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Abstract The purpose of this paper is to give sufficient conditions for the ex-
istence and uniqueness of positive solutions to an elliptic system of the Dirich-
let problem on a bounded domain Q in R™. Also considered are the effects
of perturbations on the coexistence state and uniqueness. The techniques
used in this paper are super-sub solutions method, eigenvalues of operators,
maximum principles, spectrum estimates, inverse function theory, and general
elliptic theory. The arguments also rely on some detailed properties for the
solution of logistic equations. These results yield an algebraically computable
criterion for the positive coexistence of species of animals with predator-prey
relation in many biological models.
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1. Introduction

One of the prominent subjects of study and analysis in mathematical biology con-
cerns the survival of two or more species of animals in the same environment.
Especially, pertinent areas of investigation include the conditions under which the
species can coexist, as well as the conditions under which any one of the species be-
comes extinct, that is, one of the species is excluded by the others. In this paper, we
focus on the predator-prey model to better understand the competitive interactions
between multiple species. Specifically, we investigate the conditions needed for the
coexistence of species when the factors affecting them are fixed or perturbed.

2. Literature review

Within the academia of mathematical biology, extensive academic work has been
devoted to investigation of the simple predator-prey model, commonly known as
the Lotka-Volterra predator-prey model. This system describes the predator-prey
interaction of two species residing in the same environment in the following manner:
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Suppose two species of animals, one is prey and the other is predator, are resid-
ing in a bounded domain Q. Let u(x,t) be the density of prey and v(z,t) be density
of the predator in the place x of Q at time ¢t. Then we have the following biological
interpretation of terms.

(A) The partial derivatives u;(x,t) and vi(z,t) mean the rate of change of densities
with respect to time t.

(B) The laplacians Au(z,t) and Av(z,t) stand for the diffusion or migration rates.
(C) The rates of self-reproduction of each species of animals are expressed as
multiples of some positive constants «, 8 and current densities u(z,t),v(z,t), i.e.
au(z,t) and Bu(z,t) which will increase the rate of change of densities in (A), where
a > 0,8 > 0 are called the self-reproduction constants.

(D) The rates of self-limitation of each species of animals are multiples of some
positive constants a,d and the frequency of encounters among themselves u?(x,t),
v3(w,t), i.e. bu?(x,t) and fo?(z,t) which will decrease the rate of change of densi-
ties in (A), where a > 0,d > 0 are called the self-limitation constants.

(E) The rates of competition of each species of animals are multiples of some pos-
itive constants b, c and the frequency of encounters of each species with the other
u(z, t)v(z,t), i.e. bu(x,t)v(z,t) and cu(z,t)v(x,t) which will decrease the rate of
change of densities of prey and increase the rate of change of densities of predator
in (A), where b > 0,¢ > 0 are called the competition constants.

(F) We assume that none of the species of animals is staying on the boundary of
Q.

Combining all those together, we have the dynamic predator-prey model

u(x,t) = Au(x, t) + au(z,t) — au?(z,t) — bu(x, t)v(x,t) n 0 x [0,00)
ve(z,t) = Av(z,t) + Bo(z,t) — dv?(x,t) + cu(z, t)v(z, t)

u(z,t) = v(z,t) =0 for x € 09,
or equivalently,

ut(x,t) = Au(z,t) + u(x, t) (o — aulx, t) — bu(x, t))
ve(x,t) = Av(z, t) + v(z, t)(8 — dv(z, t) + cu(x,t))
u(z,t) =v(z,t) =0 for x € 0.

in Qx [0,00),

Here we are interested in the time independent, positive solutions, i.e. the positive
solutions u(z),v(x) of

Au(z) + u(x)(a — au(z) —bv(x)) =0 | N
in Q,
Av(z) +v(x)(8 — dv(x) + cu(z)) =0 (2.1)
ulaa = v[an =0,
which are called the coexistence state or the steady state. The coexistence state
is the positive density solution depending only on the spatial variable x, not on

the time variable ¢, and so its existence means the two species of animals can live
peacefully and forever.
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The mathematical community has already established several results for the
existence, uniqueness and stability of the positive steady state solution to (2.1)( [12],
[13], [26]) or more generalized population model( [8], [9], [10], [11], [14], [L5]).

One of the initial important results for the time-independent Lotka-Volterra
model was obtained by Korman and Leung. In 1986, they published the following
sufficient conditions for the existence of a positive steady state solution to (2.1):

Theorem 2.1 ( [12]). If ad > be,a > %jjﬁ) and > Ay, then (2.1) has a
positive solution.

Biologically, the conditions in Theorem 2.1 implies that if the self-reproduction
and self-limitation rates are relatively large, and the competition rates are relatively
small, in other words, if members of each species interact strongly among themselves
and weakly with members of the other species, then there is a positive steady
state solution to (2.1), that is, the two species within the same domain will coexist
indefinitely at population densities.

Another important result was obtained by Zhengyuan and Mottoni. In 1992,
they published the following characterization of non-negative solutions to (2.1) in
terms of growth rates («, f3):

Theorem 2.2 ( [26]). There exist two functions vo(a), po(B) such that the set S
of non-negative solutions to (2.1) is characterized as follows:

(A) If « < A\, 8 < Ay, then S ={(0,0)}.

(B) If a < A1, 8 > Ay, then S = {(0,0), (079%)}.

(C) If a > A1, B <(a), then S = {(0,0),(0=,0)}.

(D) If M < o < po(B), B > M1, then S = {(0,0), (0=,0), (0,93)}.

(E) If o > A1, y0(a) < B < Mg, then S = {(0,0),(0=,0), (u™,v")}, where (u™,v")
is a positive solution to (2.1).

(F)1f B> asa> po(B), then S = {(0,0), (05,0), (0,05), (w™, v )}

These results provide insight into the predator-prey interactions of two species
operating under the conditions described in the Lotka-Volterra model. In this paper,
our research has been focused on the existence and uniqueness of the positive steady
state solution of the predator-prey model for arbitrary N species,

(ui)e(w,t) = Dug(x,t) + ui(w, )]a; + S0 biju;(@, b))
in QO xR*,
ui(x,t)|oq =0,i=1,...,N,

or, equivalently, the positive solution to

Auy(z) + ui(z)[a; + Zjvzl bijuj(x)] =0 in €

U’i|8Q = O7Z =1, "'7N7

(2.2)

where a;,b;;,1,7 = 1, ..., N designate reproduction, self-limitation and competition
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rates such that a; > 0,9 =1,..., N and

<0,i=1,7=1,..,N,
bij § >0,i=2,..,N,j=1,
<0,i=2,..,N,j=2,..,N.

The followings are questions raised in the general model with nonlinear growth
rates.

Problem 1 : What are the sufficient conditions for existence of positive solutions?
Problem 2 : What are the sufficient conditions for uniqueness of positive solutions?
Problem 3 : What is the effect of perturbation for existence and uniqueness? In our
analysis, we focus on the conditions required for the maintenance of the coexistence
state of the model when reproduction rates (ay, ..., an) are slightly perturbed. Bio-
logically, our conclusion implies that the species may slightly relax ecologically and
yet continue to coexist at unique densities.

In Section 4, we establish sufficient conditions for the existence and non-existence
of positive solution of the system that generalizes the Theorems 2.1 and 2.2. We also
achieve solution estimates in Section 5 to prove the uniqueness and the invertibility
of linearization in Sections 6, 7 and 8, where we investigate the effect of perturbation
for existence and uniqueness.

An especially significant aspect of the global uniqueness result is the stability
of the positive steady state solution, which has become an important subject of
mathematical study. Indeed, researchers have obtained several stability results for
the model with N = 2.(See [2], [3].)

3. Preliminaries

Before entering into our primary arguments and results, we must first present a few
preliminary items that we later employ throughout the proofs detailed in this paper.
The following definition and lemmas are established and accepted throughout the
literature on our topic.

Definition 3.1. The vector functions (@!,...,av), (u!,...,u"Y) form a super/sub
solution pair for the system

Aut + gi(ut, ..., uN) =0 in Q,
u''=0 on 09,

iffori=1,...,N,

At + gi(ul, . ui T At it L uY) <0

} . A o in Q for v <w <l j#i,
Aut + gh(ut, o ut Tl wi L uN) >0,

and
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Lemma 3.1. If ¢' in the Definition 3.1 are in C' and the system admits a su-
per/sub solution pair (u',...,u™), (@', ...,av), respectively, then there is a solution
(u1,...,un) to the system in Definition 3.1 with u* <u' <a" in Q. If

Au + gi(at, ..., aN) # 0,
Aul + gi(ut, ..., uN) #0

in Q fori=1,..,N, then uv' < u’ < ' in Q.
Lemma 3.2.

—Au+ q(x)u = Au in Q,
q(x) (3.1)

U:‘BQ = Oa

where q(x) is a smooth function from  to R and Q is a bounded domain.

(A) The first eigenvalue A1(q) of (3.1), denoted by simply A1 when q = 0, is simple
with a positive eigenfunction ¢g.

(B) If g1(x) < ga(z) for all x € Q, then A1(q1) < A1(ge).

(C)(Variational Characterization of the first eigenvalue)

V|2 2)d
SEW(Q),670 Jo P?dx

In our proof, we also employ accepted conclusions concerning the solutions of
the following logistic equations.

Lemma 3.3. Consider
Au+uf(u) =0 in Q,

u|aQ =0,u >0,

where f is a decreasing C' function such that there exists co > 0 such that f(u) <0
for u > ¢y and Q is a bounded domain.

(A) If £(0) > A1, then the above equation has a unique positive solution. We denote
this unique positive solution as 8y.

(B) If f(0) < A1, then u = 0 is the only nonnegative solution to the above equation.

The main property about this positive solution is that ¢ is increasing as f is
increasing.

Especially, for a > A1, we denote 6, as the unique positive solution of

Au+u(la—u)=0 in Q,

ulog = 0,u > 0.

Hence, 6, is increasing as «a > 0 is increasing.

Having established these preliminaries, we now commence our investigation of
the general predator-prey model.
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4. Existence, nonexistence

An elliptic interacting system of N functions with homogeneous boundary condition
is

Aui + ui(ai + Zjvzl biju]') =0 in Q7
uiloa =0,i=1,...,N,

(4.1)

where €2 is a bounded domain with smooth boundary 90, a; > 0,i = 1,..., N are
reproduction rates and b;; are self-limitation and competition rates such that

<0,2=1,7=1,...,N,
bi; >0,i=2,..,.N,j =1,
<0,2=2,..,.N,j=2,...,N.

We establish the following existence result:

Theorem 4.1. If for each v =2,...,N,
(A) bllbii + (N — 1)b11b11 > O,Z = 2, ...,N,
bllbii(A1+%)
(B) ay > bnbii+(N*1)bl;;ibil and
(C)a; > i — (N —2)inf;— . N j#i{u;bi;},i =2,..., N, where w; is defined below,
then (4.1) has a positive solution.

Proof. Let u; = vw,i =1, .. Nulffb11 ulszi(a f“gb”) i =2,..,N,
where v; > 0 are constants and w is the eigenfunction of (3. 1) with ¢(z ) =0
corresponding to the first eigenvalue A;.

Then for all u; such that u; < w; < w;,1=2,...,N,

Auy + (a1 + b + Zévzz byju;)
= U_l Z;VZQ bljUj

<0,

and for all u; such that u; <wu; < v and for all i =2,..., NV,

At + wila; + by + Ej‘vzl,j;éi biju;]
< d [az + bllul + buuz]
= 0.
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By the condition again, for all w; such that u; < wu; <4;,i=2,...,N,

Auy + ug(ar + bryug + Zf\; byiu;)
= A(mw) + nw(ar + biiyiw + ZZI\LQ biiu;)
= —mhw +mw(ar +buyiw + S, briug)
—mAw+nwlay + (N —1)infi—o  n{b1iwi} + biiyiw]
= —mhw+nwlar + (N —1) infizz,...,N{*ﬁ(a' - alb“ Vb1i} + brinw]
= —nhw+mnwlar + (N = 1) infi—y v {b1i(—§= + flllbl;l )} + biimw]
[inf
[inf

— _’Yl)\lw + y1wlin N{al (N—ll)lbli,ai, + (N ;jfbllel i1 } + bll')/lw]
= —mAw + nwlin on{a(1+ = blll)lilf +) — & Dbhal} + by 71w
_ ’Ylw[*Al +infi:2,...,N{a1(1 + w ;11)57"1;1711) _(N— ;i)ibhal}JFbllleW}

>0

with small enough v; > 0, and for all ¢ = 2,.... N, j =1,...,N,j # ¢ and u; such

that UJ S U, S U_j,

Aui + ui(a; + bjiu; + Zj‘\;l,j;éi biju;)
= —vihw +viw(a; + biyiw + Z;-V:l,#i bijug)
> ywla; — A1+ biyiw + Z;-V:g,#i biju;]
>0
with small enough v; > 0. Furthermore,
u; =u; =0 on 0L

and
Ui < U

with small enough 7; > 0. Hence, by the Lemma 3.1, there is a solution (uq, ...,

o (4.1) with

We also establish the following nonexistence results.

Theorem 4.2. Suppose a; < A\,i=1,...,N.
Then u; =0,i=1,..., N is the only nonnegative solution to (4.1).

Proof. Let (ug,...,un) be a nonnegative solution to (4.1). Then, for i =2, ...

Auq + ul(al + briug + bhuz) >0 in Q,
Au; + ui(ai + bu; + b“ul) >0 in Q.
Therefore, for i = 2, ..., N,

bi1d1 Auq + bjdrui(ar + biiug + byu;) >0 in Q,
—b1ip1 Ay — biidrui(a; + bius + biur) >0 in Q.

UN)
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So, for i =2,..., N,

fQ —bjip1Aurdr < fg[(m + briur)binur + biibiurug)drde,
fQ brid1 Audr < fQ[(—ai = bijui)briwi — brbiurug)grda.

Hence, by the Green’s Identity, we have

fQ bil)\lgbluldz S fQ[(al + bnul)bilul + bubﬂului]gbldx,
fQ —bri\ipruide < fQ[(_ai — biiui)biiu; — biibiruyug]grde.

Therefore,
/ bir(M — a1 — briur)ur gy — bii(M — a; — bisug)uigrdr < 0.
Q
Since the left hand side is nonnegative from

ap +briug <ap < A,
a; + biu; <ap < Aq,
we conclude that u; =0,i=1,...,N. O

Theorem 4.3. Let u; > 0,i = 1,...,N be a solution to (4.1). If a; < Ay, then
up = 0.

Proof. Proceeding as in the proof of Theorem 4.2, we obtain

0< /()\1 —ay — byur)uigrdr < / briuiu;dprdr <0,
Q Q

and so, u; = 0. O

5. Solution estimate

In order to prove further results, we will need the following solution estimate.

Lemma 5.1. Let (uy,...,un),u; > 0,i=1,..., N be a solution of the problem

—Au; = tu;(a; + N biiu;) in £,
( Z]_l J J) (51)
Ui|aQ =0,i=1,...,N,

where t € [0,1]. Then
(4)
uy < My, u; < M,

where My = —f-, M; = balota j— 9 N.

(B) Fort=1, quz >0, b11bs; + b1 > 0, a1 + Z;’V=2,j;éi blej + blz[%]

N .
> A1, and a; + Zj:2,j7§i biij > M\,i=2,...,N, then
1y N
bir “a1+3000 5 s b1 My+b1s

_1 < < —
bii eai+2fzz,j¢ibu1\/1j SU =

1
alblq;lfaq‘,bu <wu; < _Eeap

11%i4

Lo by ,i=2,...,N.
b1y

bii “a;—
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Proof. (A) Since (uq,...,un) is a solution to (5.1),
N
Auy + ui(ar + bryjur) > —us Z biiu; > 0.
i=2
Hence, by the Maximum Principles,
ai +biiug >0,
equivalently,
<-4
U -
S,
Since (uq, ..., un) is a solution to (5.1), by the above estimation, for i = 2,..., N,
Aui + Uz'((li + b”uz + bil(_%))
> Au; + wi(a; + biu; + binug)
> Au; + ui(a; + Zjvzl bijuj)
=0.
Hence, by the Maximum Principles again,
a
a; + bggu; + b (——=) > 0,
b1
equivalently,
(_a1 ,
< b (—3%) +az’i 9 N
—bii
B)
N
Aug +ui(ar +bniur) = ui(er + briuwr) —ui(ar + Zbljuj) >0,
j=1
and so, u; is a subsolution to
AZ + Z(a1 +b112) =0 in 9,
Z|aQ =0.
But, since any sufficiently large positive constant is a supersolution to
AZ+ Z(a1 —|—b11Z) =0 in Q,
Zloa =0,
by the Lemmas 3.1 and 3.3, we conclude that
Uy < _Leay (52)

b11
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Since

bil[—;Tll]-‘rai

Auy + ufar + baug + Z?fzz,j# bij My + by (———)]

= ui[—a; — Zjvzl bijuj + a1 + biiur + Z;\;z’#i bij M; + bu(%)]

< wui[—ar — biyug — byju; — ijzz’jii bijuj +ar +bi1ug + Z?f:g,#i b1; M;
+b1i(%i]w)]

< un[—briu; + bu(%bﬁ“a‘)]

= —u1by;[u; — %?]M]

<0,i=2,..,N,

by (A), u; is a supersolution to

b“[—b“Tl]-i-ai

AZ+ Zlay + b1 Z + Y5 i b1y My + by ()] =0 in Q,
Zlpa =0,i=2,...,N.
But, for sufficiently small € > 0,

Aepy + epifar + briedr + Z;V:Zj# b1 M; + blz(%)]
= ep1[—A1 + a1 + briedr + Z;V:g,j# by M; + bu(%)]
>0,0=2,...,N,

and so, €@y is a subsolution to

bit[—pt]+a; .
AZ + Zlar + b Z+ XN by M+ by (PR g g,

Zloa=0,i=2,...,N.
Therefore, by the Lemmas 3.1 and 3.3, we have

1 ) —
_Eg N bil[—%]+"'i §U1,2—2,...,N. (53)
a1+ 50 s 015 M b (=5 ——)

By (A),
A’U,i + ui(ai + biiui + Z?{:QJ#Z’ biij>
N N
= ui(ai + b”uz + Zj:27j¢i b,‘ij — a; — Zj:l bijuj)
<0,i=2,...,N,
and so, u; is a supersolution to
AZ + Z(ai + b”Z + Zj’v:zj;éi ijM]) =0 in Q,
Zloa =0,i=2,...,N.
But, by the condition, for sufficiently small € > 0,
Aegy + e (a; + biieds + 31y i bigM;)

= ep1(—A1 + a; + biiepr + ij:Q,j;éi bi; M;)
>0,i=2,...,N,
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and so, €@y is a subsolution to
AZ+ Z(ai +biZ + 31y 2 bigM;) =0 in Q,
Zloa =0,i=2,...,N.

Hence, by the Lemmas 3.1 and 3.3, we have

1 S
b 9ai+2§\7:2’]_¢i bij M; < Uiy T = 2, 7ZV

Since (ug, ...,un) is a solution to (5.1), by (A),

Au; + wi(a; + biu; — bbﬁ%)
— Ui(*ai — Z;vzl bijuj +a; + bwuz - bl[}%)
= u;(—bjrur — Z;V:Q,j;éi bijuj — bzbl%)
> ui(=biruy — b},ﬁ%)
= baui(—u1 — ¢+)
>0,i=2,..N.

Therefore, u; is a subsolution to

AZ+ Z(ai+ by Z — ¥4) =0 in Q,
Zloa =0,i=2,...,N.
But, since any sufficiently large constant is a supersolution to

AZ + Z(a;+ by Z — 24) =0 in Q,
Zloa =0,i=2,...,N,

by the Lemmas 3.1 and 3.3, we have

By (5.2), (5.3), (5.4) and (5.5), we establish the desired inequalities.

6. Uniqueness

In this section, we prove the uniqueness of positive solution to (4.1).
We have the following uniqueness result.

Theorem 6.1. In addition to the theorem 4.1, if

(5.4)

(A) ar + Z;’V:Z,j;éi blej + blz[%] > A1, a; + Z;-V:Q’j#i biij > A, 0 =

2,....,N, and
1
50, arbin

(B) 2b11 + ZiVZZ b;1 sup T, b1t < Z;‘V:Q(blj

% N M carbjg—ajbyy
et gog o M1 ML Ty
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,%9

. ) fl'+EN: s b My
by inf L b g
b1 91

-0
— b
bjj a,— 21701

b ) fori=2,...,N, then (4.1)

“ri+EkN:2,k¢i big My

2b;i +bi1 < Z;V:lj#(bij + bji sup —

1
bi;
has a unique posotive solution.

The conditions imply that species 1 interacts strongly among themselves and
weakly with species 2. Similarly for species 2, they interact more strongly among
themselves than they do with species 1.

Proof. The existence was already proved in the last section. We prove the unique-
ness.

Let (u1,...,un), (v1, ..., vn) be positive solutions to (4.1), and let p; = u; —v;,7 =
1,...,N. We want to show that p; =0,i =1,...,N.

Since (u1, ..., un), (v1,...,vn) are solutions to (4.1),

Api + pila; + S0 bijuy)
= Au; — Av; + (u; — v;)(a; + Zj'vzl biju;)
= —Av; —v;(a; + Z;-Vﬂ bijuj)
—vi(Zévzl biju; — Z;V:l bijvj),i=1,...,N.

So,
Apz' +pz(al + Zjvzl b,;juj) — UZ‘(ijzl bijvj — Zjvzl bijuj) = O,Z = 1, ceey N
So, fori=1,..., N,
N N N
—pilApi — (pi)?(ai + 3252, bijug) +vipi (3252, bijv; — 225, bijug) = 0.

Since
Au; + ui(ai + Zévzl bijuj) =0,i=1,...,N,

by the Lemma 3.2, we have

fQ —piApi — (CL,L' + Ejvzl bijuj)(pi)de >0,i=1,...,N,

and so,
N N
/ Uipi(z bijvj — wau])da: S O,i = 1, ...,N,
2 j=1 j=1
and so,
N N
[ 3o > bisl-pi <o,
Q=1 j=1
Hence,
N N
Jo 2051 20521 bij(—vipip;)dz < 0.
So,

Jo S {bisl—vi(pi) ] + Y00 s bij (—vipip;) Yz < 0.
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So,
Jo b [=vi(pa)*] + Zjv=2 bij(—vip1p;) + Zi‘vﬂ{biz‘[*vi(mm
+ Zj'vzl,j;éi bij(—vipipj) }dx <0,

S0,
Jobu[-ur(pr)?] + Z;v:2 b (—v1pipy) + 3o {bu[—vi(pi)?]
+ Z;vzz,j# bij (—vipip;) + bir (—vipip1) ydx < 0.

But, since b;1(—v;) < 0 and p;p; < % + % fori=2,...,N,

Jo bua[—v1(p1)?) + 0, bij(—vipips) + 31y {bii[—vi(pi)?]
+ N i big(—vipipg) + b (—vi) (P + @ )yde < 0.

Hence,

fQ [bn(—’Ul) + Ef\ig w](pl)Q + Z;v:2 blj(—’l}lplpj)
+ 0N i (—vi) + 2N ()2 + Y bij(—vipip;) Y < 0.

If the integrand on the left side is positive definite, then p; = 0,7 = 1,..., N, which
means the uniqueness.
But

3

2 2

bij(—vip1p;) < byj(—v1)]

(p1

2
2 2
bij(—vipip;) < bij(—vi)[ 85 + 2]

for j = 2,...,N,j # i, and so, the result follows if the condition is satisfied by the
solution estimates in the Lemma 5.1. O

7. Uniqueness with perturbation

We consider the model

Au; + ui(ai + Zjvzl bijuj) =0 in Q, (7 1)

uiloa =0,i=1,...,N,

where ) is a bounded domain with smooth boundary 052, a; > 0,7 = 1,..., N are
reproduction rates and b;; are self-limitation and competition rates such that

<0,2=1,7=1,...,N,
bi; >0,1=2,..,.N,j =1,
<0,2=2,..,.N,j=2,...,N.

The following theorem is our main result about the perturbation of uniqueness.
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Theorem 7.1. Suppose

(A) b11bi; + b1ibin > 0,7 =2,..., N,

(B) a1 + Zé\’=2,j7§i blej —+ b“[%] > /\1,(11 + Z;’V:Lj;éi blej > )\1,

a; + E;VZQ biij > A,i=2,...,N,

(C) (7.1) has a unique coexistence state (uy, ..., un),

(D) the Frechet derivative of (7.1) at (u1,...,un) is invertible.

Then there is a neighborhood V of (a1, ...,an) in RN such that if (ay,...,ax) €V,
then (7.1) with (@, ...,an) has a unique positive solution.

Biologically, the first two conditions in Theorem 7.1 indicates that the rates of
reproduction are relatively large, and the birth rate of the prey must be larger than
that of predator. Similarly, the fourth condition, which requires the invertibility of
the Frechet derivative, signifies that the rates of self-limitation are relatively larger
than the rates of competition. When these conditions are fulfilled, the conclusion of
our theorem asserts that small perturbations of the rates do not affect the existence
and uniqueness of the positive steady state. That is, the two species implied can
continue to coexist even if the factors determining the population densities vary
slightly.

Now, at first glance, Theorem 7.1 may appear to be a consequence of the Implicit
Function Theorem. However, the Implicit Function Theorem only guarantees local
uniqueness. In contrast, our result in Theorem 7.1 guarantees global uniqueness.
The techniques we will use in the proof of Theorem 7.1 include the Implicit Function
Theorem and a priori estimates on solutions of (7.1).

Proof. Since the Frechet derivative of (7.1) at (uq,...,uy) is invertible, by the
Implicit Function Theorem, there is a neighborhood V of (ay,...,ay) in RN and
a neighborhood W of (uy,...,uy) in [C3*(Q)]N such that for all (@i, ...,axn) € V,
there is a unique positive solution (u1, ..., un) € W of (7.1) with (a1, ...,an). Thus,
the local uniqueness of the solution is guaranteed.

To prove global uniqueness, suppose that the conclusion of Theorem 7.1 is false.
Then, there are sequences (a1n, A2n, .oy ANny Uln, U2, -y UNy, ) and
(@1 y Gy ooy ANy Wy Wy ony Wiy ) i V5 [Co*(Q)]Y such that (uyp, ..., uny) and
(ul,,, -y Uky,) are positive solutions of (7.1) with (a1n,...,ann), (Uin, .-, UNn) F#
(Ui, - Uy and (ain,...ann) = (G1,...,an). By Schauder’s estimate in elliptic
theory and the solution estimate in the Lemma 5.1, there are uniformly convergent
subsequences of {u1y,}, ..., {unn}, which again will be denoted by {u1n}, ..., {unn}-

Thus, let

(Uiny ooy UNp) = (U1, ey UN),
Uiy oes UWhip) = (UF 5oy uly)-

Then (U1, ..., un), (uf, ..., uk) € (C**)N are also solutions to (7.1) with (ay, ..., an).
We claim that w; > 0,...,unx > 0,u] > 0,...,u}, > 0. By the Maximum Principles,
it suffices to claim , ..., Uy, uj, ..., uy are not identically zero.

Suppose that it is not true. Then by the Maximum Principles again, either one
of the followings will hold:
(uz=0and @; =0 foralli=2,...,N.
(2) w3 =0 and w; > 0 for some ¢ = 2,..., N.
(3) wp > 0 and @; =0 for some i = 2,..., N.
First, suppose u; = 0.
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Let ui, = ﬁ and u;, = u;p for 1 =2,...,N.
Then
Auin + u1n<a1n + bi1uin + ZjVZQ blju;n) =0,
Au;n + u;n(ain + biluln + Zj‘vzg bzgu;n) = O7Z = 27 ooy N.

By the elliptic theory again, there is 47 such that ui,, — 1, and so,

Ay + (a1 + Z;VZQ biju;) =0,
Au; + Ui(ai + E;VZQ bijdj) =0,7=2,...,NN.
Hence, )\1(—a1 - ZjV:Q bljdj) =0.
Ifu; =0foralli=2,...,N, then A\ —a; = A;(—a;) = 0, which is a contradiction
to our assumption. If @@; > 0 for some i = 2, ..., N, then by the monotonicity,
N
A= (@i + 32520 bij M)
= Mi(—a; — Y jL, bi; M)
N _
> M(—ai — 375, bijiiy)
= 07

which is a contradiction.
Suppose u; > 0 and @; = 0 for some ¢ = 2, ..., N. Then

Auyy, + urp (a1, + Zjvzl b1jujn) = 0.
So,
Ay + (a1 + Z;’V:Lj;éi byji;) = 0.
Therefore,
A= (a1 + Z;’V:Lj;éi by Mj)
= AMi(—a1 — Z;V:I,jséi by Mj)
> AMi(—a1 — Zj‘\le,j#i byj;)
=0,

which is a contradiction.
Consequently, (41, ...,uy) and (uf,...,uly) are positive solutions to (7.1) with

(91,--,9n), and so (u,...,un) = (ui,...,ul) = (u1,...,un) by the uniqueness
condition. But, this is a contradiction to the Implicit Function Theorem, since
(uln,maUNn) 7é (uikna»u}k\fn) o

In biological terms, the proof of our theorem indicates that if one of two species
living in the same domain becomes extinct, that is, if one species is excluded by
the other, then the reproduction rates of both must be small. In other words, the
region condition of reproduction rates (A) is reasonable.

Now, the condition (C) in Theorem 7.1 requiring the invertibility of the Frechet
derivative is too artificial to have any direct biological implications. We therefore
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turn our attention to more applicable conditions that will guarantee the invertibility
of the Frechet derivative. We then obtain the following relationship:

N .
Au; + ui(ai + Zj:l bijuj) =0 in Q, (72>
ui|aQ = O,i = 1, ...,N,
where €) is a bounded domain with smooth boundary 052, a; > 0,i = 1,..., N are
reproduction rates and b;; are self-limitation and competition rates such that
<0,i=1,7=1,...,N,
bij  >0,i=2,...,N,j =1,
<0,i=2,..,.N,j=2,...,N.

Lemma 7.1. Suppose (u1,...,un) s a positive solution to (7.2). If
2b11 + vazg binyt < Zj‘\]:g(blj +bj1t),
2bii + bin < i jai(bij + bjist),i=2,.., N,
then the Frechet derivative of (7.2) at (u1, ..., un) is invertible.
Proof. The Frechet derivative of (7.2) at (u1,...,un) is A = (A;;), where
—A—(a; + Z;V:1 bijuj) — by, i = j

—bijus, i

Aij =

for i,7 =1,...,N. We need to show that N(A) = {0} by the Fredholm Alternative,
where N(A) is the null space of A. In fact, from the equations

N

/ |Vo1]? — (a1 + Z bijuj + briui)gt — (biage + -+ + bindn)urprdz = 0,
Q =
N

/ Vol — (a2 + Z boju; + baoua)g3 — (ba1r + bagds+- - +bandn )uagadr = 0,
Q

j=1

N
/ |V¢N|2*(GN+Z byjuj+bnnun)dx — (bnidr + -+ by(v—1)dN—1)unPndx
Q -
J=1

207

since A1 (—a; — Zjvzl bijuj) =0fori=1,...,N, we see that

N
/ IVéil* = (ai + Y bijuj)¢da > 0,i=1,...,N.
Q

Jj=1

Hence,

/ —bi1u1 @7 — (b1ada + -+ + binon)urprda < 0,
Q
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/ —bostady — (b21¢1 + bazds + - - - + bany P )uagada < 0,
Q

/ —bynundn — (bvidr + -+ by(v—1)dn—1)undndz < 0.
Q

Therefore,

/ Zb”ulqb —Zuz@ Z bijpidr < 0.

Jj=1,j#i

It implies that

I Z s — 3" bty <0,

Jj=1,j#i
Hence,
Jo —briui(¢1)? — Z;V g brjur g1 + Z§i2(*biiui(¢i)2 — bju;d10;
Zy 2,j#1 bljungj(;sl)dm <0.

i b s _p o (@) ¢:)° c
But, since —bj1u;p1¢; > —bjui(~5— + “5—) forall i =2,..., N,

Jo —briua(¢1)? — Z;-v:g bijurdidr + iy [—biiti(6:)?
—bilui(( ) + (¢ ) ) - Z;V:QJ?% bmuz(b]d)z}dx S 0.

Hence,

Jol=briur — SN, bug] (¢1)? — Z;VZQ bijurdjdr + i ol(—biu; — %) (¢4)?

— 3005 i bijuiddildz < 0.

Since . ]
—bijurdjPr < bljul[(¢ i) 4 (91 ,j=2,..,N,

2
2 ; . . . .
_blju’b¢j¢l = _bijuz[(¢ + (¢2l) ]7%] :2,...,N,’L7éj,

if

N N
—brur — %Zi:2 biru; > _% Zj:Q(bljul + bj1ugl,
; N .
—bigus — Y > —5 3o i (biju + bjiug), i = 2, ., N,

then the integrand in above inequality is positive definite, which means (¢1, ...

is trivial. But, it holds if the conditions are satisfied.

7¢N)
O

Combining Lemma 5.1, Theorem 6.1, Theorem 7.1, and Lemma 7.1, we obtain

the following corollary.
Corollary 7.1. If

(A) b11bi; + (N — ].)bh i1 >0 fori =2, ...,N,
bub”()\ﬁ»%) . B
(B) a; > b F(N—Dbiibn a; > )\1 — (N — 2) lnszz,..,,]\]’j?gi{bijuj‘},
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N i —a N
(C) ar + 3 —g jzi b1 Mj + bu(ialbglnb’jzb“) > My oar+ D05 by My > i, and
a; + Z;’V:Zj;éi bijM; > M,1=2,....,N, and

1

0 )
b0 ;- a1biy

(D) 2b11 + ZZI\LQ bil sup g b1 < 2;12(1)1]'

o N M caybiy—aibyy
ety o D1 ML =gy

,%9

. a;i+3N_ b My
by inf 2 e My g
511 Ja1

—5=0 g,

N Y99 ey St ‘
2b”+b11 <Zj:27j#(bij+bjisup_ 5 ~ 11 ) fOT‘Z:2,...,N,
bis a0 kg ik Me

then there is a neighborhood V' of (ai,...,an) such that if (a1,...,an) € V, then
(7.1) with (dy,...,an) has a unique positive solution.

In biological terms, the result obtained in Corollary 7.1 confirms that under
certain conditions, two species who relax ecologically can continue to coexist at
fixed rates. The requirements given in (A) and (B) simply state that each species
must interact strongly with itself and weakly with the other species.

8. Uniqueness with perturbation of region

We consider the model

Au; + ui(ai + Zjvzl bijuj) =0 in Q, (8 1)

uiloa =0,i=1,...,N,

where () is a bounded domain with smooth boundary 052, a; > 0,i = 1,..., N are
reproduction rates and b;; are self-limitation and competition rates such that

<0,i=1,7=1,....N,
bij  >0,i=2,...,N,j =1,
<0,2=2,..,N,j=2,...,N.

The following Theorem is the main result.

Theorem 8.1. Suppose that T' C RN is a closed, bounded, convex region such that
(A) b11bi; + bib;r > 0,1 =2, ..., N,
(B) for all (ay,...,an) €T,
a + E;’V:Zj;éi blej + bli(%] > Ai,a1 + Z;’V:Lj;éi blej > A,
a; + Z;VZQ,j;éi biij >M,1=2,...,N,
C) for all (a1,...,an) € 9T, (8.1) has a unique positive solution, where 9T =
{(Nas,....an a2, -, an) € T| for any fized asg,...,an,
Aas,....an = inf{|a1]|(a1, ag,...,an) € T}.},
(D) for all (ay,...,an) € T, the Frechet derivative of (8.1) at every positive solution
(u1, ..., un) is invertible.

Then for all (ay,...,an) € T, (8.1) has a unique positive solution. Furthermore,
there is an open set W in B such that T' C W and for every (g1,...,gn) € W, (8.1)
has a unique positive solution.
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Theorem 8.1 goes even further than Theorem 7.1 which states uniqueness in the

whole region whenever we have uniqueness on the left boundary and invertibility of
the linearized operator at any particular solution inside the domain.
Proof. For each fixed as, ..., an, consider (a1, az, ...,an) € 0T and (d1,as, ...,an)
€ I'. We need to show that for all 0 < ¢ < 1, (8.1) with (1 — ¢)(a1,....,an) +
t(d1,az,...,an) has a unique positive solution. Since (8.1) with (ay,...,an) has a
unique positive solution (uy, ..., uy) and the Frechet derivative of (8.1) at (uq, ..., un)
is invertible, Theorem 7.1 implies that there is an open neighborhood V of (aq, ..., an)
in such that if (a1, ..., ano) € V, then (8.1) with (a1, ..., ano) has a unique positive
solution.

Let Ay = sup{0 < XA < 1| (8.1)with (1 —t¢t)(a1,...,an) + t(d1,az,...,an)
has a unique coexistence state for 0 < ¢ < A\}. We need to show that A\; = 1.
Suppose Ay < 1. From the definition of A;, there is a sequence {\,} such that
An — A; and there is a sequence (u1y, ..., uny) of the unique positive solutions of
(8.1) with (1 — Ap)(a1,...,an) + An(d1,az,...,an). Then by elliptic theory, there
is (u10...,,uno) such that (uip,...,un,) converges to (uig,...,unp) uniformly and
(u10, .-, uno) is a solution of (8.1) with (1—XAs)(a1, ..., an) +As(d1, az, ...,an). But,
by the same proof as in Section 7, uig > 0, ...,ung > 0.

We claim that (8.1) has a unique coexistence state with (1 — A)(ay,...,an) +
As(dy, as,...,an). In fact, if not, assume that (@19, ..., uno) # (u10, ..., uno) iS an-
other coexistence state. By the Implicit Function Theorem, there exists 0 < a < A4
and very close to As such that (8.1) with (1 — a)(aq,...,an) + a(dy,as,...,an)
has a coexistence state very close to (@1, ..., no), which means that (8.1) with
(1 -a)(ay,...,an) + a(d1,as, ...,an) has more than one coexistence state. This is
a contradiction to the definition of Ay. But, since (8.1) with (1 — A;)(ay, ...,an) +
As(d1, as,...,ay) has a unique coexistence state and the Frechet derivative is in-
vertible, Theorem 7.1 implies that A5 can not be as defined. Therefore, for each
(a1,..,an) € T, (8.1) with (aq,...,an) has a unique coexistence state (u1, ..., un).
Furthermore, by the assumption, for each (ai,...,an) € T, the Frechet derivative
of (8.1) with (aq,...,an) at the unique solution (u1,...,uy) is invertible. Hence,
Theorem 7.1 concluded that for each (aj,...,an) € T', there is an open neighbor-
hood Via,,....ax) Of (a1,...,an) such that if (a1, ...,an) € Via,,....ay), then (8.1) with
(a1, ..., ay) has a unique coexistence state. Let W = U(al,..‘,aN)GF Viai,....an)- Then
W is an open set in B such that I' C W and for each (d3, ...,an) € W, (8.1) with
(a1, ...,an) has a unique coexistence state. O

Apparently, Theorem 8.1 generalizes Theorem 7.1.

9. Conclusions

The Theorem 4.1 indicates that if the species of animals have strong enough birth
capacities, then they may peacefully coexist forever. Furthermore, the Theorem 6.1
implies that if their self-limitations are stronger than competitions, in other words,
they interact stronger among themselves than with others, then their coexistence
pattern is unique. We also concluded in Theorems 4.2 and 4.3 that either one of
them may be extinct if they don’t have strong birth rates. Our investigation of the
effects of perturbations on the general predator-prey model resulted in the develop-
ment and proof of Theorem 7.1, Lemma 7.1, and Corollary 7.1 as detailed above.
The three together assert that given the existence of a unique solution (uq, ..., uy)
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to the system (7.1), perturbations of the birth rates (aq,...,an), within a specified
neighborhood, will maintain the existence and uniqueness of the positive steady
state. Indeed, our results specifically outline conditions sufficient to maintain the
positive, steady state solution when the general predator-prey model is perturbed
within some region.

Applying this mathematical result to real world situations, our results establish
that the species residing in the same environment can vary their interactions, within
certain bounds, and continue to survive together indefinitely at unique densities.
The conditions necessary for coexistence, as described in the theorem, simply require
that members of each species interact strongly with themselves and weakly with
members of the other species.

The research presented in this paper has a number of strengths, which confirm
both the validity and the applicability of the project. First, the mathematical
conditions required in Corollary 7.1 are identical to those required in Theorem
6.1. However, in the Theorem 6.1, we used these conditions to prove the existence
and uniqueness of the positive steady state solution for the general predator-prey
model. In contrast, the Corollary 7.1 employs the same conditions to establish
that the existence and uniqueness of this solution is maintained when the model
is perturbed within some neighborhood. Thus, our findings extend and improve
established mathematical theory.

Secondly, perturbations of the general model render its implications more ap-
plicable both mathematically and biologically. Because our theorem extends the
steady state to any value within some neighborhood of (as,...,an), results for the
general model pertain to a far wider variety of values. Biologically, perturbations
extend the model’s description to species affected by factors that vary slightly yet
erratically. Thus, the description of competitive interactions given by the model
becomes a closer approximation of real-world population dynamics.

While our research therefore represents a progression in the field, the results
obtained have an important limitation. Theorem 7.1, Lemma 7.1, and Corollary
7.1 establish that a region of perturbation exists within which the coexistence state
is maintained for the general predator-prey model. However, the exact extent of that
region remains unknown. Therefore, the results presented in this paper may serve
as a platform for research of the question given above. Mathematicians should now
attempt to establish the exact extent of the perturbation region in which coexistence
is maintained for the general model. Such information would prove very useful not
only mathematically but also biologically. Specifically, knowledge of the extent of
the region would imply exactly how far the species can relax and yet continue to
coexist. Thus, the results achieved through our research will enable the field to
continue the development of theory on predator-prey interaction of populations.

In the future, we also want to develop population models to generalize math-
ematical results about other models related to COVID-19.(see [20], [21], [22],
[23)).
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