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Abstract This study introduces a novel one-dimensional fractional-order mo-
del for cardiac action potential duration (APD) dynamics, incorporating mem-
ory effects through discrete fractional calculus. By generalizing the classical
APD map using the Caputo fractional difference operator, we uncover complex
nonlinear behaviors not observed in traditional integer-order models. Through
comprehensive numerical simulations, including bifurcation analysis and Lya-
punov exponent calculations validated by the 0-1 test, we demonstrate that
the fractional-order system exhibits:

1) Early onset of chaos (at ts = 307ms) without preceding period-doubling
bifurcations.

2) Novel rhythm alternations between 5 : 5 and 3 : 3 patterns.

3) Unique bistability phenomena, including 2 : 2 +— chaos and 5: 5 +— 3 : 3
states.

4) Memory-dependent dynamics where current APD depends on all previous
states.

Our results reveal that fractional calculus provides a more physiologically re-
alistic framework for modeling cardiac dynamics by naturally incorporating
memory effects. The identified dynamical regimes offer new insights into the
transition mechanisms from normal rhythms to potentially arrhythmic states,
with particular clinical relevance to understanding alternans as precursors to
ventricular fibrillation. The fractional-order approach demonstrates superior
capability for capturing the complex, history-dependent nature of cardiac ex-
citation compared with conventional models.

Keywords Fractional-order calculus, cardiac dynamics, action potential du-
ration, nonlinear dynamics, chaos
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1. Introduction

To understand cardiac arrhythmias in the human heart, it is essential to grasp the
complex dynamics represented in mathematical models. The idea that mathemat-
ical analysis can aid in understanding these arrhythmias is not a recent develop-
ment. As early as the 1920s, researchers showed that by adjusting parameters in
mathematical models of the heart, they could replicate rhythms that are clinically
observed in arrhythmias [12,24].

The behavior of various cardiac arrhythmias and the transitions between dif-
ferent heart rhythms suggest that nonlinear phenomena play a significant role in
the development of these irregular heartbeats. Unlike most cardiac diseases, which
progress slowly and steadily over many years, arrhythmias can often occur sud-
denly. In nonlinear systems, sudden changes in dynamics can unexpectedly arise
from gradual modifications to a system parameter; this phenomenon is known as
bifurcation [20].

Memory has been the subject of extensive research across multiple disciplines,
including physics, chemistry, biology and electrical engineering [1,4,17]. In sys-
tems characterized by memory, dynamic behavior is significantly influenced by prior
experiences, as exemplified by hysteresis observed in ferromagnetic materials. In
electrically excitable cells, such as neurons and cardiomyocytes, the dynamics of
excitation are governed by intricate networks that encompass a variety of ion chan-
nels and signaling pathways, each functioning on distinct time scales. Consequently,
these systems frequently exhibit memory effects. For instance, electrical bursting
in neurons and pancreatic S-cells arises from interactions between rapid and slow
time scales, with the slower time scales potentially contributing to the development
of memory.

Low-dimensional iterated maps have been extensively employed to elucidate the
dynamic mechanisms underlying complex cardiac excitations. One of the most
widely recognized iterated map models is grounded in cardiac myocytes’ action po-
tential (AP) duration-restitution characteristics [26]. The concept of action poten-
tial duration (APD) restitution is well-established in cardiology and has undergone
thorough investigation in various experimental studies [14,27,29]. These iterated
maps demonstrate effectiveness when the influence of memory is negligible. How-
ever, their limitations become apparent when substantial memory effects indicate
the need for higher-dimensional maps to capture these dynamics accurately. Previ-
ous research has examined the relationship between memory and cardiac alternans,
generally concluding that memory exerts a suppressive effect on alternans [15,33,34].

Incorporating the memory effect into a model can be effectively achieved through
the use of a fractional-order operator. Over the past four decades, fractional cal-
culus—an extension of continuous-time and discrete-time chaotic dynamical sys-
tems to non-integer orders—has garnered significant attention [6-8,18,35]. This
fascination is largely because fractional-order models provide a more precise rep-
resentation of complex phenomena and reveal behaviors that integer-order mod-
els often overlook. Moreover, fractional calculus naturally aligns with systems
characterized by memory, which are frequently found in numerous biological pro-
cesses [2,11,19,28,30-32]. Embracing these models could lead to breakthroughs in
understanding and analyzing intricate systems.

In this work, we will summarize the contributions made by Lewis and Guevara
[23]. To incorporate the memory effect into their proposed model, we introduce a
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fractional version of the model by utilizing the Caputo fractional order differential
operator.

While traditional approaches to modeling cardiac electrical activity have pro-
vided valuable insights, they often fail to capture a critical feature of cardiac tissue
(memory effects). Our discrete fractional order model provides an elegant frame-
work to bridge this gap through its mathematical advantages and biological rele-
vance, since it naturally incorporates memory through its non-local kernel, preserv-
ing the simplicity of 1D maps while capturing infinite-dimensional memory effects.

To ensure the feasibility and reliability of our study, we employed a systematic
approach grounded in discrete fractional calculus. The fractional-order APD map
was derived analytically using the Caputo-like delta operator, following established
definitions and theorems in discrete fractional dynamics. Numerical simulations
were conducted using high-precision computation in MATLAB, with stepwise varia-
tion of the stimulation period ts; and controlled initial conditions. The dynamical
behavior of the system was examined using three complementary methods: bifurca-
tion diagrams, to detect qualitative transitions such as period-doubling and chaotic
windows, Lyapunov exponent plots, to quantify sensitivity to initial conditions and
detect chaos and 0-1 test for chaos, which offers a modern, non-traditional di-
agnostic tool to confirm chaoticity using only time series data. The convergence
among these methods strengthens the validity of our findings. Parameters were
taken directly from Lewis and Guevara’s model [23] to ensure biological relevance,
and the fractional order was chosen based on a balance between memory influence
and computational feasibility.

The proposed fractional discrete model offers several potential practical appli-
cations in both theoretical and clinical contexts. In particular, its ability to cap-
ture long-memory effects in cardiac action potential dynamics makes it well-suited
for modeling arrhythmias such as alternans and ventricular fibrillation, which are
strongly influenced by past cardiac cycles. This could inform the design of im-
proved diagnostic tools or pacing strategies that account for memory in cardiac
tissues. Furthermore, the model may serve as a computational framework for sim-
ulating drug effects on cardiac electrophysiology, especially when the drug-induced
modifications exhibit delayed or cumulative behavior. The discrete-time formula-
tion also makes it computationally efficient and easily integrable into larger-scale
simulations of cardiac tissue or whole-heart models.

We begin our study by recalling some essential definitions from discrete fractional
calculus.

2. Discrete-time fractional calculus

This section delves into the essential definitions that form the foundation of discrete
fractional calculus, a fascinating area of study that blends traditional calculus with
discrete mathematical concepts.

Let a € R and let N, denote the set of all discrete numbers starting from a, ie,
N, ={a,a+1,a+2,...}. For a function u(n), the delta difference operator A is
defined as

Au(n) =u(n+1) —u(n). (2.1)

Definition 2.1. [5] Let u : N, — R and ¢ > 0. Then the fractional sum of ¢ order
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is defined by
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where a is the starting point, o(s) = s+ 1 and ¢(@ is the falling function defined in
terms of the gamma function as

o T(t+1)
@ = il o) (2.3)

Definition 2.2. [3] For p > 0, ¢ ¢ N and u(t) defined on N,, the Caputo-like delta
difference is defined in the following manner:

cALu(t) = Ag MTD Amy(t)

1 t—(m—op) (m—g—1) Am (2.4)
“Tm—o ; (t—oa(s)) Af'u(s),

where t € Ngp—p, m = [0] + 1.

The subsequent theorem provides a basis for defining the numerical formula for
the proposed system.

Theorem 2.1. [10] For the delta fractional Caputo-like discrete initial value prob-
lem

CAfu(t) = ft+o—Lu(t+o—1)),

(2.5)
AFu(t) = uy, for k=0,1,...,m — 1 where m = [g] + 1,
the equivalent discrete integral equation can be obtained as
R
u(t) = Uo(t)‘f'@ Z (t—o(s) @V f(s+o—1,u(s+0—1)), t € Napm, (2.6)
s=a+m—p
where )
ml(— g)®
uo(t) = Z %Aku(a). (2.7
k=0

The existence results for the nonlinear fractional difference equation discussed
n [9] have been presented. Specifically, if the initial point ¢ = 0 and 0 < o < 1,
then equation (2.6) can be rewritten as follows:

t—o
1
u(t) = u( T (t—o(s) " Vf(s+o—TLuls+o—1)), t €N (2.8)
s:l )
Esing (t—o(s))e= = %, and s+ = j, equation (2.8) is further simplified
0

t

) = u(0) 4 5 30 G Lt - D), (29)

Jj=1
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3. One-dimensional cardiac action potential dura-
tion mapping model without memory

Lewis and Guevara [23] undertook a detailed simulation aimed at examining the
effects of periodic stimulation on a strand of ventricular muscle. This investiga-
tion was meticulously conducted through the numerical integration of the one-
dimensional cable equation, yielding significant insights into the mechanisms of
cardiac physiology. They considered the equation that reads

(a/2R;)0%V/dx* = COV/ot + I, (3.1)

where the Beeler-Reuter model is employed to accurately represent transmembrane
currents. This enabled them to simplify the analysis of a partial differential equa-
tion, which is typically infinite dimensional, down to a one-dimensional map. Addi-
tionally, this approach demonstrated that concepts from non-linear dynamics—such
as bifurcations with period doubling, bi-stability, and chaotic behavior—can effec-
tively explain the phenomena observed in the numerical simulations of the cable
equation.
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Figure 1. (a) Iterates asymptotically converge to the stable period-1 orbit, corresponding to a 1 : 1
rhythm. (b) Bi-stability: Iterates converge to the stable period-1 orbit, corresponding to a 2 : 1 rhythm
for APD; = 250ms and to a period-2 orbite, corresponding to a 2 : 2 rhythm for APD; = 240ms
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300

Figure 2. Bifurcation diagram of map (3.2) (APD wvs ts)

We first consider a simple one-dimensional map that lacks memory. This itera-
tive system of the action potential duration (APD) is proposed in [23] as

Tiy1 = f(@i), i €N,
or

T T2

i ts i ts
i1 = A— By exp (H> — Byexp (”) . (3.2)
1

x; € [0,270 msec|, where x;1 is the APD generated by the (i + 1)th stimulus and
let n the parameter block in the production of an action potential on the condition
that (nts — ;41 > DInim) . The constants: A, By, Ba, 71,72, DI, are related
to the cardiac electro-physiological constraints of the heart defined by Lewis and
Guevara [23]:

A =270 msee, Bj = 2441 msec, Bs = 90.02 msec, (3.3)
71 = 19.6 msec, o = 200.5 msec, DI,,;, = 53.5 msec. .

Note that an N : M rhythm (N > 1, M > 1) is periodic with period Ntg, consist-
ing of repeating N : M cycles, each containing N stimulus pulses, and M action
potentials with distinct morphologies.

Figures 1(a) and 1(b) show plots of APD; vs. i for various ts;. Figure 1(a)
(ts = 400 msec) demonstrates that the trajectory of map (3.2) converges to a stable
steady-state or period-1 orbit, APD; = APD;;1 = 231 msec in an alternating
manner (the period-1 orbit is asymptotically stable). This steady-state corresponds
to a1l: 1 rhythm with an APD = 231 msec. This period-1 orbit remains stable
until ¢, = 301.8 msec, where it becomes unstable and is replaced by a period-2 orbit,
corresponding to a 2 : 2 rhythm. This period-2 orbit arises out of a period-doubling
bifurcation. This happens if an initial condition APD; < 248 msec. However if
the initial conditionAPD; > 248 msec the iterates converge to a period-1 orbit
at APD; = APD,;;1 = 254 msec, corresponding to a 2 : 1 rhythm Figure 1(b).
Bi-stability is thus present on the map (iterates converge to one orbit or the other
depending upon the initial condition).
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Figure 2 shows a bifurcation diagram (APD vs. ts) which summarizes the
changes in steady-state dynamics of the map (3.2). We note that as the frequency
of the stimulation in the Figure 2 is increased, the frequency of bifurcation of the
rhythms for any initial condition APD; < 248 msec is given by frequency = {1 :
1—2:1—4:2— chaos —3:1—6:2— chaos —4:1—8:2 —
chaos — 5:1 — 10 : 2 — chaos — 6 : 1 — total chaos}, and for any initial
condition APD; > 248 msec the frequency of bifurcation of the rhythms is given
by frequency = {1:1—2:2—2:1—4:2— chaos —3:1—6:2—
chaos — 4:1 — 8:2 — chaos — 5:1 — 10: 2 — chaos — 6 : 1 —
total chaos}.

In equation (3.2), APD,, relies solely on its immediately preceding value,
APD,,_1, indicating that it does not account for any memory effects. However,
cardiac systems do exhibit memory, where the action potential duration (APD)
depends not only on the most recent value but also on earlier APDs. To capture
this memory effect, a higher-dimensional iterated map is necessary. As illustrated in
reference [21], the authors employed a two-dimensional map to explore the nonlinear
dynamics arising from memory effects as follows:

i1 = A— Byeap (W)”t> ~ Byeap <(x—1/a)”t> . (349

1 T2

where a denotes a positive real parameter. The model incorporates a degree of
memory, as it connects the duration of the next action potential, represented by
T;y1, to the two preceding action potential durations, z; and x;_1.

In this study, we present a model of cardiac action potential duration (APD)
that exhibits long memory. Specifically, the current state of the system is influenced
by all previous states. To accomplish this, we utilize the Caputo fractional order
difference operator. The decision to adopt a long memory model is grounded in
the observation that excitable systems, including chaotic systems, possess memory.
This memory can lead to dynamic instabilities in excitation, as well as chaos [22].

4. The fractional order APD map

The first order difference (3.2) can be reformulated as

) — ts ) — ts .
Axz(i) = A— Byexp (m(z)n) — By exp <W> — (7). (4.1)
1 T2
The application of the Caputo-like delta operator ©A¢, with a designated as the

starting point, to equation (4.1) yields a novel fractional order cardiac action po-
tential duration (APD) map that reads

1) — ~1) —
°Alx(t) =A — Biexp (x(t to-l) nts> — Byexp (J:(t To-1) nts>

T1 T2

—z(t+0—1). (4.2)

According to Theorem 2.1, taking the initial point as 0, the solution of equation
(4.2) takes the form

. (i—j+o0) Tj_1 — nig
ac,—xo—i- ZFz—j—f—l (A—wap(ﬁ)
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—Boeap (mil_nts) _ gcjl) 7 (4.3)

T2

where 0 < p < 1 is the fractional order of discrete dynamical system (4.3).

Comparing maps (3.2) with (3.4), the fractional order map (4.3) exhibits a long
memory effect. This means that the current state of evolution z; is influenced by
all previous states xg,x1,...,2;—1.

Before we begin our numerical investigation, it is important to note that, sim-
ilar to fractional-order continuous-time systems, fractional-order discrete systems
cannot support non-constant periodic solutions. Consequently, the fractional-order
system described by equation (4.3) does not allow for periodic orbits [13]. However,
it is essential to recognize that this system may possess numerical periodic orbits
(NPOs), where the trajectories might approximate periodic solutions.

4.1. Dynamics of the fractional order APD

This subsection aims to explore both the regular and chaotic behaviors of the frac-
tional discrete map (4.3) using numerical simulations for the parameter set (3.3).

We strategically select fractional order g, which signifies the memory effect, to
maintain a balance between dynamic richness and proximity to the integer case
o = 1. After extensive testing, we confidently settle on ¢ = 0.92.

This study explores the impact of systematically decreasing the stimulation fre-
quency ts from 400 msec to 40 msec by increments of 0.1. Initiating from the
baseline condition APD; = 200 msec, we successfully generated the bifurcation
diagram presented in Figure 3(a).
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Figure 3. (a) Bifurcation diagram in the (¢,APD) plan for ¢ = 0.92, APD; = 200 msec and ts varying
from 0 to 400, (b) Lyapunov exponents corresponding to the bifurcation diagram

By analyzing the bifurcation diagram we see that for t; = 400 msec the stable
steady-state or period 1 orbit at APD,, = APD,; = 230.8 msec is asymptot-
ically approached. This steady state corresponds to a 1 : 1 normal rhythm. As
ts is decreased, the period 1 orbit becomes unstable and is replaced by a stable
period-2 NPO corresponding to a 2 : 2 rhythm or alternans. This period-2 NPO
arises out from a period doubling bifurcation that occurs at ts = 308 msec Figure
4(a). As ts is decreased still further, the period-2 NPO grows in amplitude until at
ts = 307 msec. It disappears in an abrupt fashion and is replaced by an irregular
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rhythm. It is crucial to acknowledge that alternans frequently occur as a precursor
to malignant ventricular arrhythmias. These can be indicative of an early phase
in a period-doubling cascade, which may ultimately progress to chaotic dynamics
associated with ventricular fibrillation. A thorough understanding of this relation-
ship is valuable for effective monitoring and management of potential cardiac risks.
In our case and unlike what it was observed in the integer order system, the chaos
appears suddenly, not being preceded by any period-doubling bifurcation.

When we reduce the parameter ts until the value 307 msec we observe the
formation of a period-5 NPO which corresponds to a 5 : 5 rhythm which lasts up to
ts = 304.9 msec, value for which a period-3 NPO corresponding to a 3 : 3 rhythm
appears. The 3 : 3 and 5 : 5 rhythms will alternate along the interval 303.2 msec <
ts < 304.9 msec as we see in Figure 4(b), where we note that the length of the
interval of the 3 : 3 rhythm increases while that of the 5 : 5 rhythm decreases until
it disappears at ts = 303.2 msec, and only the 3 : 3 rhythm remains. By decreasing
ts, the same scenario will be repeated in the interval 296.4 msec <ty < 300.1 msec
but with an alternation between 3 : 3 and 2 : 1 rhythms, see Figure 4(c).

As t, is decreased still further, one observes a period doubling bifurcation at
ts = 154 msec and the 2 : 1 rhythm is replaced by a 4 : 2 rhythm, after what
an irregular rhythm is produced at the values of t; lying between 142.1 msec and
153.6 msec. In this chaotic interval, we can see a period-3 window for 143.4 msec <
ts < 146.9 msec. As tg is reduced in the range 142.1 msec > ts > 40 msec in
0.1 msec steps, one repeatedly sees transitions of the form {n : 1 — 2n : 2 —
irregular — n+1: 1} with 3 <n <5.

= 250 e —eee=s s e e——
20 . 0
Q
= S 2w
< 0 < =
100 100
0 e ——
i o o e—— e S
: . o
S wrs ams  ws w2 sose dzs  ws s gam s w5 908 :es  ms me s s W
t, s
(a) (b) (c)
Figure 4. Expanded view of bifurcation diagram: (a) appearance of 2 : 2 rhythm (alternans) at
ts = 308 msec, (b) in range ts = 303.2 — 304.9 msec we can see alternation between 5 : 5 and 3 : 3

rhythms, (c) in range ts = 296.4 — 300.1 msec alternation between 2 : 1 and 3 : 3 rhythms

Thus, for the initial condition APD; = 200 msec, we can summarize the dy-
namics of the system by the following sequence

altenation altenation

sequence = {1:1—2:2— chaos - 5:5 3:3 2:1—=4:2

— chaos -+ 3:3 — chaos +3:1—6:2—chaos >4:1—8:2

— chaos —5:1— 10 : 2 — chaos}.

For an initial condition APD; = 250 msec, one obtains the bifurcation diagram
in Figure 5(a). We notice the absence of alternans (2:2 rhythm), and chaos ap-
pears abruptly in a border collision bifurcation, so we have the following sequence
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bifurcation:

altenation altenation
—_—

sequence = {1:1 — chaos = 5:5 3:3——2:1—=4:2—= chaos

—+3:3—23:1=6:2—=chaos -4:1—-8:2
— chaos —5:1—10: 2 — chaos}.
Bistability is a significant characteristic of the fractional order map APD. The
iterates decisively converge to one orbit or the other based on the selected initial
condition, APDx:
e the bistability {2 : 2 <> chaos} at t; = 307.5 msec,
e the bistability {5:5 <> 3: 3} at t; = 305 msec,
e the bistability {3:3 <> 2: 1} at t, = 300 msec,
e the bistability {chaos <> 3: 1} at t5 = 143 msec.

|

LE

1l Mol H‘WN‘\MIMM‘
, . , , , 0 50 100 150 200 250 300 350 400
0 50 100 150 200 250 300 350 400

ts ts
(2) (b)

Figure 5. (a) Bifurcation diagram in the (¢s,APD) plan for ¢ = 0.92, APD; = 250 msec and t, varynig
from 0 to 400, (b) Lyapunov exponents corresponding to the bifurcation diagram

4.2. Chaos in the fractional order APD

This section investigates the chaotic behavior of the fractional discrete map (4.3)
through numerical simulations with the parameters specified in (3.3). We employ
two powerful tools for analyzing chaos: Lyapunov exponents and the 0-1 test. The
Lyapunov exponent (LE) is an important metric in chaos theory that evaluates
the sensitivity of a system to small changes in initial conditions. It provides a
quantitative measure of the rate at which trajectories that start close together
diverge from each other, thereby offering valuable insights into the system’s chaotic
behavior. A positive Lyapunov exponent indicates that nearby initial points will
exponentially diverge over time, suggesting chaotic behavior. On the other hand,
a negative Lyapunov exponent signifies stability in a dynamical system, ensuring
that nearby trajectories will remain closely aligned. The definition of the Lyapunov
exponent is as follows:

n—1
1
A= lim = In|f/(z:)|
1=0

n—o0 N, 4
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where f(z;) is time series generated by chaotic system and n is the size of time
series.

The lyapunov exponents for system (4.3) are shown in Figure 3(b) for APD; =
200 msec and Figure 5(b) for APD; = 250 msec. They are in perfect agreement
with the corresponding bifurcation diagrams.

The 0-1 test, developed in [16], is a method used to determine whether a given
sequence exhibits chaotic behavior. The input for the test is time-series data, while
the output is either 1, indicating chaotic behavior similar to Brownian motion, or
0, signifying non-chaotic behavior where the motion remains bounded [25]. For
¢ € [0, 7], we calculate the test result K of a sequence ¢(j), where j =1,2,...,n
as follows:

K= lim 28

n—oo  logn

where M.(n) is the mean square displacement defined as

M,(n) = lim Z[chn P + 9 + ) — 4. ()]

N—oc0

Here p.(n) and ¢.(n) are the translation variables defined as:

Z¢ cos(jc) Zgﬁ sin(jc).

We now embark on applying the 0-1 test to the discrete series data APD,, for p =
0.92, with APD; = 200 msec and various values of ¢ derived from the parameter
set defined in (3.3).

Table 1 and Figure 6 showcase the results of this important test for different
ts values. Notably, for t; = 100 msec and t; = 152 msec , the asymptotic growth
rates K of the fractional order map reveal remarkable values: K = 0.9960 and
K = 0.9870, respectively.

The unbounded behavior of the translation component within the p — ¢ plane,
as vividly depicted in Figures 6(a) and 6(b), showcases a series of Brownian-like
trajectories that suggest a rich tapestry of chaotic dynamics. These captivating
results harmonize beautifully with the bifurcation and Lyapunov exponent diagrams
illustrated in Figure 3, painting a comprehensive picture of the system’s behavior. In
stark contrast, when we examine the values of t; = 80 msec and t; = 250 msec, the
0-1 test nears zero, leading to the emergence of bounded trajectories, as highlighted
in Figures 6(c) and 6(d). This transition confirms that the fractional-order map
transforms into a periodic motion for these specific time intervals, offering profound
insights into the underlying order amid apparent chaos.

ts (msec) 80 100 152 250
K 0.0113 | 0.9960 0.9870 0.0540

Table 1. Results of the 0-1 test for the fractional-order APD map, showing that as K — 1 the
dynamics are chaotic, and as K — 0 the dynamics are periodic.
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Figure 6. The 0-1 test of the fractional-order discrete system (4.3): (a) for t; = 100 msec , (b)

ts = 152 msec (c) t; = 80 msec and (d) t; = 250 msec

5. Conclusion and discussion

This work introduced a novel fractional-order one-dimensional map for the cardiac
action potential duration (APD), extending the traditional model by incorporating
long-memory dynamics through the Caputo-like delta operator. By doing so, we
have revealed complex and rich nonlinear dynamics that are qualitatively different
from those observed in the memoryless and short-memory APD maps.

The results demonstrate that the fractional-order map captures a broader range
of cardiac dynamics, including the early onset of chaos, the absence of alternation in
certain conditions, and new bistability patterns (e.g., {2 : 2 +— chaos}, {5:5 +—
3 : 3}), which have not been reported in prior literature. The combined use of
bifurcation analysis, Lyapunov exponents, and the 0-1 test confirms the reliability
of these observations and provides a robust framework for characterizing complex
cardiac dynamics.

These findings highlight the significance of long memory in cardiac dynamics,
providing deeper insights into the initiation and evolution of arrhythmias. The
proposed model offers a foundation for exploring new anti-arrhythmic treatments
and paves the way for more accurate patient-specific modeling.

Future studies can build upon this work by focusing on the control and syn-
chronization of chaotic dynamics in the proposed fractional-order cardiac model.
In particular, applying advanced control theory techniques will enable the design
of targeted strategies to suppress undesirable arrhythmic behavior, stabilizing the
dynamics towards healthy cardiac rhythms. Moreover, exploring synchronization
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methods can shed light on how cardiac tissue achieves coherent activity, opening
new avenues for the prevention and treatment of arrhythmias through coupling and
phase synchronization approaches.
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