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AN ALGORITHM FOR REDUCING THE MATRIX NORM"
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Abstract

Baged on the singular decomposition of 22 matrix an algorithm for reducing the mafrix norm ig
presented. Under the optimal choice of the parameters the matrix B after transformation may be
eonsidered as “locally normal”, that is, the four corresponding clements of BBT-BTE are 2610,

1. Introduction

Eberlein [1, 2] proposed a Jacobi-like method to compute the eigenvalues and
eipenvectors of arbitrary matrix A. At each step the similarity transformation B=
T-*AH is needed to reduce the norm of the matrix, and in the roal case only 4 of the
elements Ay of H differ from those of identity mairix and they are

Later, the same problem was considered, but
hﬂﬂzhﬂﬂzlﬂ h’ﬂﬂ":{}: hﬂfﬂzg-

Since the singular decomposition of any 2X2 non-singular matrix 18

[cosﬂ —ain&][f D][msﬁ sin@]
gin & cosf [0 9 —ginf cosf

and the third matrix is useless for the norm reduction, hence in this paper we
consider

by =& 08 6, hpg=—n 8N 0, hgp=§ sin 6, hgg=mcos 8,
In this way, we choose the suitable transformation among all possibilifies, not only
among the particular family depending on one parameter.

In § 3, excluding the easily-verified particular case where we mmay directly
compute one or two eigenvalue, we prove that there exist the values of paramsters @,
¢ and n to minimize the matrix norm. In§ 4 we prove that under optimal choice of
the parameters, the 4 corresponding elements of BBT— BB are zero. In § 5 the
unique problem is discussed. In § § 6—9 we congider how to determine the opiimal
values in different cages. Generally, the system, which the optimal values satisfy, can
be reduced to an algebraic equation of order 8, and the interval including the root
needed is located. In a particular case we may get the exact solution.

The speed of the nmorm reduction and the numerical stability are not to be
discussed. -

For simplicity, we consider the real matrix only, but obviously it can be general-
ized to the complex case. Further information will be presented in another papor.
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2. Notations
Let 4= (a;)be any arbitrary N X N real matrix. Lot the elements of N XN zreal
matrix H = (hy) are defined as follows

hﬂlJ:fmﬁ: hﬂ=—?}'ﬂin_g':

% Z

p<g fized, £>0, >0,
hiy =0y, otherwise.
Obviously, H*= (4;,)exists, and

Koy 1008 2., By =¢~" sin

i 3
& it g
h!;‘ﬂ= -7 18111'%1 h&ﬂ 7 lm _2_':
hi; o ai:.' .
Let H*AH = B= (by). Obviously, by=a,;, when %, j#p, q.
Lot v(B) = ?" b, -{-!2" & +$" bz, —I—‘Z’ by, +b5,+ b3, +b%, 402,
where 2> denotes that 4, § run through 1 to N except p and g¢.
1
Let ”1=§(ﬂm+ﬂap): Eﬂ__"’g‘(ﬂm—ﬂﬂp): ﬂﬂ:‘g‘ (ﬂqq“”ﬂp):
2 JE_’ gy 5 G5 = ?’ ag;, g = 12" Qo) Qg4
&, = zf ﬂ-;ﬂﬂ: g = ?.ﬁ ﬂizq, g = ?I -I'.Tr;ﬂ g, (2 . 1)

fi—@atajcosf+aysind,
f5= —ﬂﬂ+ﬂ1mﬂ9+ﬂ35jﬂﬂj
fa=agcosf—a 8in b,

fai:%(ﬂ‘i + ﬂﬁ) -1——%—({34'—{35)003 9+ g 8n 9:

1

fﬁ=§(a4+aﬁ)— 1

E(ﬂ,i'—ﬂﬁ)(m 9_{35 gin 6‘.

* fo— g COS 9—-% (@¢3—as)8in 4,

fr==5 (@1 + @g) +5 (ar—a5)o0s §-+ay sin 4,

fo= 5 (@1 + Gg) —--(a1—s) c0s §—ay 6in I,
fo=ay 0080 — 3 (ar—ag)sin 6,

1 1
bl=%<bm+bﬁﬂ): bﬂ:‘g(bw_bqﬂ): ba:ﬁ‘(bw'bw);



