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Abstract

In this paper, we present the necessary and sufficient condition of convergence
of several iterative methods for computing the generalized inverses of operators in
Banach spaces. It is proved that the iterative methods converge to the generalized
inverse of an Operator in Banach spaces if and only if these conditions are satisfied.

»
1. Introduction

In this paper, we will present the necessary and sufficient condition of convergence
of the iterative methods for computing the generalized inverses of operators. Let X and
Y be two Banach spaces, and B[X,Y] be the Banach space consisting of all bounded
linear operators from X into Y. D(T), R(T) and N(T) denote the domain, range and
null of T" respectively. We assume that the closed subspace N (T') of z has a topological
complement N(7)¢ and the closed subspace R(T) of ¥ has a topological complement

R(T) . Thus,

X =NT)EPNT)F, Y=RTEPRTY.
The above decomposition exists if and only if there exist projectors P and @ such that
PX = N(T), QY = R(T).

In this case, Nashed Wpointed out that the operator T' has unique generalized inverses
T+ = o (Tp ¢ implies that the operator T* depends on the projectors P and Q )
such that

D(I™)=R(T)EPR(T), N(TH)=R(TY,
R(TTY=N(T)°, Tr*r=T, T*TTt=7T% on D(T%), (1)

T"T=1-P, TT" =Q|pur+),

where Q|p(r+) is the restriction of Q on D(T*). In addition, T* is bounded if and
only if R(T) is closed in Y. In this paper, R(T) is assumed to be closed. Then, we
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obviously have

X=NT)PNT), Y=RTEPHRT),

(2)
Pl =Y, NI )=RTS HITY)=NTY
and
TT" T, TP =T, |
(3)
> T+T = PN(T)C? TT+ = PR(T)-
From (3) we can easily obtain |
{ TPy = T Fapy® =T, (4)
TPN(T]C == T, PR{T}T = i,
2. The Newton-Raphson Iterative Methods
Theorem 1. let
’
H; = PR(T) —TTy, Trpa=Tr[I+Re], k20 (5)
The sequence {1} } converges quadratically to T if and only if
PN(T)CTD =Ty and TU(RU) < 1. (6)

 where I is the identity operator in 'Y, and ro{Ry) is the spectral radius of Ry.
Proof. Suppose condition (6) holds. Then we can show that PreryRr = Ry and
Pynycly =1 , for any K =0,1,2, ... 31, Thus,

Ry, = Ppiry — TTk = Prpy — TTh-1 [I + Ri—1]
=Ry —TTp 1Ry = PpepyBp1 — TT—1Hi 1

_ p2 ok
= R | = vei=RE

and
T+Rk = T+P3{T) = T+TTk = T 1. (7)

Since ro(Hp) < 1, we have

lim |7 = Till < lim [T - 1R[] = 0.

Inversély, suppose {|[Tx —TT|| — 0 as K — oco. Then,
|RS | = ITT* = TTe|| < ITI|- 1T+ = Tell - 0
or
ro (Bo)” =rq (R ) <IRS| 0.
Thus,
re (Rg) < 1. w3 (8)



