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Abstract The recent spike in the concurrent circulation of Zika, Dengue
fever, and the Chikungunya virus poses a severe threat to public health, both
at home and in the diaspora. This study dives into the interplay of these
three diseases, applying mathematical analysis to explain their co-dynamics
within a population where they coexist. A comprehensive investigation of the
model indicates that the sub-models experience backward bifurcation when
the relevant reproduction numbers for each disease fall below unity. To gain
insights, real-life data from Espirito Sant o State in Brazil, where both dis-
eases are co-circulating and endemic, was gathered and incorporated into our
model. This allowed us to estimate important parameter values that were
embedded in the model. Through uncertainty and sensitivity analysis, we
identified the top-ranked parameters that drive the spread of these three dis-
eases, which are, effective contact rate of infected mosquitoes with susceptible
humans, infected humans interacting with susceptible mosquitoes, and sexual
transmission (specifically for the Zika virus). Simulations of the comprehen-
sive Zika-Dengue-Chikungunya model revealed that minimizing the biting and
contact rates of mosquitoes with humans decreases the disease load. Con-
versely, the absence of pesticide spraying and failure to utilize treated nets,
together with unprotected sexual intercourse with sick individuals, result in
the co-circulation of the three diseases, considerably aggravating the overall
disease burden.

Keywords Modeling, Zika virus, Dengue fever, Chikungunya, co-infection,
stability analysis
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1. Introduction

Zika virus was first found in Africa [1] and subsequently migrated to Yap [2] and
French Polynesia, where it caused outbreaks in 2007 and 2013-2014 [3], respectively.
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It also spread to neighboring Pacific countries and later to South American coun-
tries, including Brazil and Colombia [4,5]. In 2015, the virus was commonly trans-
mitted via mosquitoes, but it was discovered that it may also be transferred through
sexual contact with an infected individual and also through blood transfusions [4].
The principal way in which the Zika virus is transmitted is by the Aedes species
mosquito [9]. Furthermore, it serves as a vector for the dengue virus. Research has
suggested that the Zika virus can remain in tropical places outside of Africa and
South America, continuing its transmission [10]. The indications of a Zika virus
infection consist of fever, skin rashes, and neurological abnormalities, such as mi-
crocephaly, in babies born to moms who have been infected [11-13]. The World
Health Organization declared a public health emergency of international concern
because of the higher prevalence of microcephaly and other neurological abnormal-
ities during the current Zika virus outbreaks in Brazil and French Polynesia [14].
However, the outbreak in French Polynesia witnessed 42 instances of Guillain-Barré
syndrome [11,15]. A previous investigation identified ten occurrences of micro-
cephaly, each linked to severe brain malformations [12]. Given its global potential
for dispersion, it is crucial to understand the disease’s transmission patterns. On the
other hand, dengue fever is an infection transmitted by vectors and largely caused
by the dengue virus. This virus comprises multiple serotypes, notably DENV 1 to
DENYV 4, which are members of the Flavivirus family. This illness poses a severe
threat to many countries globally, with the most heavily hit regions being the Amer-
icas, subtropical climates, the Eastern Mediterranean, Africa, and particularly the
Western Pacific region and Southeast Asia. [16-18]. After malaria, dengue fever
emerges as one of the most lethal diseases carried by mosquitoes or other vectors,
resulting in thousands of fatalities and impacting over 390 million individuals glob-
ally [16,17]. A 2012 analysis underlines that more than 100 countries globally face
the risk of dengue fever infection [19]. This illness is spread by numerous mosquito
species, with Aedes, notably Aedes aegypti, functioning as the predominant carri-
ers. Classical dengue fever, commonly known as “break bone fever,” typically leads
to both modest morbidity and mortality, with patients usually recuperating within
one to two weeks from the onset of fever [20]. However, certain individuals may
develop severe illnesses such as dengue shock syndrome (DSS) or hemorrhagic fever
(DHF) [21]. Every year, the World Health Organization (WHO) registers a substan-
tial number of cases of dengue hemorrhagic fever (DHF) internationally [22]. The
principal mechanism of transmission to humans is through bites from mosquitoes
infected with the dengue virus [23]. These mosquitoes acquire the virus by feeding
on an infected person and subsequently transferring it to others. It is important
to emphasize that recovery from one specific DENV serotype gives only partial or
transitory immunity against other serotypes [21]. Presently, there is no effective
treatment available for dengue virus infection other than fluid replacement therapy,
which is most beneficial when begun early. Some traditional medicines are also in
existence [24]. Furthermore, there is currently no effective vaccine on the market
for preventing dengue virus infection in vulnerable individuals. Although the World
Health Organization (WHO) has advocated the development of a dengue vaccine,
none has thus far proven effective and accessible on the market. A 2015 report
mentioned the creation of the first dengue vaccine in Mexico [25].

Chikungunya, a viral disease carried by mosquitoes, was originally detected in
Tanzania in 1952 [26]. In 1964, an epidemic of Chikungunya raged in the Vellore,
Calcutta, and Maharashtra regions of India [27]. Another outbreak occurred in 1969
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Figure 1. Zika co-circulation and co-infection with Dengue and Chikungunya, Rothan et. al [52]

in Ibadan, South Western Nigeria, where the virus was isolated from 49 patients [28].
This ailment has been recorded in more than 60 nations spanning Asia, Africa,
Europe, and the Americas, and its name is derived from the unique bent posture of
the people affected [29]. Chikungunya is caused by an RNA virus belonging to the
arbovirus family [30]. The signs of the condition include a rapid onset of fever, joint
pain, muscular aches, headaches, nausea, and rashes [31]. Chikungunya infections
can occasionally go unreported or be misdiagnosed, appearing as acute, sub-acute,
or chronic illnesses. In recent years, the virus has moved from relative obscurity to
a substantial worldwide public health concern, impacting millions of individuals in
tropical and subtropical locations around the world. Consequently, it has become
a common cause of travel-related fever diseases [32].

Chikungunya virus primarily spreads through the bites of female Aedes aegypti
and Aedes albopictus mosquitoes. Aedes aegypti often breeds in tiny water pools in
and around human settlements [33]. In contrast, Aedes albopictus can live not only
in tropical and subtropical regions but also in temperate places, potentially spread-
ing Chikungunya to new biological settings [34]. These mosquito species are active
biters during daylight hours. Additionally, there have been recorded incidences of
Chikungunya transmission from mother to child. Diagnosing the condition includes
establishing the existence of anti-Chikungunya antibodies in the patient’s blood.
Currently, there is no vaccine or particular therapy for Chikungunya. Protective
measures include wearing long pants and long-sleeved shirts to cover exposed skin,
using insect repellents, applying pesticides, and utilizing treated mosquito nets. In
recent years, mathematical modeling has become a vital component in the study of
disease dynamics and the development of successful techniques for disease control
and intervention.

While different mathematical models have been constructed to study the simul-
taneous incidence of Zika and Dengue, Zika and Chikungunya, and Dengue and
Chikungunya co-infections, there is currently a shortage of research exploring the
concurrent presence of all three diseases within a single individual. Garba et al. [35]
established a model for investigating the dissemination of dengue disease. Their
research demonstrated that the velocity of disease transmission depended on the
interaction between vulnerable humans and infected mosquitoes. Gao et al. [36]
investigated the propagation of Zika and determined that both mosquito and sex-
ual transmission must be taken into account to successfully curb the spread of the
disease.

Tang et al. [37] created a mathematical model to investigate the transmission
dynamics of Dengue and Zika co-infection, with a specific focus on how vaccina-
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tion against Dengue in human hosts can influence Zika epidemics. Their findings
demonstrated that the dengue vaccine could either decrease or raise the frequency
of Zika-infected people, depending on the model’s parameters. This highlights the
multifaceted nature of co-infections and the importance of incorporating numerous
aspects into the creation of public health interventions. In a similar vein, Ebonyah
et al. [38] explored the stability of disease-free equilibrium in the context of Zika
and dengue co-infection when the reproduction numbers of both diseases were less
than one. Bifurcation research found that the endemic disease equilibrium displayed
a backward bifurcation. Subsequently, the authors applied Pontryagin’s maximal
principle to identify the most efficient techniques for controlling both disorders. A
numerical examination of optimal management strategies revealed that the preven-
tion and treatment of each disease were crucial to controlling and finally eliminating
both ailments. Furthermore, Aldila & Augustin [39] provided a mathematical model
defining the spread of Dengue-Chikungunya co-infection inside a closed population.
They carried out a numerical and analytical investigation of equilibrium points and
their local stability and determined that the maximum of three unique basic repro-
duction numbers inside a comprehensive system is the basic reproduction number,
which works as an endemic indicator. It was also determined that the basic repro-
duction number for the co-infection sub-system takes precedence over other basic
reproduction numbers if it exceeds unity. Additionally, numerical simulations were
done to validate these analytical conclusions by applying optimal control proce-
dures.

Abboubakar et al. [40] created a mathematical model to project the spread
of vector-borne diseases using recent data from a Chikungunya virus outbreak in
Chad. They extended prior models by Ai et al. and Traoré et al., integrating
density-dependent rates to lower the disease burden in the population. Their ap-
proach provided four control functions, including larvicides, insecticides, measures
to protect humans from mosquito bites, and effective therapies. They employed the
center-manifold principle to illustrate the presence of bifurcation analysis and did
global sensitivity analysis to understand the impact of critical factors on mosquito
populations, mosquito-human contact rates, and the number of affected humans.
Their findings revealed that the use of larvicides, insecticides, bed nets, repellent
items, and effective therapies could lead to a reduction in these disease-related pa-
rameters. Pontryagin’s maximal principle was applied to characterize the optimal
control schemes. Isea & Karl [41] focused on a co-infection model incorporating Zika
virus, Chikungunya virus, and dengue fever (DF), investigating the dynamics of all
three diseases concurrently. They divided the population into 24 compartments,
considering diverse ways of transmission among the three viruses while omitting
human-to-human and sexual transmission of the Zika virus to uninfected individu-
als. Their investigation investigated the potential for co-infections based on existing
data.

Jose et al. [42] proposed a deterministic mathematical model for co-infection
between dengue fever (DF) and Zika virus (ZIKV). Sub-model analysis revealed
that both ZIKV-only and DF-only submodels displayed backward bifurcation when
their respective reproduction numbers (R+0z and R0d) were less than one. The
model’s numerical analysis of the model examined the modes of transmission when
crucial parameters changed between compartments to understand the dynamics of
both single and co-infection.

Omame et al. [43] created an optimal control mathematical model to examine
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the co-dynamics of COVID-19, Zika, Chikungunya, and Dengue, exploring the im-
pact of COVID-19 on the other diseases and vice versa. They conducted local and
global stability evaluations and identified backward bifurcation under certain condi-
tions. To regulate the co-circulation of these illnesses in an endemic situation, they
introduced time-dependent control mechanisms for COVID-19, Zika, Dengue, and
Chikungunya prevention. Their calculations suggested that COVID-19 prophylaxis
alone could greatly lower the burden of COVID-19 and associated co-infections with
other arboviruses. They suggested that focusing simply on COVID-19 prevention
without efforts to reduce arboviruses like Zika, Dengue, and Chikungunya could
have limited or detrimental impacts, and that the most successful approach was
shown to be a combined intervention strategy against all four diseases.

Mathematics has found use in human day-to-day efforts. In this regard, studies
by [44] and [45] are relevant. It is also crucial to highlight that researchers in the
field of mathematical epidemiology continue to produce cutting-edge research to
help individuals in the healthcare sector comprehend the transmission dynamics of
infectious illnesses and effective techniques for reducing their disease burden. Many
works have been done in this area in the recent past by researchers such as [46—
59]. However, because there has been no research effort to model the transmission
dynamics of the three diseases, Zika, Dengue, and Chikungunya, this current study
intends to address the gap in the literature on the transmission and co-circulation
of these three diseases. The remaining parts of the paper are structured as follows:
Section 2 outlines the model formulation, whereas Section 3 deals with the Zika-only
sub-model. Section 4 digs into the examination of dengue fever and Chikungunya
virus sub-models, respectively. On the other hand, in Section 5, we study the co-
infection dynamics of Zika, Dengue, and Chikungunya viruses in relation to the
overall model analysis. Section 6 presents an in-depth discussion of data fitting and
sensitivity analysis of the sub-models. Following this, Section 7 presents numerical
simulations, ending with final remarks in Section 8.

2. Model formulation and descriptions

The model subdivides the total human population Ny (t) at time ¢into sixteen
mutually exclusive compartments, namely, susceptible human Sg (t), exposed hu-
man to ZIKV only Ez(t), exposed human to DENV only Ep(t) , exposed human to
CHIKYV only E¢(t), exposed human to both ZIKV and DENV only Ezp(t), exposed
human to both DENV and CHIKV only Epc(t), exposed human to both ZIKV and
CHIKV only Ezc(t), exposed human to ZIKV, DENV and CHIKV Ezpc(t), in-
fectious human with ZIKV only Iz(¢), infectious human with DENV only Ip(¢),
infectious human with CHIKV only I¢(¢), infectious human with both ZIKV and
DENV only Izp(t), infectious human with both DENV and CHIKV only Ipc(t),
infectious human with both ZIKV and CHIKV only Iz¢(t), infectious human with
the three diseases (ZIKV, DENV and CHIKV) Szpc(t), recovered human from the
three diseases (ZIKV, DENV and CHIKV) R(t), so that: Ny = Sy + Ez + Ep +
Ec+Ezp+Epc+Ezc+Ezpc+Iz+Ip+Ilc+Izp+Ipc+1zp+Szpe+ R.
The total vector (mosquito) population at time ¢, denoted by Ny, (t) is subdivided
into susceptible mosquitoes Sy (t), exposed mosquitoes to ZIKV only Fjsz(t), ex-
posed mosquitoes to DENV only FEjp(t), exposed mosquitoes to CHIKV only
Ene(t), exposed mosquitoes to both ZIKV and DENV only Enzp(t), exposed
mosquitoes to both DENV and CHIKV only Ejspc(t), exposed mosquitoes to both
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ZIKV and CHIKV only Ejzc(t), exposed mosquitoes to three diseases (ZIKV,
DENV and CHIKV) Ey zpc(t), infected mosquitoes with ZIKV only Ipsz(t), in-
fected mosquitoes with DENV only Ip;p(t), infected mosquitoes with CHIKV only
Inie(t), infected mosquitoes with both ZIKV and DENV only Ip/zp(t) , infected
mosquitoes with both DENV and CHIKV only Iy pe(t) and infected mosquitoes
with both ZIKV and CHIKV only I,,,.. (t), so that: Nyy = Sy + Eyvz + Evip +
Exvie + Exvzp + Evipe + Eyvize + Iyz + Ivp + Iye + Ivzp + Inpe + vz,
We assume that susceptible humans are recruited into the human population at
this rate. Humans are susceptible to ZIKV infections through sexual contact with

infected humans and effective contact with infected mosquitoes at the rate given
by: Ay = m; 5MZIMZ + BzUz+Izp+I1zc+Szcp)

o , where m is the mosquito biting rate,
B is the tI‘aIlSHlleIOIl probablhty from I, Z( ) to Sy (t), Bz is the transmission
probability from Iz (t),Izp(t), Izc(t) and Szpe(t) to Sy (t). Similarly, susceptible
human acquire Dengue fever through effective contact with infected mosquitoes at
the rate: \p = M%ifj’fmj, where Sprp is the transmission probability from Iy p(t)
to Si(t) and m is the mosquito biting rate. Moreover, susceptible humans acquire
Chikungunya virus through effective contact with the infected mosquitoes at the
rate: A\g = %, where, Sy¢ is the transmission probability from Ipo(t)
to Sy(t) and m is the mosquito biting rate. The population of the susceptible
mosquitoes is generated by the recruitment rate Aj,;, susceptible mosquitoes ac-
quired ZIKV through effective contact with infected humans with ZIKV at the rate:
Az = %;IZ, acquired DENV at the rate Ay;p = %}’;ID, CHIKYV at the rate

of Ayje = mﬁ+§lc, and also acquire both ZIKV and DENV at the rate: A\yjzo =

mPuzelzetSzen) DENV and CHIKV at the rate A\ypc = 2PapelipetSzoc)

and ZIKV and CHIKV at the rate: \yrzp = mﬁAIZD(vaD+‘yZCD) All humans suffer
from natural death at a constant rate pg. Susceptible Tumans infected with ZIKV
only move to the exposed class Ez(t) at the rate Azthen progress to the infectious
class at the rate: oy; susceptible humans infected with DENV only move to the
exposed classEp(t) and then progress to the infectious class at the rate Ip(t); like-
wise, infected humans with CHIKV only move to the exposed class at the rate E¢ (),
then move to the infectious class I¢(t). Humans exposed to ZIKV only move to
both exposed classes with ZIKV and DENV Ezp(¢t) and ZIKV & CHIKV Ez¢(t)
at the rate A\pEz and \¢ Eyz respectively.

Similarly, human exposed to DENV only Ep(¢) moves to exposed class of both
ZIKV & DENV only Ezp(t) and class exposed to both DENV & CHIKV at the
rate Az Ep and A\¢cFp respectively.

Moreover, human exposed to CHIKV only F¢(t) moves to class exposed to both
ZIKV & CHIKYV and class exposed to both DENV & CHIKYV at the rate Az E¢
and \p FE¢ respectively.

Humans exposed to Ezp(t),Ezc(t) and Epc(t) progress to Ezpc(t) at the
rates A\cEzp, ApEzc and Az Epc respectively. Infectious humans with ZIKV only
I7(t) move to class infected with both ZIKV & DENV only Izp(t) and ZIKV &
CHIKV only Iz¢(t) at the rates 1y and 12, Izp(t) and Iz¢(t) classes progress to
Szpc(t) at the rates 61 and s, respectively. Infectious humans with DENV only
Ip(t) move to both classes infected with ZIKV & DENV only Izp(t) and DENV &
CHIKV only Ipc(t) at the rates ¢1 and ¢2, Ipc class progresses to Szpe(t) at the
rate 03. Infectious humans with ZIKV I, DENV Ip and CHIKV I only recover
at the rates aj,as and ag respectively. Similarly, infectious humans with ZIKV
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Figure 2. Model flow diagram

& DENV I,4, ZIKV & CHIKYV I.; and DENV CHIKV Ipe recover at the rates
11, P9 and 13 respectively. Infectious humans infected with three diseases Szpc
recover at the rate p and dgy(dz,0p,dc) are the disease induced death rates.

2.1. Model assumptions

1. There is homogeneous mixing of the individuals in the population, which
suggests that all susceptible individuals are equally at risk of being infected
upon contact with infectious humans.

2. Individuals can either get Zika virus, dengue fever, or Chikungunya virus, but
not more than one of these diseases at a time [38].

3. Once patients recover from Zika virus, dengue fever, and Chikungunya sick-
ness, they become permanently immune to these diseases and cannot become
sensitive to them again [38].

4. Each of the diseases is spread by mosquitoes [40].

5. There is continual disease-induced mortality that occurs solely in the infected
compartments [39].

6. The natural death rate is the same in all the divisions of the model [38].

In accordance with the assumptions and the descriptions of the model formula-
tions, the Zika, Dengue and Chikungunya virus co-infection model is given by the
following system of non-linear differential equations:
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Variables Description
Ny Total human population
Su(Sm) Susceptible humans (Mosquitoes)
Ez(Ep,Ec) Exposed Humans to ZIKV, DF and CHIKV

Ezp(Epc, Ezc)

Ezpc
IZ(ID7]C')

Izp(Izc,Ipc)

Izpc
Ry
Eviz(Evip, Evic)

Evizp(Evpe, Evize)

Intz(Imes Inp)

Exposed humans to both ZIKV and DF, DF and
CHIKYV and ZIKV and CHIKYV respectively

Exposed humans to ZIKV, DF and CHIKV
Infected humans with ZIKV, DF and CHIKV

Infectious humans with ZIKV and DF, ZIKV and
CHIKYV and DF and CHIKYV respectively

Infected humans with ZIKV, DF and CHIKV
Recovered humans
Exposed mosquitoes to ZIKV, DF and CHIKV

Exposed Mosquitoes to both ZIKV and DF, DF
and CHIKV and ZIKV and CHIKYV respectively

Infected mosquitoes with ZIKV, DF and CHIKV
respectively

Table 1. Model variables
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Parameters Interpretation

A (Anr) Recruitment rate for humans (mosquitoes) popu-
lation

my Mosquito biting rate

Barz(Byvp, Barc)

Brmzp(Bymze, Brpc)

o (par)

omz(OMmD,oMC)

01(0—23 0—3)

m
12

01

02

b1

b2
0 (0z,9p,0¢)
dzp,0pC,0zC

1 (2, 13)

Transmission probability from Ip; 7, Insp and Iy e
to Sy respectively

Transmission probability from In;zp, Iprzc and
Inipe to Sy respectively

Natural death rate of humans (Mosquitoes)

Progression rate from Ejy;z, Eyp and Eye class
to Insz, Iy p and Ip;o respectively

Progression rate from exposed human with ZIKV,
DF and CHIKV to infected humans with ZIKV,
DF and CHIKYV respectively

Progression rate from infected humans with ZIKV
to Infected humans with both ZIKV and DF

Progression rate from infected humans with ZIKV
to infected humans with both ZIKV and DF

Progression rate from infected humans with
CHIKYV to infected humans with both ZIKV and
CHIKV

Progression rate from infected humans with
CHIKV to infected humans with both DF and
CHIKV

Progression rate from infected humans with
CHIKYV to infected humans with both ZIKV and
CHIKV

Progression rate from infected humans with DF to
infected humans with both DF and CHIKV

Disease induced death rate for humans with ZIKV
(DF and CHIKYV)

Disease induced death rate for humans with ZIKV
and DF, DF and CHIKV and ZIKV and CHIKV

Recovery rate of infectious Human with 1,4, I4.
and I,

Table 2. Model Parameters
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Parameters

Interpretation

aq (CKQ, Oég)

Recovery rate of infected humans with ZIKV, DF and
CHIKYV respectively

o4 Transmission rate from exposed humans with both ZIKV
and DF to infected humans with both ZIKV and DF
o5 Transmission rate from exposed humans with both ZIKV
and CHIKV to infected humans with both ZIKV and
CHIKV
06 Transmission rate from exposed humans with both DF and
CHIKYV to an infected humans with DF and CHIKV
p Recovery rate of infected human with ZIKV, DF and
CHIKV
Table 3. Model Parameters (continued)
ds
dtH =Ag —XzSg — ApSu — A\eSu — puSw,
dE
dtZ =AzS8u —ApEz — AcEz — (01 + pu)Ez,
dl
dtZ =o01Ez —(m+n2+a1+0g +pwu)lz,
dE
dtD =ApSg —AzEp — AcEp — (02 + um)Eb,
dl
dtD =o09Ep — (1 + ¢p2 + a2 + 0 + pu)Ip,
dE
dtC =AcSH — AzEc — ApEc — (03 + pu)Ec,
dl
dtC =o03Ec — (61 + 024+ a3+ 0m + pu)lc,
dEzp
n ApEz +AzEp — AcEzp — (04 + pua)Ezp,
dE
dfc =AcEz +AzEc —ApEzp — (05 + pu)Ezc, (2.1)
dE
d?C =AcEp + ApEc — A\zEpc — (06 + puu)EpC,
dE
;DC =AcEzp + A\pEzc +AzEpc — (¢ + pn)Ezpc,
dl
dZtD =0Ezp +milz + ¢1lp — (01 + 1 +dzp + pu)lzp,
dl
dZtc =05Ezc +m2lz +011c — (02 + 2 + dz¢c + pu)lzco,
dl
thC = 56EDC + 92[0 + (]52]D — (63 + w?) + 5DC + MH)[D07
d(“
\gthD =¢e1lzp 4+ 021z¢ + 63lpc — (p+ dzcp + pu)Szep,
dR
i arlz +aelp + aslc +Y1lzp + Y2lzc + Y3lpc + pSzep — 1R,
dSwm

dt

=Arm — (Amz + Aup + Anve + Avmze + Avmzp + Amep + pa) S
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dEyv z

dt
dEvp

dt
dEyc

dt
dlyvz

dt
dInp

dt

diyvc
dt

where:

Az

Ac

AD

AMz

)\MD

Amvc

AMmzc

AMDC

AMzD

=oymzEmz — pvlvz,
=omupEup — pmlup,

=opmcEnvc — pmluc,

= (Amz +€1dmze +€22mzp)Sm — (omz + ) En z,
= (Avp + (1 —e2)Amzp + 21 mep)Sm — (omp + pavr)Envp,

= (Avmc+ 1 —e1)Amze + (1 —21)Amep)Syu — (ome + pavr) Enc,

mpByvzInz n Bz(Iz +1Izp+ Izc+ Szpo)

Ny

mpBclmc

Ny

mpBplmp

Ny

mBuzlz

Ny

mBuplp

Nyg

mpBymclc

Ny

mpBuzc(Izc + Szep)

Nu

mBypc(Ipc + Szep)

Ny

mpBuzp(Izp + Szep)

Ny

3. Model analysis

Ny ’

In order to delve into the analysis of the complete co-infection model, the study will
scrutinize the qualitative properties of the individual sub-models.

3.1. Zika virus sub-model

The model focusing solely on the Zika virus is derived from the co-infection model
(2.1) by excluding the other two diseases, Dengue fever and Chikungunya. This
involves setting all variables and parameters associated with Dengue fever and

Chikungunya to zero, denoted as follows:

Ep = E¢c =Ip = Ic = Izp = Izc =Ipc = §zpc =Fyuc = Eup =Ipc =

Izpc =Iyp =0.
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We have:
ds
TtH =Ag —AzS8H — uuSH,
dE
7: =AzSy — (o1 + pm)Ez,
dl
Tj =01Ez — (o1 + 9z +pu)lz,
dR
“a 2 = a1z — uuRz, (3.1)
t
ds
d;w = Ay — AmzSm — S,
dFE
d]fz =AvzSwu — (omz + pum)Enz,
dl
M2 — oymzBvz — pu I,
dt
with
Az = 7'Lﬁl}lvzHIJvfz + ﬁffiz’
AMz = 7mﬁj\‘,flz.

3.2. Invariant region

In order to establish the invariant region, it is essential to demonstrate that the
model’s solution remains within bounds. The collective human populations consid-
ered in the model are:

Ny=Spu+Ez+Iz+Ryz.

Taking the derivative of both sides and substituting the corresponding expres-

sions, we obtain dg—tH,ddE—tZ,cg—tZ and df}—tz. From (3.1), we get:
dN,
— 2 — Ay — Nypy — 671z
dt
That is,
dNg

—— <Ay - N . 2
a = H HUH (3)

Solving (3.2), we get:

Q= {(Su,Ez,12,R) € R :0< Ny < Bu .

Similarly, for the vector population Ny; = Sy + Enrz + Iz, we have:
Q= {(Sv, Buz, Tuz) € RS 10 < Ny < Aucl

Hence, the solution set of equation (3.1) is confined within the specified region:
Q= QZ X Q]y[.

3.3. Positivity of solutions

Theorem 3.1. If the initial value Sy >0, Ez >0, Iz >0, Rz >0, Syyz >0,
Enz >0, Iyz >0, then the solution of ZIKV-only model are non-negative.
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Proof.
N(@t)=Sut)+ Ez(t)+ Iz(t) + Rz(t). (3.3)

Thus, at any time ¢, Sy (t) < N(¢t), Ez(t) < N(t), Iz(t) < N(t), Rz(t) < N(t),
SH(t) < N(t), E]uz(t) < N(t) and IMz(t) < N(t)
Hence, the susceptible class in system (3.1) becomes:

ds
Tf:AHf)\ZSHf,UIHSH- (34)

Solving (3.3), we get:

Sp(t) > Sg(0)e Hut,

Similarly, from other state variables, we have
Ez(t) > O,Iz(t) > O,Rz(t) > O,SM(t) > O,EMz(t> > O,IMz(t) > 0.
Therefore, all the solution sets are positive at ¢t > 0. O

3.4. ZIKAV-disease free equilibrium point

The disease-free equilibrium point for ZIKAV is the state where no disease is present
in the population. For system (3.1), this occurs when all differential equations in
(3.1) are set to zero. Thus, the disease-free equilibrium point (ZDFEP) is obtained
as follows:

2= (S Bz, 17, Rz, Sx, Bz, Inuz)= (B2,0,0,0,412,0,0).

’ pM

3.5. Basic reproduction number for ZIKV

It is essential to understand the significance of the Basic Reproduction Number
(ZBRN) in model (3.1). The ZBRN (Rgz) represents the count of secondary infec-
tions in an entirely susceptible population resulting from the introduction of ZIKV
by a single infectious individual into that susceptible population. Evaluating the
infected compartments (Ez, Iz, Enrz, Iniz) at Zika Disease-Free Equilibrium Point
(ZDFEP), the basic reproduction number Ryz is determined utilizing the Next
Generation Matrix method (NGM), as proposed by [40, 41 and 46]. The Roz is
obtained as follows:

Dy O 0 0
0 Bz 0mBrz

—01 D2 0 0
7 0 0 0 0 ,and V = )
= . mﬁ]XIiﬁAZZ#H - 0 0 Ds 0

0 0 —0c
0 0 0 0 MZ UM

where D1 = o1 + gy, Do = a1 + 8z + pg and Ds = oppz + pg-
Hence, it follows from [46] that,Roz = p (%), where pis the spectral radius or
the maximum eigenvalues of matrix (F .V_l) given by:

_ Bzor | m*BuzAvprofuzonz

Ry —
0%~ DD, Agpni?DyDy D3 ’

(3.5)

2
_ m BuzAmpaoimBazomz _ Bzox
Ryz = Ampn?D1 D2 D3 and Ryz = D1Dz"
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3.6. Local stability of ZDFEP

Theorem 3.2. The equilibrium point Sz of the system (3.1) is asymptotically stable
(LAS) if R, < 1 and unstable if R}, > 1.The ZIKA disease free equilibrium
(ZDFE) is locally stable if Ryz < 1.

Proof. To analyze the stability of the disease free equilibrium of Zika sub-model,
we consider the Jacobian of transformation of system (3.1).
Thus, we acquire the following matrix

—pur 0 —Bz 0 0 0 —-mBuz

0 —-D Bz 0 0 0 mPBuz

0 o —D, 0 0 0 0
S(z)= 0 0 oy —pg 00 0 ;

0 0 —mhwzlamun (0 _py 0 0

0 0 miwzlmpn o 0 —Dg 0

0 0 0 0 0 omz —Hm

where

a5y = _MﬁMzAMuH7 ags = mByzAyMpH

. kMAmH v Ap o . .
Our objective is to demonstrate that all eigenvalues of the Jacobian matrix at

the Disease-Free Equilibrium Point (ZDFEP) are evident. Clearly, this is apparent
from the matrix. & (z). The negative eigenvalues—pp,—p g and —pps and the roots
of the characteristics polynomials (3.6) is shown below:

)Y 4 A ()2 4+ AV 4 Ay (W) + Ag = 0, (3.6)

where

Ay =Dy + Dy + D3 + pay,

Ay = D1Dy + D1D3 + Dipps + DaDs + Dapuns + Dspuns — Bz01,

Az = D1DyD3 + D1 Dapups + D1 Dspng + DoDsjung — Bzo1(Ds A png).
Ay = D1DoDs3pps (1 — Roz) .

Applying the Routh-Hurwitz criterion in [44], which states that all roots of the
polynomials (3.6) have negative real part if and only if the co-efficientA; > 0, for
i = 1,2,3,4 Therefore, by Routh-Hurwitz criterion, the ZDFEP of model (3.1) is
locally asymptotically stable.

O

3.7. Existence of ZIKV endemic equilibrium point (ZEEP)

In this sub-section, we explore the existence of ZEEP which occurs when the in-
fected variables are nonzero. To obtain the necessary condition for the existence
of ZEEP, the Zika virus sub-model is solved in terms of force of infections Az and
Aarz which gives:
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A
S;}* = *% H )
NS+ b
)\**AH
E** _ Z ,
27 Di(\S + pm)
sk )\E*AHo'l
IZ = *k )
DD, (/\Z + UH)
)\**AHCTlOél
Ry = Z , 3.7
Z " paD1Dy (\Y + pmr) 3.7)
Ay
S** _ ,
M Azt BMm
M2 Dy (Ayig + i)’
e _ _MizAuonz
7 uDs(Nsig + par)
N = S§ + By + 15 + Ry,
where
mpBrzlz
A = ——="= 3.8
MZ N (3.8)
Substituting equation (3.7) into equation (3.8) and simplifying, we obtain
_ mPBrzAETINY
AMz = — — — . (3.9)
AHDlDQIU,H + /\Z AHDQ/LH + )‘Z AHO'LU,H + >‘Z Agoiag
More so,
mpBzInz
Ay = ———2. 1
z N, (3.10)

Similarly, we derive the characteristic polynomial below by substituting the ex-
pression in equation (3.9) into equation (3.10) to get

T IOF) =X (ANZ2 + BAY? +C) =0, (3.11)

where

A =A% D1 Do Dsjuns (mBrpoapir + parDiDs)
B =A% D1Dy D3y pias (mPBrrpoapin + 24 D1Da)
—m*BpBupAaArio20yp D1 Doy,
C =A} DID3Dspdypdy (1 — Roz) .-
The solution to equation (3.12), A} = 0 corresponds to the Zika virus disease-free
equilibrium point (ZDFEP), whose stability has been previously investigated. Then

f(A\5) = 0 corresponds to the endemic equilibrium. The occurrence of backward
bifurcation is described by the coexistence of a stable disease-free equilibrium point
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(ZDFEP) and a stable endemic equilibrium, particularly when the associated re-
production number of the Zika-only model is smaller than unity. From a biological
standpoint, the meaning of backward bifurcation is that the essential condition for
efficiently managing the Zika virus in the population, when the reproduction number
is below unity, is no longer appropriate. In circumstances of backward bifurcation,
numerous endemic equilibria are required to exist. Thus, this indicates that there
are three possibilities for (f (A%*) = 0) that are to be addressed in (3.12), depending
on the sign of B and C, since A is always positive. That is:

e If A< 0and C =0 or B?2—4AC = 0, then equation (3.12) has a unique
endemic equilibrium point (one positive root) and no possibility of backward
bifurcation.

o If B<0,C >0and B2—4AC > 0, then equation (3.12) has two endemic
equilibria (two possible roots), and therefore it is possible for backward bifur-
cation to occur.

e Otherwise, there is none.

However, it is important to note that C is always positive if RJZ < 1 and
negative if R(TZ > 1. Hence, the above observation leads to the following theorem.

Theorem 3.3. The ZIKV-only model (3.1) has:

(a) Precisely one unique endemic equilibrium if C < O(i.e.,RarZ >1);

(b) Precisely one unique endemic equilibrium if B < 0 and C = 0 or B> —4AC =
0;

(¢) Precisely two endemic equilibra if C' > O(i.e.,RS’Z < 1), B<0and B?*—4AC >
0.

Hence, (from case ¢) the Zika virus sub-model (3.1) exhibits a backward bifur-
cation which occur when the ZEEP exist if only if R}, < 1.

We explored the occurrence of backward bifurcation in model (3.1) by applying
the Center Manifold theory as given by Castillo-Chaves and Song [44]). This in-
vestigation attempted to determine whether backward bifurcation is present in the
model (3.1).

Theorem 3.4. The model of system (3.1) exhibits backward bifurcation if the con-
dition below holds:

_ 2vowypp (D1 D3 — B701) (w2 (101 + Dy (01 + Dy)))
Ay D1 D3
 2Bzo1wivapn (Dip +aro1)  2mPBrzBuzomcoiAvawa iy
AuD1Dopn A2, Dy D3,
<m25MZUlw% + o1 (D1pas + Do) L W (par — Dl)) 5 0.
Dy D3 D1 Dapuns HH

a =

Proof. LetdZ = (S}, By, Iy, Ry, Sir, Eir, I3;) represent any endemic equilib-
rium system of (3.1). By changing the variables as follows:
1 =Su,x2 = FEz, 3= 1z, x4 = Ry, x5 = Sy, 26 = Enz, and 27 = Iy 7.
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Then model (3.1) above can be transformed into the following:

d{,Cl
— = Ay — Azx1 —pgzr: fi,
dt
d{,CQ
—= = Agx1 — Dizo : fo,
i VAS! 172 © fo
d$3
E = 0122 — Doxs @ f3,
d{,C4
—— = 1x3 — ig T4 © fa, (3.12)
dt
d$5
o Ay — Apzos — pazs : fs,
d&CG
— = Apzxs — Dsxg : fe,
i MZzZZTs 3%6 : f6
d$7 f
— = OMzZTe — x7 : f7,
dat MZTe — UMT7 & J7
where
_ B +8 _ B :
Az = rﬁzbz{i?a+zjiirs’ Avz = x1+rn21+19\c432f;4+xs'

Take 87, = B as the bifurcation parameter. Solving for 57 = 37 from Rg 5 =1,

ApD1D2D3p3,
o1 (AgDapd; + m2BrzonzAnpim)

Pz =

Therefore the Jacobian matrix (3 ((z)) of system (3.12), evaluated at Iz with
B% = B is given by:

—pug 0 =Bz 0 0 0 —mBuz
0 -D; Bz O 0 0 mBuz
0 o1 —Dy O 0 0 0
S@z)=| 0 0 o —py O 0O 0
0 0 ass 0 —puw 0 0 |
0 0 ags O 0 —Ds 0
0 0 0 0 0 omz —bum
where as3 = 7%’ a3 = W The matrix $((z) at 85 =

B% has a single zero eigenvalue, and all other eigenvalues possess a negative real
part, indicating that the center manifold theorem can be applied [44]. It can

be demonstrated that at 87, = B7. The right eigenvalues are given by w; =
T
(w17w27w3vw4aug5uw[€7w7) ) 3 A
. _MmMPpMzZAMPH — MPMzZAMUH
where as3 = B VTS and ag3 Ao

And the right eigenvalues of & ((z) are as given below:
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wy = ;le; < 0,we = w3 > 0,

w3 = %’wg > 0wy = 511;:;4 wey > 0,

ws = = (SRR ) wi <0

wg = MR g > 0, wy = (PEEE ) wy > 0

Similarly, we calculate the left eigenvector of & ((z) at 8% = 83 given by:

v; = (v1,v2,v3,v4, V5, V6, v7) and satisfies v.w =1

Dy

711}2 > 0, Vg = monzBuz Vo > O7

V1 = Vg4 = V5 = O7 V3 = Ditins

v = 7773’?32 Vo > 0.

By employing Theorem 4.1 in [44] nonzero partial derivatives of fi, fa, f3, f4, f5,
fe and f7 at Zika disease free equilibrium point & ((z), the associated bifurcation
coefficients are as given below:

7
82 fr
a= Y, Ukwiwjiawig’;uj ({z) and
k=1
7 o2f
b= Z ”kwiawiagz (CZ)’
k,i,=1
where

__ 2vpwapp (D1D2 — Bz01) (w2 (101 + Dy (01 + D1)))
B A D1D3pp
_ 2Bz0vw3vopn (Dipy + a101)  2mBuzBrzomcoiAvvawapi
AuD1Dapy A2, Dy D33,
<m2ﬁM201w% + oyws (D1par + Do) L w2 (par — Dl)) So.
Dy D3 D1 Dspine 0%

b_ (D1D2 — Bzo1
DyBuz

According to Theorem 4.1 in [44], the system described in equation (3.1) will
exhibit a subcritical (backward) bifurcation if the condition a > 0 is met. This
implies that since the bifurcation coefficient b is positive, it follows that, the Zika
virus sub-model (3.1) undergoes backward bifurcation at Rg, = 1 whenever a > 0.
The bifurcation diagram is presented below.

) wi* > 0. (3.13)

O

3.8. Dengue fever-only sub-model

The dengue fever sub-model is obtained from the complete system (2.1) by neglect-
ing the other two diseases, Zika virus and Chikungunya, with their associated state
variables and parameters to get.
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Figure 3. Bifurcation diagram for Zika virus (with parameter values the same as given in the table of
parameter values)

ds
Tf = Ay — ApSy — puSH,
dE
dIZD = ApSu — (02 + pm) Enp,
dl
D _ 6yEnp — (g +0p + pu) Iup,
dt
I (3.14)
Téw = Ay — AupSm — pySu,
dFE
dj\;D = ApSu — (omp + par) Envp,
dl
CZD =ompEup — (amp + pimr) Ivp.

where

Ap = % and A\p = mﬁ%i;b are the associated forces of infections for
system (3.14) above.

3.9. Stability of Dengue fever-disease-free equilibrium point
(DDFEP)

The Dengue Disease Free Equilibrium Point (DDFEP) is given as:
CD = (SH7ED>ID’RD75M;EMD3IMD): (%703();07 %7070)

3.10. Basic reproduction number for Dengue fever (BRNDF)

It’s pertinent to note that Rop represents the BRNDF of the model (3.14). The
BRNDF (Rgp) is the number of secondary infection in a completely susceptible
population due to the infection from one introduced infectious individual with DF.
Taking the infected compartment (Ep,Ip, Eynp,Iamp) at the DBRN, the Rop is
obtained using the next generation matrix method adopted in [45] at the DDFEP.

Given that, Sy = Ny and Sy, = % we get:
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0 0 0 mpBp g1 0 0 0

0 0 0 0 0 0
F= BunA and V = © ,

0 7“/(5“3“” 0 0 00 g 0

0 0 0 0 0 0 —omp M

where

g1 =02+ pH,q2 =02 +0p + U , g3 = 0mD + ia, G4 = CppD + P,

0 0 mBpomp mPBp
q3pm j5Y;
i 0 0 0 0
" | mBupAMmornn mBupArpH 0 0
Ampaqige Ampn g2
0 0 0 0

It follows that Rgp is the spectral radius of the matrix ¥V ~!, hence, the repro-
duction number of Dengue fever is given by:

2 A
Rop — \/m BpBrmp MO20MDIUH (3.15)

Arq1g2q3143,

3.11. Local stability of DDFEP

Theorem 3.5. The equilibrium point of the system (3.14) is Locally Asymptotically
Stable (LAS) if Rop < 1 and unstable if Rop > 1.

Proof. The Jacobian matrix of the system (3.14) evaluated at Dengue fever Dis-
ease free equilibrium point (¢p) is given by:

0 —a 0 0 0 0 mpp

0 —q2 0 0 0 0
S)=[ 0 0 a2 —pu 0 0 0 ;

0 0 _%W 0 pm O 0

0 0 migplubio 0 0 —g5 0

0 0 0 0 0 OMD —Mm
where bs3 = —MAM“H@% — mBupAmpn

A pns ’ Appm ) )
Clearly, from Jacobian matrix (p), the negative eigenvalues are —pg,—pg

y MM -
The roots of polynomial (3.16) are presented below:
MAERNM SN+ TA+U =0, (3.16)

where
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R=q+q@+qg+pmw S=qe+aqaq+ 03+ qpv + qum + g,

T = q192q3 + Q1200 + @1q3par + 2qspinr and U = qrgagspnr (1 — REp).

By applying the Routh-Hurwitz criterion [44,45], which asserts that all roots
of the polynomial (3.16) have negative real parts if and only if the coefficient
R, S, T, U > 0 and positive, we can conclude that the equilibrium point of the
system in equation (3.14) is locally asymptotically stable whenever Rop < 1.

3.12. Existence of DF-endemic equilibrium point (DEEP)

In this part, we explore the existence of DEEP which occurs when the infected
variables in the model are nonzero. To obtain the condition necessary for the
existence of DEEP, the DF sub-model is solved in terms of the forces of infection
(Ap and Aprp) to obtain the following:

A
§EF — ’
B N\p + pr
B — AH)‘D
P +um) e’ (3.17)
e asAgAp '
P (p + pw) qrge’
Rp = a9 AgAp
(Ap + pm) pEO1G2’
A
GEE — ’
M Nup 4 par
AmAnp
Ejip = 7d2MD__ 3.18
MD " (Aprp + pr) 43 (3.18)
e oMDAMAMD
MBP ™ (Xnrp + piar) gains
A (@1 4+AD)+AmoarD (Qotpurr)
Ny = S e T
mpBypAroopugAD
Aup = 7 3.19
MDP Ay (gapm (g1 + Ap) + 02Ap (g + pg)) ( )
I
Ap = %HMD (3.20)

By substituting equationS (3.17), (3.18) and (3.19) into (3.20) we obtain the
characteristic polynomial:

A (ANS2 4+ BAS2 +0) = 0. (3.21)

where

A =mPBrpA3asoapnpiar (i (g2 + 02) + a202) + Abaspid, (i (g2 + 02) + az02)?,
B =mBupBpAv A q10202p0 17 + 205 q1 023105 10 (o (g2 + 02) + 202)
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Figure 4. Bifurcation diagram for Dengue Fever (with parameter values the same as given in the table
of parameter values)

+m?BrpBoAvArGG2020 v DT

C =Nyt aspaii (1— Rop) -

From the polynomial in (3.21), it could be observed that the coefficient A is
always positive and C' is positive if Ryp < 1 and negative if Ryp > 1. The structure
of the polynomial in (3.21) is suggestive of the phenomenon of backward bifurcation.

3.13. Possibility of the existence of backward bifurcation

By applying Theorem 3.4 in section 3.7 above, the model equations in (3.14) undergo
a backward bifurcation at Ryp = 1, hence the values of a and b after some algebraic
manipulation (using non-zero partial derivatives of (3.14) in computing the value
of a and brespectively) are given as:

7
82 2 sk ) kok2
a = Z VRWW; Tk (0,0> _ MO N DO2Vy Wy <5MD(]2 + ooty + 02

it Ow; 0w Arge Q2/iH

BrpBpAm (mﬁMDﬁzuH + 300 (a2 + pE) + gudy (1 + MH)))
Augspnr Q2p3y ’
and

7
_ ) 32f _ mo T3, %k, Kk
b= kzzjl VW 78%»6213 (0,0) = oML p3 wg™ > 0.
It then follows from Theorem 3.4 that, the Dengue-only model undergoes back-
ward bifurcation since the value of b < 0.
O

3.14. Sub-model for Chikungunya-only disease

The Chikungunya-only sub-model is obtained from co-infection system (2.1) by ne-
glecting the other two diseases, Dengue fever and Zika virus, together with their
associated state variables and parameters, to obtain:
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d‘;TH =Ay — A\eSu — puSH,
CZETC = AoSu — (03 + pm) Ec,
% =o03Ec — (as + 0c + pw) Ic,
% — asle — g Re, (3.22)
CL;'TM = Ay — AvreSu — parSar,

dEdffc = AvcSu — (omce + pum) Evcs

f”c?zc = onrcEnc — palues

where Ac = % and Ao = ’”B%icfc are the associated Chikungunya forces

of infection.

3.15. Stability of Chikungunya disease free equilibrium point

The Chikungunya only sub-model (3.22), has a disease free equilibrium by equating
the right hand of model (3.22) to zero, given by:

_ _ (A A
Cc =(Su,Ec,Ic,Rc,Sm, Evc, Ivc) = (ﬁ,07070, TJI\V;’O’O>'

The linear stability (¢ of CDFEP can be determined using the Next Generation
Operator method, as outlined in [46]. Therefore, when applied to the Chikungunya
model (3.22), consequently, the Chikungunya reproduction number is denoted by
Ryc and it is calculated as:

0 0 0 mpPBe qs 0 0 0
0 0 0 0 0¢gs O 0
F= and V = ,
0 mEyedunn o ( 00 g O
0O 0 0 0 0 0 —owme pm
mpBco mp
0 0 miememk
Fy-l 0 0 0 0
' | mBucAmos mBucAm 0 0
AHqags AHgs
0 0 0 0

The Chikungunya reproduction number Ry, is defined as the spectral radius
of the matrix p (F.Vfl). Hence, it can be expressed as:

2\ ;
ROC:\/m JwﬁMCBCUMCJ&uH. (3.23)

Arqagsqep’,
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The disease free equilibrium point for Chikungunya-only sub-model (3.22) is lo-
cally asymptotically stable if Ryc < 1 and unstable if Ry > 1. The proof is as
follows:

—pg 0O 0 0 0 0 —mpBe
0 —qu 0 0 0 0 mpBe
0 o3 —q5 0 0 0 0
Scle)=1] 0 o0 s —pg 00 0
0 0 —mﬁ%ﬁ;j“” 0 —pam O 0
0 0 W 0 0 —g5 O
0 0 0 0 0 omc —pm

The eigenvalues of the above Jacobian matrix are —ug, —py, —pay and the
roots of the characteristic polynomials:

M AN+ AN + A3\ + Ay =0, (3.24)

where

A1 =qu+ g5+ qe+ pn,
A2 = q4q5 + 9446 + 4596 + qapim + G5pE + Qo pH s
As = q49596 + q1q5/iH + qaqepE + d5q6/LH
Ay = quasqopn (1 — Roe) .

By Routh-Hurtwitz criterion [44,45] all the roots of the polynomial (3.24) have
negative real parts if and only if the coefficient Ay, A, A3 < 0 and Ay < 0O if
Roc < 1.

3.16. Endemic equilibrium for Chikungunya virus

Am
S — ’
B No + nm
A
By = Amdc
D7 (Ao + pm)
5 — AH)\C
¢ " DiDs(A\c +pn)’
AgoasosAc
RS = , 3.25
© " D:Dspyr (Ac + i) (3.25)
Ay
S — S
M Ny + v
B AvAmc
MC ™ Dy (Anro + par)’
e ApovcAuc
MC =

Doping Anvie + pr)’
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Figure 5. Bifurcation diagram for Chikungunya virus (with parameter values the same as given in the
table of parameter values)

where Ny = Sy + Ec + Ic + R,

_ AgD7Dspg + Agie ((Ds + 03) pg + o303)

N , 3.26
" D7Dspg (Ac + pnr) (3:26)
mBycAaospE G
Avio = , 3.27
Me Arqugspr + Au (pm (g5 + 03) + azos) AE ( )
I
Ao = %HMC (3.28)

By substituting (3.25),(3.26) and (3.27) into (3.28), we have the characteristic
polynomials:

A (YIANE? + Yo +Y3) =0, (3.29)

where

Y1 =mBrrc Ay gsos i (i (g5 +03)+0303) + Araspdy (1u (g5 + 03) + az03)?,
Yy =mBrroBoMvAiqagsospnid + 20 qags g6 13 i (b (g5 + 03) + a303)
+ m?BrcBeAMAH1a030 e,
Y3 =A4qiasni g (1 — Roc®) -
The root A\J = 0, as obtained from equation (3.29), corresponds to the Chikun-
gunya free equilibrium ({¢), the stability of which has already been established.
For backward bifurcation to occur, it is necessary for multiple non-zero equilibria

to exist. It can be deduced from equation (3.29) that the non-zero equilibria of
model (3.22) satisty the following conditions:

Theorem 3.6. The Chikungunya-only model (3.22) has:

1. Precisely one unique endemic equilibrium if Y3 <0 (i.e., Roc > 1 ).

2. Precisely one unique endemic equilibrium if Yo < 0, and Y3z = 0 or B2—4AC =
0.

3. Precisely two endemic equilibria if Y3 > 0 (i.e.Roc < 1), Y2 < 0 and B? —
4Y1Y, > 0.
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4. No endemic equilibrium otherwise. The possible presence of two endemic equi-
libria
(Case (3) above indicates the possibility of backward bifurcation in the model

(3.22).

3.17. Existence of backward bifurcation

The Chikungunya sub-model above can be reformulated into the following set of
equations:

Let Sg = Ni1,Ec = No,Ilc = N3, Rg = Ny,Sy = Ns,Eyc = Ng and Iyo =
N,
Moreover,

fi=54.fo=EL fs =1%L.fr = RL.fs = Sk, f6 = EY ;o and fr =11,

dN1 — Ay — chN7N1 B N f
dt " N+ Ny+ Ns+ Ny HHL L
dNy mpBc N7 Ny

= —quNa @ fo,
dt Nj + No + N3 + Ny
dN:
ditg =03N3 —q5N3 : f3,

(3.30)

dNy
g s~ waNg : fa,
dNs mpBrrcNsNs

=Ay— — upm N5 fs,
di M N, + Ny + N5+ N, um N5 fs
dNg mBrrcN3Ns —4Ne: f
dt _N1+N2+N3+N4 96:Y6 * J6

_ mpBc N7 _ mpBrcNs : : :
where Ao = NN, TN TG AMCe = NENL TN NG with the Jacobian matrix of sys-

tem (3.30) at disease free equilibrium point given by:

—pug 00 0 0 0 —-mBe

0 —g« 0 0 0 0 mbe

0 o3 —gs 0 0 0 0

0 0 as —pug O 0 0 =0,
0 0 bss O —pp O 0

0 0 b 0O 0 —g O

0

0 0 O 0 omc —pH

where
bs3 = —7"15]){[5:}5“’ and
bes = mBycAmpn

A pm
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The Jacobian of system (3.30), evaluated at disease free equilibrium point for
Dengue-only model has a left eigenvectors (associated with zero eigenvalues) as
given below:

_ T
U= (Ul,UQ,Ug,'U4,U57U6,U7) ]

where v1 = vy = v5 = 0, vy = V3",

G4 ,,xx
V3 = ?SUQ 5
_ mBcomc ,,xx
V6 = Toeun V2
_ mpBc , xx*
vy = om Uy .

The Jacobian of system (3.30), evaluated at disease free equilibrium point for

Chikungunya-only model has a right eigenvectors (associated with zero eigenvalues)
as given below:

T
w = (w17w2uw37w47w57w67w7) ’

— 44 *k _ *k
wyp = Ewg , W2 = Wy,
__ o
wy = qg’w§*,
__ Q303 ), %% _ _mByucAmoszpm ,, #* _ mBycAmospm ,, % _
= = — = DEMO MPSDH n =
Wa aspn V2 0 W5 g6 A3, Wy, We g6 A p3, wy” and wr
O']\/[CO'S k%
Qs H .
Non-zero partial derivatives are given by:
PfH . _Ph . PH . _PhH . _PH . _9PH _ 2mBopn
ON2ON7 ON79N> ON3ON7 ON7ON3 ON,ON7 ON7ON, Ay
fs  _ _0Pfp _ _fo  __Pf  _ _0fp _ _0fr  _ _ 2mBopn
8N28N7 - 6N76N2 - 8N38N7 - 8N78N3 - 6N46N7 - 8N78N4 - AH ?
Pfs _ _0fs . _Ofs . _fs . _Pfs . _Pfs . _0fs  _
ON2Z — ONi1ONs ~ ON3ONi ~ ON20N3 ~ ON3ON; ~ ON3ONs — ON3ONa
2mBrcAmpiy
INAY; ’
fe _ _fe _ _fe  _ _fe _ _0°fe _ _fo_ _ _fs  _
ON2Z — ONiONs — ON3ONi — ON20N3 — ON3ON; — ON4ONs — ON30ONa
_2mﬁMcAMH§1
Afum ’
Pfs  _ _0fs _ _2mBucpn _0°fs  _ _9fs  _ 2mBumopn
(9N3(9N5 8N58N3 AH ’8N38N5 8N56N3 AH/_LM )
_’h _0fs
aN08c — "vanzo8c v

Arising from the above, we compute a as follows:
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7 *%
= Z DWW, _O0%fi (0,0) =  2moncogvstws*? <5MCQ5 tospn + 03
oyl " ow; 0wy Args qs1H
BavreBoAm (mﬁMCUWH + 305 (o + pm) + gspdy (qa + MH)))
Amggspar a5143
And for the coefficient b we have:
Ph
ON70Bc ’
where wy; = %w**>0 vy =0, vg = v ,w77%w**>0

7
Hence, b= > vkwjm (0,0) = =Zuespzws™ > 0.

It then follows from Theorem 3.4 that Chikungunya-only model (3.21) undergoes
a backward bifurcation if Ryc < 1 whenever

2mo pcosvlFws*? <ﬂMctI5 + o3pH + 03

a=—
Angs g5 H
5McﬂcAM (mBMCU?)ﬂH + p303 (s + pm) + qspdy (4 + pw) -0
AHQGMM 4513y
(3.31)

Theorem 3.7. The Chikungunya-only model (3.21) undergoes backward bifurcation
at Roc < 1 whenever the inequality in (3.31) holds.

4. Dengue — Chikungunya co-infection model

The Dengue-Chikungunya co-infection model is obtained from system (2.1) by ne-
glecting the Zika virus disease and its associated parameters, to obtain:
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d%’ =Ayg — (\p+Xo)Sy — puSH,
‘%D = ApSu — AcEp — (02 + ) Ep,
‘%D = 09Ep — (¢ + o+ 6p + ) Ip,
d%’ = AeSi — ApEc — (03 + un) Ec,
% = 03Ec — (62 + a3 + 0¢ + ) I,
dId[ZC =06Epc + ¢2Ip + b021c — (65 + 3 + dpc + p) Ipc,
;- (4.1)
— = aolp + asle +Ys3lpc — puR,
djTM = Ay — (Aup + Ave + Avep) Sv — S,
db:;‘;[’ = (Avp +y1Auep) S — (b + par) Enp,
db:lzfc = (Amc + (1 =y1) Amep) Su — (ome + ) Enc,
dId% =oupEnmp — pm I,
dlxc =oymcErvc — pmlyc.

4.1. Local stability of disease free equilibrium.

The disease free equilibrium of Dengue-Chikungunya co-infection model (4.1) is
given by:

¢pc = (*/,,,,0,0,0,0,0,0,0,4*/,.,.0,0,0,0) . (4.2)

It’s easier to show, the next generation operator matrix (subsection 3.9 and 3.15)
that the associated reproduction number for the Dengue-Chikungunya co-infection
model is given by:

RDC = max (ROD, Roc) . (4.3)
Hence, the following results hold from Theorem 2 of [45].

Theorem 4.1. The disease free equilibrium of the Dengue-Chikungunya model
(4.1) given by (4.2), is locally asymptotically stable if Rpe < 1 and unstable if
Rpe > 1.

Given that the Dengue-only and Chikungunya-only sub-models exhibit backward
bifurcation, it follows that the Dengue-Chikungunya co-infection model (4.1) will
also undergo backward bifurcation. Similarly, other co-infection models, such as
Zika-Dengue and Zika-Chikungunya co-infections, will experience the same phe-
nomenon.
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Theorem 4.2. Dengue-Chikungunya model (4.1) undergoes backward bifurcation
at Rpc = lwhenever inequality (4.6) is satisfied.

4.2. Existence of a backward bifurcation.

The model equations (4.1) above can be transformed by letting:
dSH hl dED _ h2 dID _ h3 dEc h4 dlc _ h dEDc h6 dIDC h7 @ _

& oy " e Tl
hg, St = xg, =2 = h 10, < = hn, = hia, MC = his, SH = 9317ED =
$2,ID = z3,Bc = x4,Ic = $5,EDC = CﬂﬁJDc = $7,R = 23,5v = x9,Enp =

210,Epmc = 211, yp = x12and Iy = 213.

We have:
dx
ditl =Ayg— ()\D —I—)\c)$1 — HHTT hla
dx
d7t2 = Apx1 — Acxe — L1z : ho,
dx
7; = 02T — Z2I3 : h3,
924 3 oy — Apwa —lsza i h
praaCkd DT4 — 1324  hy,
dx
d—; = 0324 — l4x5 : hs,
d
% = AcZ2 + Apx4 — 56 : hg,
d
% = 06T¢ + P2x3 + Ooxs — lgx7 : hr, (44)
dx
d—: = w3 + a3T5 + Y317 — TS : h,
dl‘g
o = Ay — (Amp + Ave + Avep) To — g - ho,
dx
d;o = (Avp +v1Amep) Sm — l710 = hao,
dx
dil = (Ame + (1 —y1) Amep) 219 — lsz11 ¢ b1,
dzio
= O0OMDT10 — MMT12 h127
dt
dzi3
gt =0pMCT11 — UMT13 - his.

With the associated force of infections given as:

Ap = mBprz N = mBetis \, 5 = MBMDIs N, 5 = MBpTiangd A\yep =
2w P P PO
i=1 i=1 =1 i=1

mpBucpiy

8 ’

>

i=1

where

li =00+ pp,lo = ¢2+as+0p + pp,ls = 03+ pg,ls = 02+ ag +dc + pp,ls =
06 + p,le = 03 + Y3 +dpc + pu.lr = omp + parls = one + v
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Supposing that 87, and 8¢ are chosen as bifurcation parameters hence solving
(3.15) and (3.23) at Ryp = 1 and Roc = 1, we have:

(09 + pp) (e +6p + pm) (opp + par) N pis®

bp = m2onpAvoBrvpita ’ (4.5)
o = (034 pw) (a2 + 0¢ + pu) (onmc + ) Mg par®
m2oncAvosBuciin ’

The Jacobian of system (4.4), evaluated at disease free equilibrium point for
Dengue-Chikungunya co-infection has a left eigenvectors (associated with zero eigen-
values) as given by:

T
v = (Ul,’Uz,’Ug,U4,1}5,1]6,’[}7,’08,1)9,1}10,’U1171212,’013) )

_ _ _ _ k _ wal _ k _ 3w

where v1 = vg = v9 = 0, vy = _mﬂzth’ v3 = ;21, vy = —WZC, V5 = ‘334,
k% _ lsve _ __ Agpumke _ —koAp _ lzvio _ lgvig
V6 =g , V7 = 5575010 = T?’LBMDAMMH’U11 - mﬂMOAMMH’Ul2 = o V13 = oue

Similarly, the Jacobian matrix of system (4.4) has a right eigenvectors (associ-
ated with zero eigenvalues) as given by:

T
w = (w17w2,w3,w47w5>w6,w77w8,w97w107w11,w127w13) s

where
w1 Z—?ﬁl,wzz n}ffl,ws: T wy = Wlfl,wfs:Q wy = %, wszl%,wg:
mA M pke _ mAypa(BMepwryr —Bupws) _ mAnmpa(BMopwr(1—y1)—Bucws)
- AHN?VI s W10 = AH“?\/{ W11 = Anlspy, ’
Wyg = IMCWI0 () — CMOWIs
[V [15%
And

k1 = Brcwis + Bupwiz, ko = Oav7 — lyvs, k3 = Bycwis + Baupws,
k4 = 3wy + aows + asws, ks = pows + baws, ke = Brprows + Brcpwr + By pws,
k7 = mBarpvs + parviz, ks = mBupva + pmvis, ko = ¢avr — lavs.

By applying the Center Manifold Theory adopted in [45], we calculate the rele-
vant non-zero partial derivatives of the right-hand sides of the transformed system
(4.4). These are evaluated at the disease-free equilibrium point (refer to the ap-
pendix for the associated non-zero partial derivatives of the transformed model)
(4.4). The corresponding bifurcation coefficients a and b are expressed as follows:

7 2 7 2

4= 3 v gy b (0,0) and b= 3 vewigy 4 (0,0).

k,i,j=1 ki, =1

From the transformed system (4.4), the associated non-zero partial derivatives
used in computing the value of a are in appendices, hence the value of a given by:
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a=—2moncopX1Xe

_ 2mBppromc(Bucwis + Bupwiz)” (hBycwiz + l3Bupwir)
BareBrp A
_ 2mBppromcwio (MBrpvs + pavis) (Bucwis + Bupwiz)
BrcApls
2vgm2o o (Bucwis + Bupwia) o
+ X3
A
+ 2mBrepyiin (02Vr — lavs) (Bucws + Bucpwr + Barpws) (w3 + Oaws)
BupAmpals

+2pp (92Vr — lavs) <X4 + X5)

o (ylﬂMCD (pow3 + Oaws) n 02w2>
BrpAuls Agly
+ QLLH (¢2V7 — l2’U3)
y1Bmep (pows + Oows) — oows \ o
% ( BupArls * AH12> Xe
L 202w3 (P2 V7 — l2U3)X7
Bupla
" 2pum (¢2Vr — lavs) (Barcwis + By pwiam) XeXe
Appns
2(1 — 1) Bucppm ($2Ve — Lavs) (pows + Oaws)”
BrcAulEpm
20’32,11)4% (¢2V7 — l4’l)5)
Anlipn
+ 2moszpgwy (02V7 — lyvs) (Bucws + Bucpwr + Bupws)
Appdly
+ 2 (92V7 — 141}5) (gbg’wg + 0211)5)
ospgws (1 —y1) Buep + Buc
Agparls
m (1 —y1) Buoppr (Bucws + Bucpwr + Bupws)
Ampd,

+

+

Similarly, it also follows that the value of b is given by:

h = quckrwio 0,

where
X _ Bp(Bucwiz+Bupwiz)wig + Bc (mBapvaturviz)win
1 mByup A pm mBucAupml ’

_ m(Bucwiz+Prpwiz) oalawatozlawy (a2+9¢2)wz+(az+602)ws+1Pzwy
Xy = A + laly + le ’

X; = ﬁdswl%;f]ﬂlww’ X4 _ m(ﬁMcwl3+ﬁMDuu;Ill21)l(;3uH+qul—5113)’

_ lgoswa+(Y3wr+asws+azws)ly X(} = Tawa d2w3+02ws

l4l5 ? 12 lG ’
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X — mBup s (BuMcws+Brepwr+Bupws) + wa (Y1BMcp+Brmb)(Pp2w3+02ws)
T Ampm Amle

)

XS _ HH(lll—l"_l3)+lll3 + lgagw2+(w3w;—|;a2w3+a3w5)l2’
131 H 2te

v ozws | (1=y1)Bmcp(Pp2ws+02ws)
Xy = ly + Bmcle :

Hence, backward bifurcation occurs if and only if a > 0.

5. Analysis of the full Zika-Dengue-Chikungunya
co-infection model

Having studied all the sub-models, our next step is to investigate the whole model
(2.1) for its qualitative features. This analysis is carried out in this part.

5.1. Local stability of disease free equilibrium.

Following the analysis of Zika-Dengue and Chikungunya full model (2.1), we con-
sider the Zika-Dengue-Chikungunya full model (2.1). Its disease free equilibrium
point is given by:

¢ep = (M /,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,% /,..0,,0,0,0,0) .

It is more straightforward to establish, as mentioned in Sections 3 and 4, that the
corresponding reproduction number for the Zika-Dengue-Chikungunya full model
(2.1) is given by:

Rzpc = max (Roz, Rop, Roc) - (5.1)
Thus, the following results are established based on Theorem 2 from [46].

Theorem 5.1. The disease free equilibrium of the Zika-Dengue-Chikungunya full
model (2.1) given by (5.1), is locally asymptotically stable if Rzpc < 1 and unstable
ifRzpc > 1.

Since Zika, Dengue and Chikungunya only model undergoes backward bifurca-
tion, it follows that the Zika-Dengue- Chikungunya full model (2.1) equally undergoes
backward bifurcation at Rzpc = 1. Theorem 11. Zika-Dengue-Chikungunya model
(2.1) undergoes backward bifurcation at Rzpc = 1 as in section 3 and 4 above for
sub model analysis as well as co-infections.

6. Sensitivity analysis and data fitting

We undertake sensitivity analysis to find the parameter(s) that influence the spread
and control of infection in a given population. The sensitivity index of the repro-
duction number for Zika, Dengue, and Chikungunya viruses with respect to any
parameter (say ¢) is given by

Ro _ ORqg X o

i o1 Ry
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Thus the sensitivity index of the reproduction number of Zika (Ryz) Dengue
(Rop) and Chikungunya (Ryc) with respect to the parameters i is given by:

Roz _ ORoz i Rop __ ORop i Roc __ ORgc i
Xi D= X Ry Xa D= T X gy andx Y = S5E X o

Considering Zika-only reproduction number as given below:

Roz MH(mﬁMzAMUMzMHﬁHz+AHﬁZMHH?VI+AHBZM?WUMZ)
X = 2 2
g1 (o14pu)(r+dz+pu)(omz+pa)Nap3,

(o1+pm) (i +dz+pm)(omz+um)Anpi,
Bz(omz+mru)Aup2,+mBruzAvonmzpuBaz’

Roz — _Mh Roz _ b6z  _

Xov? = oigur = +0.2539, Xs; = “aitostnn = 0.0159,
Roz _— _ (<] —

Xoar” = Taitoztum 0.9712,

XROZ _ 2m2BrzBrzAMOMZILE — 1.9981
m BzAa(onmz+um)pm?+m2BuzBuzAvmonvzin : )

Roz _ mPAnvonmzunBazBuz _

XAn = T BzAnomztin)iaiAmEAvonzinBaz Bz 0.9991,
Roz _ m>AvonzpnBrzBrz _

Xan = BzAu(omz+um)pm+m2AvonzpaBazBrz — +0.9991,

XRoz — m2BmzBuzAMpHEMI M Z = 10.2806
oMz (omz+pnm)(m2AvovzpuBazBrmz+AaBzunm>+AuBzurv?orz) ’ ’
Roy _ o1tpn ((Omztpm)Aupior(1+018z)+mBuzAvonzBuzoipn) 10.7321

Xpw™ = AuBzpo1(omz+um)+mBruzAvoromzBuzIvE o : ’
R§ _ mPAnomzunBazBuz _

ZBMZ T BzAu(omztpm)pmitmEAvomzuaBrzBMz +0.9991,

ROZ _ 5ZI\H(UMz+lLM),LLM2 _

Zﬁz T BzAu(omzrum)pmEdm2BruzBazAMo Mz T +0.0009,
R§ _ m2BrzBuzAMomzin _

Z,BZ T BzAu(omzHpm)pmidm2BrzBazAMomzE T +0.9991.

Similarly, we obtain the sensitivity indices of the basic reproduction number of
Dengue as:

xFor = +0.0689, xfor = —0.3192,

xHor = 0.0063, xFor = 41, xj0 = ~0.0957, x5 = +0.5,

R R
Xgup = 105, Xy, = 0.5,

Xy = =05, xfp = ~1

123,74

and x[for = 0.3396.

Finally, we perform sensitivity analysis for Chikungunya virus in the same man-
ner as we did for Zika and Dengue fever. The sensitivity indices for Chikungunya
virus are as follows:
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SensinvityIndices
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Figure 6. Sensitivity index of the basic reproduction number for Zika virus
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Figure 7. Sensitivity index of the basic reproduction number for Dengue fever
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Figure 8. Sensitivity index of the basic reproduction number for Chikungunya
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xHor = 40.4500,

B¢ = —0.2139,xFoc = 0.03677,

omMcC

Roc = 41,xf°c = —0.2621,

m
X5 = 05, = 405,

XAo = 0.5,XKS = —0.5,xfoc = ~1.03676,

MM

xFoe = 0.4250.

6.1. Interpretation of sensitivity indices

Figures (6), (7), and (8) depict the sensitivity indices for the parameters of the
models proposed and analyzed in this work. These indices quantify the extent
to which each parameter contributes to the disease’s spread. In the bar charts,
parameters with positive values exert a greater impact on the spread of the disease,
whereas those with negative values have a lesser impact. This implies that increasing
the values of parameters with positive indices will lead to an increase in the number
of infection cases, while decreasing the values of parameters with negative indices
will result in a decrease in the number of cases. Based on the study’s findings, for
the Zika virus, the top-ranked parameters that should be targeted for controlling
the spread of the disease are the death rate due to Zika virus (dz), the recovery
rate of infectious humans with Zika virus (o), and the recruitment rate of humans
(An).

Similarly, for dengue fever, the key parameters for controlling the spread are
the death rate due to dengue fever disease (dp), the recovery rate of infectious
humans with dengue fever as, the natural death rate of mosquitoes (ups), and
the recruitment rate for humans (Agy). Conversely, in the case of Chikungunya
virus, the primary parameters to focus on for controlling the disease’s spread are
the death rate due to Chikungunya virus d¢, the recovery rate of infectious hu-
mans with Chikungunya virus (ag3), the mortality rate for mosquitoes (uar), and
the recruitment rate for humans (Ag). Taking proactive measures to ensure that
the sensitivity indices for these key parameters consistently remain negative will
significantly contribute to the effective control of disease transmission.

6.2. Data fitting for Zika, Dengue and Chikungunya virus

This section describes how the data for the study was carried out for some of the
important parameters in the models. The data fitting is performed on the Zika,
Dengue, and Chikungunya viral models using the fmincon method, which is a com-
ponent of the optimization toolbox of MATLAB program. Weekly epidemiological
data was gathered from Espirito Santo State, Brazil, where the three (3) vector-
borne illnesses co-circulated [38]. The number of confirmed cases of Zika, Dengue,
and Chikungunya is provided in Table 4 below.
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Table 4. Real life data as obtained for the three diseases

Week Period Zika | Dengue | Chikungunya
1 03/01/2021-09/01/2021 | 24 251 85
2 10/01/2021-16/01/2021 | 31 238 95
3 17/01/2021-23/01/2021 | 28 250 105
4 24/01/2021-30/01/2021 | 32 267 102
5 31/01/2021-06/02/2021 | 22 235 72
6 07/02/2021-13/02/2021 | 23 195 63
7 14/02/2021-20/02/2021 | 31 206 63
8 21/02/2021-27/02/2021 | 19 238 58
9 28/02/2021-06/03/2021 | 28 277 101
10 07/03/2021-13/03/2021 | 25 310 97
11 14/03/2021-20/03/2021 | 26 373 100
12 21/03/2021-27/03/2021 | 25 358 99
13 28/03/2021-03/04/2021 | 31 306 99
14 04/04/2021-10/04/2021 | 31 454 93
15 11/04/2021-17/04/2021 | 31 401 99
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Figure 9. Numbers of cases of Dengue, Zika and Chikungunya per epidemiological week in Espirito
Santo State in Brazil from 3rd January, 2021 to 17th April, 2021 as extracted from [43].

7. Numerical simulations and discussion

It becomes imperative to conduct the numerical simulations of the co-infection
model towards validation of results obtained from qualitative analysis of the model.
The initial conditions of the state variables used for the numerical simulations

is given as follows:

S1(0)=208463140,E £ (0)=500,17(0)=24,E p (0)=1000,I , (0)=251,

E(0)=700,1¢:(0)=85,E 1 (0)=450,E 7¢:(0)=300,E p:(0)=370, B p: (0) =150,

Izp=15,Izc=10,

Ipc=25,S82zpc(0)=5,R(0)

=0,87(0)=5000,E ;2 (0)=150,

EMD (0):300,EMC(0):180,IMZ(0):4IMD(0):2land IMD(O):21
These are the initial conditions we used in the simulation of the model towards
validating some of the theoretical results obtained in this work, would be system-

atically discussed.

Bp Rop

0.1 0.4303
0.3 0.7453
0.5 0.9622
0.7 1.1285

Table 5. 8p and Rop
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Figure 10. Simulations of the model (2.1) showing plots of (10a) Zika-only infected individuals (Iz),
(10b) Dengue-only infected individuals (Ip), (10c) Chikungunya-only infected individuals (I¢) and (10d),
(10e), and (10f) infected individuals with the three diseases (Szpc), using initial conditions stated
earlier. Parameters values used for the plots are found in Table 12 (in appendices); parameter values
were varied for Bz, Bp and B¢ at different intervals with the corresponding values of their reproduction
numbers as shown in Tables (5, 6 and 7), so that Roz = 0.0061, Rop = 0.3611, Roc = 0.0907 and
Rzpc = 0.3611.
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Figure 11. The simulations of model (2.1) showing the plots (11a) and (11b) for co-infected individuals
with Zika and Chikungunya (Iz¢), varying the transmission rate from infected humans with Zika to
susceptible humans (8z) and infected mosquitoes with Dengue fever to susceptible humans, with the
values of their reproduction numbers summarized in Tables (9, 10 and 11) respectively for the values
of Rzc < 1, using various initial conditions. The values of parameters used are as shown in Table 5
(in appendices), where (Roz = 0.0061, Roc = 0.0907 and Rzc = 0.0907). Similarly, plots (11c) and
(11d) depict co-infected humans with Dengue fever and Chikungunya Virus, varying the transmission
rate from infected mosquitoes with Dengue fever to susceptible humans and from infected mosquitoes
with Chikungunya to susceptible humans for the value of Rzc < 1; the parameter values used are
in Table (5) above, where (Rop = 0.1155, Roc = 0.0907 and Rpc = 0.1155). Plots (11le) and (11f)
display co-infected humans with Zika Virus and Dengue fever, varying the transmission rate from infected
mosquitoes with Zika Virus to susceptible humans and from infected mosquitoes with Dengue fever to
susceptible humans for the value of Rzp < 1, where (Roz = 0.0061, Rop = 0.1155 and Rpc = 0.1155);
the parameter values used are in Table 12.
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Bc  Roc
0.1 0.5120
0.3 0.8194
0.5 1.0400
0.7 1.2070
Table 6. fc and Roc
Bc  Roc
0.1 0.1282
0.3 0.2221
0.5 0.2867
0.7 0.3392
Table 7. fc and Roc
Bz Roz
0.1  0.0000
0.3 0.0000
0.5 0.0000
0.7 0.0000
Table 8. f7 and Roz
Bp  Rop
0.1 1.1835
0.3 1.2139
0.5 1.2230
0.7 1.2230

Table 9. Parameters for Sp and Rop



290 N. Agahiu, B. I. Omede et al.

0 o

= — ¢ =0.1 z

i 3 = .
i —0,=03 z =
E] 5 ™ z
g™ —0,=05 2 .
= ” =

2 —0, =07 T = b

= © 2
2 2 2 3 =
g - £ 3

2 = ) 3

E € 3 e
> w0 =] £

= & 1) [}

9 El [

. =
£ = 2 = £
= @ )

B E
s 3 ] 5 = = E) o s 0 = E = e e + = * + r
Time (in weeks) Time (inweeks) Time (in weeks)

(a) The effects of o1 on I}, for (b) The effect of o2 on I}, for (c) The effect of o5 on I¢, for

Roz >1 Rop >1 Roc > 1

5 2 A

: . A

3 I H

- 3 E

s 2 i

; ;-

£ g t,

g 5 8

: "cﬁme [I!":WEEIG:; = ; ! : “Tima (\r:swaeks);& = : : ‘(TWE (lr:sweeks;‘: =

(d) The effect of o3 on I} for (e) The effect of o1 on I} for (f) The effect of o2 on I}, for
Rzpe >1 Rzpco >1 Rzpco >1

Figure 12. The simulations of model (2.1) showing plots (12a) Zika-only infected individuals (I} ), (12b)
Dengue-only infected individuals (I},), (12¢) Chikungunya-only infected individuals (1) and (12d, 12e,
and 12f) infected individuals with the three diseases (87 ), using various initial conditions. Parameters
and values used for the above plots are found in Tables 5, 6, and 7, with (12a) having (o1 = 0.99,
Bz = 0.99, Brrz = 0.93, Bz = 0.95, a1 = 0.99 and §z = 0.098), (12b) (8p = 0.72), (12¢) (o3 = 0.050,
Bc = 0.90, Buce = 0.99 and a3 = 0.09), which applies to the co-infections by varying o1, o2 and o3
with their corresponding reproduction numbers tabulated in Tables (9), (10) and (11).
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Bz Roz

0.1 1.0047
0.3 1.0569
0.5 1.0680
0.7 1.0728

Table 10. Parameters for 8z and Roz

Bc  Roc

0.1 1.7731
0.3 1.8186
0.5 1.8281
0.7 1.8323

Table 11. Parameters for 8¢ and Roc

7.1. Discussion and findings

In an attempt to validate some of the analytical results obtained in these work,
rigorous simulations of the model (2.1) were carried out, by using the sets of pa-
rameter values in Tables (5, 6, 7) in appendices. In Figure (10f), we explore the
transmission dynamics of individuals infected with only Zika, Dengue fever and
Chikungunya virus and individuals co-infected with the three diseases. Using vari-
ous initial conditions and the parameter values in Table (4), we simulate the model
by varying the transmission rates of each of the three diseases with respect to their
associated changes in reproduction numbers as tabulated in Tables (5, 6 and 7) (so
that Ryz = 0.0061, Ryp = 0.3611, Ry = 0.0907 and Rzpc = 0.3611), which shows
convergence to disease-free equilibrium. Similarly, Figure 13 depicts the effects of
varying the transmission rates on the co-infected individuals with Zika-Dengue,
Zika-Chikungunya and Dengue-Chikungunya virus with their corresponding repro-
duction numbers as tabulated in Tables (5, 6 and 7) and the parameter values
used are as tabulated in Table (13), so that Ryz = 0.0061, Rop = 0.3611 and
Rzp = 0.3611; Ryz = 0.0061, Roc = 0.0907 and Rzc = 0.0907; Rop = 0.3611,
Roc = 0.0907 and RDC = 0.3611.

From Figures (10) and (11a, 11b, 11c, 11d, 11e, 11f), it is obvious that an increase
in the contact rates of co-infected individuals with any of the three diseases leads to
convergence towards disease-free equilibrium. This could be related to natural death
or the recovery rate resulting from people having antibodies that defend against
re-infection or co-infection. These antibodies may also boost viral transmission
through a method known as antibody-dependent enhancement, particularly when
the reproduction number threshold reaches unity.

On the contrary, Figures (12a, 12b, 12¢, 12d, 12e, 12f) and (13a, 13b, 13c, 13d,
13e, 13f) illustrate the effects of varying the progression rates of exposed individuals
to Zika-only infected individuals, Dengue-only infected individuals, Chikungunya-
only infected individuals, and co-infections such as Zika-Dengue, Zika-Chikungunya,
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Dengue-Chikungunya, and Zika-Dengue-Chikungunya. The related values of the
reproduction numbers are presented in Tables 9, 10, and 11, respectively. Numerous
beginning circumstances were considered, and the parameter values utilized are
given in Table 12, with o1 = 0.99, Bz = 0.99, Barz = 0.93, Bz = 0.95, a3 = 0.99
and dz = 0.098: Bp = 0.72; o3 = 0.050, Bc = 0.90, Brrc = 0.99 and a3z = 0.09, (so
that RY = 1.0764,Rop = 1.1420, Rop = 1.7109 and R}, = 1.7109; Roz = 1.0764,
Rop = 1.1420 and Rzp = 1.1420; Ryz = 1.0764, Ryc = 1.7109 and Rz¢ = 1.7109;
Rop = 1.1420, Roc = 0.0907 and Rpc = 1.7109) which shows convergence to
endemic equilibrium. Gumel et. al [56] ascertained that if two or more of the
reproduction numbers are greater than unity, there is always co-existence of the two
diseases no matter which of the reproduction numbers is greater. Figures (14a, 14b,
14c¢) illustrate the simulations portraying the impact of the mosquito biting rate m
on the cumulative new cases of Zika-only infected individuals, Dengue-only infected
individuals, and individuals infected with Chikungunya. The Figure suggest that
an increase in the mosquito biting rate m directly and concurrently increases the
new cases of Zika virus, Dengue fever, and Chikungunya virus co-dynamics. This
phenomenon may be attributed to susceptible individuals not adopting accurate and
effective preventive measures and controls, such as the application of insecticides
and noncompliance with the use of mosquito-treated nets, among other factors.

Figures (15a, 15b, 16a, 16b, 17a, 17b) above shows the surface plots of Zika
virus, Dengue Fever and Chikungunya virus. These demonstrate the transmission
dynamics by identifying those key parameters that enhance the widespread and the
prevalence of the diseases and vice versa.

(a) Surface plot of Roz against o1 and Bp  (b) Surface plot of Ryz against o1 and Sz

Figure 15. Surface plots of reproduction numbers against key parameters of the model
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8. Conclusion and recommendations

8.1. Conclusions

We have constructed and examined a mathematical model that determines the
transmission dynamics of the co-infection combining Zika, Dengue fever, and Chikun-
gunya virus. Our analysis involved examining the quality of the three different
sub-models: one focusing entirely on the Zika virus, another specifically on Dengue
fever, and the third exclusively on the Chikungunya virus. Our analysis has the
following outcomes:

1. The fundamental reproduction number of Zika, Dengue, and Chikungunya
infections was discovered to fall below one, which demonstrates the spatially
asymptotic stability of their disease-free equilibrium points.

2. The entire co-infection model demonstrates local asymptotic stability at the
disease-free equilibrium point when its basic reproduction number is below
one.

3. The separate sub-models for Zika, Dengue fever, and Chikungunya, as well
as the combinations of Zika and Dengue fever, Zika and Chikungunya, and
Dengue and Chikungunya co-infection, all exhibit backward bifurcation at the
disease-free equilibrium point.

4. We did numerical simulations of the model, wherein we systematically ad-
justed numerous parameters, including transmission rates for each of the dis-
eases and progression rates from exposed individuals with Zika-only, Dengue-
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8.2.

only, and Chikungunya-only to their corresponding infected compartments.
The goal was to comprehend the transmission dynamics of each of the three
diseases and their co-infections. The research indicated that a heightened
rate of interaction between susceptible and diseased people contributes to the
enhanced transmission of all three diseases. Similarly, a large progression of
exposed individuals to the infected class results in an escalation of individuals
infected with one or more of the diseases.

Finally, it was noted that an increased biting rate among the vectors (mosquit-
oes) also adds to the heightened spread of the diseases and leads to an increase
in the cumulative number of new infection cases for all three diseases.

Recommendations

Based on our findings, we make the following recommendations:

An awareness campaign should be created so as to educate people on the
actions that accelerate the transmission and multiplication of Zika, Dengue,
and Chikungunya viruses.

Construction of sufficient number of healthcare and treatment facilities to pro-
vide for people infected with Zika, Dengue, and Chikungunya viruses should
be embarked upon. It is advised that governments in third-world countries
undertake the distribution of mosquito nets to every household in the commu-
nity. This initiative aims to safeguard vulnerable individuals from mosquito
bites, thereby reducing the likelihood of contracting any or all three diseases.
Consequently, healthcare policymakers are urged to take proactive measures
to ensure that individuals in society protect themselves from mosquito bites,
the sole mode of transmission for all three diseases. By doing this, it is pre-
dicted that the co-circulation of all three diseases can be effectively halted.

Conclusively, in this work, a comprehensive dynamical analysis of the transmis-
sion patterns involving Zika virus, Dengue fever, and Chikungunya viruses has been
conducted. Nevertheless, there are multiple avenues for expanding this research
work. These include the following:

Integrating preventive measures such as the use of mosquito nets and launch-
ing public awareness campaigns on activities that contribute to mosquito
breeding should be included in our disease control strategy. This approach
aims to decrease the occurrence of Zika, Dengue fever, and Chikungunya in-
fections, as well as their simultaneous presence in a population.

Utilizing age-structure models to explore the transmission patterns of co-
infections involving Zika, Dengue fever and Chikungunya virus.

Incorporation of optimal control strategies into the Zika, Dengue, and Chikun-
gunya co-infection model so as to reduce the disease burden in a population.

Reformulating and analyzing the co-infection of Zika, Dengue, and Chikun-
gunya disease model using fractional order model approach.

As mathematical models act as symbolic representations of real-life biological
systems, they inherently possess the risk of losing critical information, potentially
resulting in less precise predictions of model outcomes. Consequently, it becomes
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crucial to undertake further research based on more reliable data, with the aim
of refining our comprehension of the co-infection dynamics involving Zika virus,
Dengue fever, and Chikungunya virus.
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The associated non-zero partial derivatives of the transformed model (4.4) is given
by:
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Table 12. Tables of parameter values and Sensitivity Index

Parameters Values References | Sensitivity Index
Ag 100 [38] (—0.9991, —0.5,—0.5)
Ay 100 [42] (0.9991,0.5,0.5)
o1 0.0235 Fitted +0.2539
lop) 0.05 Fitted +0.0689
o3 0.049 Fitted +0.4500
o4 1/4.5 Assumed -
of 1/4.5 Assumed —
ol 1/4.5 Assumed —
o 0.09 —0.15 [43] —0.9712
[a%) 0.09 —0.15 [43] —0.3192
Qg 0.09 —0.15 [43] —0.2139
m(Z,D,C) 0.45 (+1.9981,+1,+1)
01, 02,03 0.0098, 0.04, 0.089 Assumed —
Bz 0.01 Fitted +0.0009
Brz 0.065 Fitted +0.9991
Brz 0.0441 Fitted +0.9991
Bp 0.072 Fitted +0.5
Bmp 0.140 [43] +0.5
(0zp,0zc,dpc) | (0.0098,0.089,0.0098) Assumed —
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Table 13. Tables of parameter values and Sensitivity Index
Parameters Values References Sensitivity Index
1 (Z,D,C) | 1/(365 x 67) [42] (0.7321, 0.3396, 0.4259)
1 (Z,D,C) 1/14 42] (—2.2787, —1, —1.0369)
oMz 1/8.2 [51] +0.2806
OMD 0.1 Assumed +0.0063
oMC 0.3 Assumed +0.0368
Oz 0.0098 Assumed —0.0159
op 0.04 [42] —0.0957
oc 0.05 Assumed —0.2621
m 0.5 Assumed -
N2 0.1 Assumed —
P 0.2 Assumed —
o 0.45 Assumed —
01 0.42 Assumed —
02 0.53 Assumed —
01 0.51 Assumed —
o)) 0.41 Assumed -
Bc 0.0423 Fitted 0.5
Buc 0.25 Fitted 0.5
dzcD 0.0089 Assumed —
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