 0. Since [6] |V, fx)| < ot




