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Abstract Understanding the evolutionary patterns of viral virulence charac-
teristics from a microscopic perspective is crucial for effectively combating viral
mutations. This paper investigates the dynamics of virulence trait develop-
ment within healthy cells following pathogen invasion using adaptive dynam-
ics, building on a viral dynamics model that accounts for multiple infectious
strains within hosts. Ignoring viral evolution, stability analysis of equilibria
reveals the competitive exclusion principle. When viral virulence evolves, we
assume that the infection rate of healthy cells and the mortality rate of in-
fected cells are functions of virulence. We establish global stability conditions
for the system and examine the evolutionary trajectory of viral virulence using
adaptive dynamics. Our results indicate that mutant viruses can cause trait
substitution. The evolutionary singular strategy is identified as a continuously
stable strategy without producing evolutionary branching. Furthermore, we
consider the influence of certain parameters in the system on the evolution of
singular strategies.

strategy, stability analysis
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1. Introduction

Over the past few decades, extensive research has been conducted on the evolution
of virulence using a theoretical framework grounded in the principles of natural
selection. This framework not only explains the varying levels of virulence observed
in host-parasite interactions but also offers opportunities for effectively managing
virulence to control disease spread. Furthermore, this evolutionary perspective
elucidates the extent to which infectious agents contribute to the development of
chronic illnesses and identifies diseases that can be prevented or treated through
disease-control strategies such as vaccines and antibiotics.

The majority of recent theories that endeavor to elucidate the evolutionary
mechanisms of parasites posit an association between virulence and transmission,
commonly referred to as the “virulence-transmission trade-off” [2]. However, this
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concept has been met with significant controversy. To gain a comprehensive un-
derstanding of the ongoing debates in this field, it is crucial to recognize that the
evolution of virulence had been studied extensively prior to the formulation of the
trade-off hypothesis.

The presence of strain-specific virulence and the ability to convert one strain
into another were highlighted in the attenuation of the anthrax bacillus. Then,
evolutionary theories emerged to elucidate the mechanisms driving parasite vir-
ulence. Subsequently, research into viral strain virulence gained momentum. In
nature, the interactions between hosts and pathogens are ubiquitous, leading hosts
to develop a variety of defense mechanisms in response to pathogenic challenges
[4,6–8,10,11,32,38,41]. In addition, during viral infection, the dynamics within the
host can be analyzed using mathematical models [25]. Taking the human immun-
odeficiency virus (HIV) as an example, its unique intra-host dynamics distinguish
it from other viral infections. One key feature is HIV’s high degree of genetic vari-
ability, which results from its rapid replication and mutation rates. This genetic
diversity poses significant challenges for both the immune system and antiviral ther-
apies in completely eradicating the virus. Understanding these intra-host dynamics
is crucial for developing effective treatment strategies, as the genetic diversity of
HIV complicates efforts to find a cure for the infection.

What factors contribute to the variability in disease progression? Several key
factors have been identified, including the virus’s reproductive capacity, the im-
mune system’s proliferative ability, and the accelerated degradation of CD4+T
cells caused by HIV [1, 3, 14, 17, 23, 24, 40]. Since the early 1990s, the predomi-
nant explanations for HIV’s evasion of the immune response and subsequent im-
mune system failure have centered on its evolutionary capabilities [9, 26, 27, 35, 36].
While all viruses can undergo evolutionary changes, HIV is recognized as the most
rapidly evolving organism, generating multiple novel variants daily within a sin-
gle host [18, 24, 33, 39]. This rapid evolution and extensive viral diversity can be
attributed to several virus-specific factors. These include an exceptionally rapid
reproduction cycle, producing approximately 1010 ∼ 1012 new virions per patient
per day [37], and an exceedingly high mutation rate of about 3× 105 mutations per
nucleotide base per replication cycle.

The extremely rapid rate of evolution has led to the emergence of drug-resistant
strains [12] and significantly hindered the development of an efficacious vaccine [9].
The gradual increase in viral load during the asymptomatic stage can be attributed
to evolutionary processes, where organisms adapt to enhance their fitness, particu-
larly in terms of viral reproductive capacity [22]. As a result, the viral load increases
proportionally with improvements in its reproductive potential.

There has been a significant increase in the application of mathematical mod-
els to investigate viral evolution at both population and within-host levels. This
advancement has been facilitated by integrating within-host viral dynamics with
between-host transmission dynamics. Most researchers have incorporated within-
host models into epidemiological frameworks by introducing transmission rates that
depend on viral load or disease-induced mortality [13,16,21,42]. Additionally, it is
commonly assumed that higher viral loads within hosts lead to increased parasite
virulence, which in turn correlates with elevated transmission rates between hosts.
Recently, Liu et al. [30] proposed a model that couples the evolutionary dynamics
of viral virulence with the kinetics of transmission. A two-way coupling is achieved
through the modeling method to study the influence of viral virulence evolution
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dynamics on transmission dynamics. On the basis of this model, we consider the
adaptive dynamic property of viral virulence development within the host to study
the impact of mutant pathogens on the original system.

The remainder of this article is organized as follows. In Section 2, we develop
an adaptive evolutionary model of viral virulence. In Section 3, we examine the
existence and classification of equilibria and analyze their global stability. Further-
more, we explore the adaptive evolutionary dynamics of the system and investigate
the influence of parameters on evolutionary singular strategies using both theoret-
ical derivations and numerical simulations. Finally, in Section 4, the results are
summarized and some discussion is provided.

2. The viral dynamics model

In general, the virus proliferates within the host cells of an infected individual,
leading to the production of new virions that are subsequently released from the
cell to infect additional susceptible cells. Upon entry into the host cells, the virus
undergoes continuous replication and mutation, generating a variety of viral strains.
This study considers a class of mathematical models that describe the interactions
between susceptible cells and these diverse viral strains. Furthermore, free virions
have a relatively short lifespan compared to infected cells, and it is assumed that
viral load is positively correlated with the number of infected cells. The entire
infection process is modeled as involving n viral strains and their corresponding n
types of infected cells.

x(t) denotes the number of uninfected target cells, while yj(t) ≥ 0 represents
the number of cells infected by viral strain j(j = 1, . . . , n). The simplified model is
presented below. 

dx

dt
= λ− dx−

n∑
j=1

βj(uj)xyj ,

dyj
dt

= βj(uj)xyj − aj(uj)yj − qjyj .

(2.1)

In model (2.1), the production rate of uninfected cells is λ, and dx represents the
natural mortality rate. The production rate of specifically infected cells by strain
j is βjxyj , where mortality due to disease is represented by ajyj and the natural
mortality rate is qjyj . Here, βj denotes the average probability that a target cell will
be infected upon exposure to strain j. The term 1/(aj + qj) indicates the average
duration that virus strain j remains in infected cells during the infection phase.

In this paper, we posit that the transmission rate and mortality rate attributable
to virus j are directly linked to its virulence level, denoted as uj . We model the
costs and benefits associated with the development of specific traits in the virus by
assuming that the functions aj(uj) and βj(uj) increase monotonically with increas-
ing uj (these are trade-off functions). The derivatives aj

′(uj) and βj
′(uj) reflect

the extent to which virus j is constrained by cost and benefit considerations. If the
virulence value of the virus is zero, it is assumed to be non-competitive and will
consequently be eradicated. Therefore, we assume that aj(0) = βj(0) = 0. More-
over, due to limitations in susceptible cells and infected intracellular resources, viral
transmission is finite, implying that βj(uj) behaves as a saturation function. Ad-
ditionally, we propose that increased virulence incurs higher costs due to resource
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depletion, leading to a greater cost for higher virulence compared to lower viru-
lence. Specifically, βj

′′(uj) > 0 for low virulence levels and βj
′′(uj) < 0 for high

virulence levels. Based on these epidemiological considerations, we conclude that
the functions aj(uj) and βj(uj) exhibit the following characteristics. Firstly, both
aj(uj) and βj(uj) are non-negative for uj ≥ 0, with aj(0) = βj(0) = 0. Secondly,
aj

′(uj) and βj
′(uj) are non-negative for uj ≥ 0, with aj

′(0) = βj
′(0) = 0. Thirdly,

βj
′′(uj) > 0 for low virulence and βj

′′(uj) < 0 for high virulence.
We utilize a quantitative trait evolution model to simulate the evolutionary

dynamics of the average virulence level uj in a virus population [28, 34]. We hy-
pothesize that virulence uj can evolve, with its dynamics governed by the principles
of quantitative genetics. As proposed by Iwasa et al. [28], the evolutionary dynamics
of a single genotype, denoted as s, can be described by

ds

dt
= Gs̃

d

ds̃
lnW (s̃; s)

∣∣∣
s̃=s

. (2.2)

This represents changes in the average genotype within the population s. In this
equation, W (s̃; s) denotes the fitness of an individual with genotype s̃ in a popula-
tion with average genotype s. Gs̃ represents the additive genetic variance associated
with genotype s̃.

Consequently, we formulate the evolutionary dynamics of virulence levels based
on the virus dynamics model. Additionally, the additive genetic variance of uj is
represented by Guj . According to these assumptions, changes in the genotype uj

over a unit time interval can be described as follows,

duj

dt
= Guj

d

duj

(
1

yj

dyj
dt

)
. (2.3)

In this equation, (dyj/dt)/yj represents logarithms of virus fitness. According to
the virus dynamics (2.1), the increase in the number of infected cells during a unit
time interval can be represented by

dyj
dt

= (βj(uj)x− aj(uj)− qj)yj = ϕj(uj)yj . (2.4)

Then,

ϕj(uj) =
1

yj

dyj
dt

, (2.5)

and

ϕj
′(uj) =

d

duj

(
1

yj

dyj
dt

)
. (2.6)

Hence,
duj

dt
= Guj

ϕj
′(uj) = Guj

(βj
′(uj)x− a′(uj)). (2.7)

Based on the differential equations above, we describe the virus dynamics model

dx

dt
= λ− dx−

n∑
j=1

βj(uj)xyj ,

dyj
dt

= βj(uj)xyj − aj(uj)yj − qjyj ,

duj

dt
= Guj (βj

′(uj)x− a′(uj)).

(2.8)
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Note that the selection of trade-off functions is not unique, and their precise quan-
tification remains ambiguous and inadequately defined [15, 19]. Motivated by the
observation that pathogen-induced burst mortality exhibits a monotonic increase
with parasite proliferation, we select a quadratic nonlinear function aj(uj) = pju

2
j ,

where the positive constant pj represents the baseline disease-induced mortality
rate. Similarly, inspired by the Holling type III functional response, we choose
βj(uj) = rju

2
j/(1+ cju

2
j ), with the positive constant rj denoting the baseline trans-

mission rate and cj as a dimensionless non-negative constant. Direct verification
confirms that the chosen functions βj(uj) and aj(uj) satisfy the three assumptions
mentioned above.

Then, by calculating, we can obtain the following model

dx

dt
= λ− dx−

n∑
j=1

rju
2
j

1 + cju2
j

xyj ,

dyj
dt

=
rju

2
j

1 + cju2
j

xyj − pju
2
jyj − qjyj ,

duj

dt
= Gj

(
rjujx

(1 + cju2
j )

2
− pjuj

)
,

(2.9)

where Gj = 2Guj
,

duj

dt
= Gj

(
rjujx

(1 + cju2
j )

2
− pjuj

)
≤ Gj

(
λM

d
− a0uj

)
. (2.10)

By exploiting the comparison principle, we have

lim
t→∞

supuj(t) ≤
λM

a0d
. (2.11)

Consider the region

D =

{
(x, yj , uj) ∈ R3

+ : x+ yj ≤
λ

d
, uj ≤

λM

a0d

}
. (2.12)

It is demonstrated that all the solutions to system (2.9) that begin inD will continue
to remain in D for all t ≥ 0. Therefore, it can be concluded that D is positively
invariant, making it adequate to solely examine solutions withinD. It is consistently
presumed that the initial points are situated in D.

3. Dynamics of the evolutionary system

3.1. Multistrain competition model

Assuming that the virus does not undergo any changes and therefore remains a
constant value, we can deduce that βj(uj) = βj and aj(uj) = aj , both of which
represent positive constants. The initial two equations hold the ability to determine
the dynamic properties of system (2.9). And we can obtain
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
dx

dt
= λ− dx−

n∑
j=1

βjxyj ,

dyj
dt

= βjxyj − ajyj − qjyj .

(3.1)

In this section, we assume that aj = a, qj = q, and different diseases strains have
different infectivity, i.e.

β1 > β2 > · · ·βj > · · · > βn. (3.2)

The following is the basic reproduction number Rj for the strain j, which is the
average of new infections caused by any infected cell when all cells are healthy, with
βjx representing the rate at which a single infected cell generates new infected cells.
Since the average survival period of infected cells is 1/(aj + qj), it can be obtained

Rj =
λ

d

βj

aj + qj
. (3.3)

The property of the isolated epidemic model is specifically determined by the
reproduction number Rj . Combined with the previous condition (3.2), different
strains have different basic reproduction numbers satisfying

R1 > R2 > · · ·Rj > · · · > Rn. (3.4)

Next, we analyze the dynamical properties of model (3.1). It is easy to find that
there are two kinds of equilibria in system (3.1). First of all, one of these equilibria
is the healthy equilibrium E10, which means that all infected cell lines have disap-
peared, with yj = 0(j = 1, · · · , n), where the equilibrium is E10 = (λ/d, 0, · · · , 0).
In this case, the number of healthy cells reaches its maximum. Secondly, the another
one is the competitive equilibrium E11, where only one strain of the virus exists in
such an equilibrium state. Let the right end of the last n equations of system (3.1)
equal to zero, which can be solved as x∗ = (a + q)/βj . Based on the assumption
that different strains j have different βj , then the value of x(t) at the equilibrium
can only be positively related to (a + q)/βj(j = 1, · · · , n). It means that only the
infected cells of strain j exist, and other infected cells do not exist, at this time

y∗j =
λ

a+ q
− d

βj
=

d

βj
(Rj − 1) . (3.5)

Therefore, for system (3.1), if there are m(m ≤ n) competing equilibria, the
condition needs to be satisfied Rj > 1(j = 1, · · · ,m). At the same time, the m
competitive equilibria can be expressed as

E1j =

(
a+ q

βj
, 0, · · · , y∗j , · · · , 0

)
(j = 1, · · · , n). (3.6)

The global stable property of system (3.1) can be obtained from the following the-
orem.

Theorem 3.1. In condition (3.4), the healthy equilibrium E10 = (λ/d, 0, · · · , 0) of
system (3.1) is globally asymptotically stable when R1 ≤ 1. In condition (3.4), the
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competition-equilibrium of system (3.1) is present if R1 > 1 and the equilibrium E11

is globally asymptotically stable in case it exists, where

E11 =

(
a+ q

β1
,

λ

a+ q
− d

β1
, · · · , 0

)
=

(
a+ q

β1
,
d

β1
(R1 − 1) , · · · , 0

)
. (3.7)

Proof. Consider the Lyapunov function

V10(x, y⃗) = x− x0 − x0 ln
x

x0
+

n∑
j=1

yj , (3.8)

which satisfies

V
′

0 (x, y⃗) = x′ − x0

x
x′ +

n∑
j=1

y
′

j

=
x− x0

x
x′ +

n∑
j=1

y
′

j

=
x− x0

x

λ− dx−
n∑

j=1

βjxyj

+

n∑
j=1

(βjxyj − ayj)

= −d · x− x0

x
(x− λ

d
)− (x− x0)

n∑
j=1

βjyj +

n∑
j=1

βjxyj −
n∑

j=1

ayj

= −d

x
(x− x0)

2 +
λ

d

n∑
j=1

βjyj −
n∑

j=1

ayj

= −d

x
(x− x0)

2 +

n∑
j=1

a(Rj − 1)yj ,

(3.9)

where V
′

0 (x, y⃗) is the total derivative of the solution curve along system (3.1) and
x0 = λ/d. From equation (3.4) and Rj ≤ 1, we know that for all j ≥ 1, Rj − 1 is

constant negative. Obviously, V
′

10(x, y⃗) ≤ 0 is always true if and only if x = x0, yj =
0(j = 1, · · · , n) takes an equal sign. This leads to the conclusion that the healthy
equilibrium E10 is globally asymptotically stable. When R1 = 1, V

′

10 ≤ 0, V
′

10 = 0
if and only if x = x0, yj = 0(j = 1, · · · , n). Then in the set

Ω =
{
(x, y⃗) ∈ Rn+1

≥0

∣∣∣x = x0, yj = 0(j = 2, · · · , n)
}
, (3.10)

the largest invariant set is E10. Noting

x′|x=x0
= λ− dx0 −

n∑
j=1

βjx0yj = −β1x0y1 = 0, (3.11)

therefore,
y1(t) ≡ 0. (3.12)

According to LaSalle’s invariance principle, E10 is globally asymptotically stable.
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The following mainly discusses the case of R1 > 1. Assuming that for all Rj > 1,
there are n competitive equilibria E11, E12, · · · , E1n. In order to study the global
state at E11, we consider the function

V11(x, y⃗) = x(t)− x∗ − x∗ ln
x(t)

x∗ + yj(t)− y∗j − y∗j ln
yj(t)

y∗j
+

n∑
i=1,i̸=j

yi(t), (3.13)

where x∗ and y∗j are the numbers of susceptible and infected cells at the equilibrium
E1j . Calculate V11(x, y⃗) along equation (3.1) solution for the derivative of the curve
with respect to time t

dV11

dt
=(1− x∗

x
)(λ− dx−

n∑
j=1

βjxyj) + (1−
y∗j
yj

)(βjxyj − ayj − qyj)

+

n∑
i=1,i̸=j

[βixyi − (a+ q)yi]

=− d

x
(x− x∗)2 +

n∑
j=1

βjx
∗y∗j −

n∑
j=1

βjxyj −
n∑

j=1

βjx
∗x∗y∗j
x

+

n∑
j=1

βjx
∗yj

+ βjxyj − (a+ q)yj − βjxy
∗
j + (a+ q)y∗j +

n∑
i=1,i̸=j

βixyi −
n∑

i=1,i̸=j

(a+ q)yi

=− d

x
(x− x∗)2 + βjx

∗y∗j (2−
x∗

x
− x

x∗ ) +

n∑
i=1,i̸=j

(a+ q)

(
Ri

Rj
− 1

)
yi.

(3.14)
Obviously, the last two terms to the right of equation (3.14) are not positive. For
all i ̸= j where Ri < Rj holds, E1j is globally asymptotically stable. Therefore,
under the assumption of (3.4), we can conclude that E11 is globally asymptotically
stable.

Remark 3.1. The above results describe that even when n viruses strains infect
target cells, only the strongest virus would survive. It also implies selection is
applied in virus infection process. The above phenomenon is known as the “com-
petitive exclusion principle”. By biological meaning, in the virus competition pro-
cess within host, only the viral strain with the maximum infectivity can win the
competition, that is, be survival. The other strains go extinct.

3.2. The existence and local stability of the potential equilib-
ria

By performing direct calculations, we determine that system (3.1) possesses a
healthy equilibrium denoted as E20(x0, 0, · · · , 0, 0, · · · , 0), along with a boundary
equilibrium referred to as E21(x̄, 0, · · · , 0, ū1, · · · , ūn). In the subsequent discussion,
our primary focus will be directed towards examining the feasibility and local sta-
bility of the equilibria of system (2.9). Initially, we will analyze the existence of
potential equilibria.

Theorem 3.2. System (2.9) may possess a maximum of three equilibria, namely:
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(1) The equilibrium E20(x0, 0, · · · , 0, 0, · · · , 0) = (λ/d, 0, · · · , 0, 0, · · · , 0) is con-
sistently present to denote absence of disease.

(2) The boundary equilibrium E21 exists if λ/d > min {pj/rj}, where

E21(x̄, 0, · · · , 0, ū1, · · · , ūn)

=

(
λ

d
, 0, · · · , 0,

(√
λr1 −

√
dp1

c1
√
dp1

) 1
2

, · · · ,
(√

λrn −
√
dpn

cn
√
dpn

) 1
2

)
.

(3.15)

(3) There may be n possible scenarios for the positive equilibrium

E2j =
(
x∗, 0, · · · , y∗j , · · · , 0, 0, · · · , u∗

j , · · · , 0
)

if λ/d > min {pj/rj} and Rdj > 1, and j is one of the values 1, 2, · · · , n− 1 or
n, where

x∗ =
(
√
pj +

√
cjqj)

2

rj
, y∗j =

√
cj(
[
rjλ− d(

√
pj +

√
cjqj)

2
]
)

rj(
√
pjqj + qj

√
cj)

,

u∗
j =

(
q

a0c

) 1
4

, Rdj =

√
λrjpj(

√
λrj −

√
dpj)

pj
√
d(
√

λrj −
√

dpj) + qcjd
√
pj

.

Take note that the threshold Rdj is determined by substituting the virulence u of
Rj with the virulence at E21, this infers that the threshold Rdj represents the basic
reproduction number of the disease. Subsequently, we present findings concerning
the local stability of equilibria.

The Jacobi matrix of system (2.9) at E20(x0, 0, · · · , 0, 0, · · · , 0)
= (λ/d, 0, · · · , 0, 0, · · · , 0) is as follows

−d 0 · · · 0 0 · · · 0

0 −q1 · · · 0 0 · · · 0
...

...
...

...
...

0 0 · · · −qn 0 · · · 0

0 0 · · · 0 G1(r1x0 − p1) · · · 0
...

...
...

... 0

0 0 · · · 0 0 · · · Gn(rnx0 − pn)


. (3.16)

Through straightforward calculation, it can be determined that the Jacobi matrix
at E20 possesses 2n+ 1 eigenvalues, including −d,−q1, · · · ,−qn, that are negative.
Additionally, there exist other eigenvalues, which are G1(r1x0−p1), · · · , Gn(rnx0−
pn). When λ/d > min {pj/rj}, E20 demonstrates instability. Conversely, E20 is
locally asymptotically stable when λ/d < min {pj/rj}. In an analogous manner,
the Jacobi matrix evaluated at E21(x̄, 0, · · · , 0, ū1, · · · , ūn) possesses one negative
eigenvalue, namely −d and 2n other eigenvalues

r1ū
2
1

1 + c1ū2
1

x̄− p1ū
2
1 − q1, · · · ,

rnū
2
n

1 + cnū2
n

x̄− pnū
2
n − qn,

G1

[
r1 − 3r1c1ū

2
1

(1 + c1ū2
1)

3
x̄− p1

]
, · · · , Gn

[
rn − 3rncnū

2
n

(1 + cnū2
n)

3
x̄− pn

]
.

(3.17)



414 Y. Lei & G. Huang

If λ/d > min {pj/rj} and Rd < 1, it can be demonstrated with ease that E21 is
locally asymptotically stable.

Theorem 3.3. (1) If λ/d < min {pj/rj}, the healthy equilibrium E20 is globally
asymptotically stable in D.

(2) If the conditions λ/d > min {pj/rj} and Rdj < 1 are satisfied, the boundary
equilibrium E21 can be determined to be globally asymptotically stable in D \ {E20}.

Proof. In order to demonstrate the global stability of E20(x0, 0, · · · , 0, 0, · · · , 0),
we analyze the subsequent Lyapunov function V2j(t, uj) = yj(t) + uj(t). Differenti-
ating V2(t, uj) along the trajectories of (2.9) yields

dV2j

dt
=

(
rju

2
j

1 + cju2
j

x− pju
2
j − qj

)
yj +Gj

(
rjx

(1 + cju2
j )

2
− pj

)
uj

≤
(
rjλ

d
u2
j − pju

2
j

)
yj +Gj

(
rjλ

d
− pj

)
uj

=
u2
jyj

d
(rjλ− pjd) +

Gjuj

d
(rjλ− pjd)

=

(
u2
jyj

d
+

Gjuj

d

)
(rjλ− pjd).

(3.18)

Given that all parameters are positive, if λ/d < min {pj/rj}, then dV2j/dt ≤ 0 for
all yj , uj ≥ 0 with dV2j/dt = 0 only λ/d = min {pj/rj}. By applying the LaSalle’s
invariance principle, it can be concluded that lim

t→∞
yj(t) = lim

t→∞
uj(t) = 0. When

these limits are brought into system (2.9), we obtain lim
t→∞

x(t) = λ/d. Therefore,

E20 serves as a global attractor of system (2.9) when λ/d < min {pj/rj}.
In order to demonstrate the global stability of E21(x̄, 0, · · · , 0, ū1, · · · , ūn), we

examine the subsequent Lyapunov function V2(t, uj) = yj . This function exhibits
the subsequent property throughtout the system.

dV2(t, uj)

dt
=

(
rju

2
j

1 + cju2
j

x− pju
2
j − qj

)
yj

= (pju
2
j + qj)

[
rju

2
jx

(1 + cju2
j )(pju

2
j + qj)

− 1

]
yj

≤ (pju
2
j + qj)

[
λrju

2
j

d(1 + cju2
j )(pju

2
j + qj)

− 1

]
yj .

(3.19)

Let M(uj) =
dVj(t,uj)

dt and w(uj) =
λrju

2
j

d(1+cju2
j )(pju2

j+qj)
− 1. Hence, we can further

obtain

M(uj) =
λrju

2
j

d(1 + cju2
j )

− pju
2
j − qj

= −pj
cj

l − λrj
cjd

1

l
+

2pj
cj

,

(3.20)

where l = 1+ cju
2
j . And because of

pj

cj
l+

λrj
cjd

1
l ≥ 2 1

cj

√
λpjrj

d , we can yield that the

equilibrium value ūj denotes the highest point of M(uj) within the domain D. At
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the same time, we can obtain

l =

√
λrj
pjd

, t =

√
λrj −

√
pjd

cj
√

pjd
, uj =

(√
λrj −

√
pjd

cj
√
pjd

) 1
2

.

Note that w(ūj) = Rdj , and dV2(t, uj)/dt ≤ (pju
2
j + qj)(Rdj − 1)yj . Due to the

boundary equilibrium E21 exists if λ/d > min {pj/rj}, and if Rdj < 1,we can obtain
dV2(t, uj)/dt ≤ 0 for all yj(t) ≥ 0 and dV2(t, uj)/dt = 0 only at yj(t) = 0.

Lemma 3.1. If the conditions λ/d > min {pj/rj} and Rdj > 1 are satisfied, it can
be inferred that there is a constant m > 0 for which

lim
t→∞

inf x(t) > m, lim
t→∞

inf yj(t) > m, lim
t→∞

inf uj(t) > m

with the initial data (x(0), yj(0), uj(0)) ∈ infD. Furthermore, it should be noted that
the constant m remains unaffected by the specific initial data within the interior D.

In system (2.9), taking different values of n will result in different systems of
differential equations. We can use the geometric approach that is based on the
second additive compound matrix method to study the global stability of endemic
equilibria in different systems and obtain the conditions for the global stability of
endemic equilibria. We take the case of n = 1 to obtain system (3.21) and obtain
the conditions for the globally asymptotically stability of the endemic equilibrium
in this system. In the following, we present findings on the global stability of the
endemic equilibrium E∗. 

dx

dt
= λ− dx− ru2

1 + cu2
xy,

dy

dt
=

ru2

1 + cu2
xy − pu2y − qy,

du

dt
= G

(
rux

(1 + cu2)2
− pu

)
.

(3.21)

Theorem 3.4. Let it be assumed that the given conditions λ/d > min {pj/rj}
and Rdj > 1. Then, there exists a positive c̄ and a positive value of r̄ such that
the unique endemic equilibrium E∗ can be considered globally asymptotically stable
within infD, as long as the conditions c > c̄ and r > r̄ are satisfied, where

c̄ =
1

m2
, r̄ = max

{
λ3M2(1 + cm2)

a0m
,
2λ2M2

m3
+

1

m3
(1 + cm2)(q − 2d)

}
.

Proof. In the subsequent sections, we utilize the geometric methodology, founded
upon the second additive compound matrix to examine the global stability of the
endemic equilibrium. The persistent uniformity of (3.21) within the confined set D
is synonymous with the presence of a compact set K belonging to the interior of
D that acts as an absorbent for (3.21). As stated by Theorem 3.5 of [29], all that
remains is to substantiate the generalized Bendixson criterion

z = lim
t→∞

sup sup
i0∈K

1

t

∫ t

0

µ(B(i(k, i0)))dk < 0. (3.22)
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By performing a precise calculation, the Jacobian matrix of the linearized system
corresponding to the coupled model (3.21) can be derived

J =


− ru2

1+cu2 y − d − ru2

1+cu2x
2ru

(1+cu2)2xy

ru2

1+cu2 y
ru2

1+cu2x
2ru

(1+cu2)2xy − 2puy

Gru
(1+cu2)2 0 G

(
rx(1−3cu2)
(1+cu2)3 − p

)
 ,

and the corresponding second additive compound matrix J [2] is

J [2] =


ẏ
y − β(u)y − d 2uy( rx

(1+cu2)2 − p) rx
(1+cu2)2xy

0 −β(u)y − d+G( rx(1−3cu2)
(1+cu2)3 − p) −β(u)x

− Gru
(1+cu2)2 β(u)y ẏ

y +G
(

rx(1−3cu2)
(1+cu2)3 − p

)
 ,

where the upper dot represents the derivative, d△
dt . To begin, we establish the

definition of A.

A(x, y, u) =


1
2 0 0

0 x
u 0

0 x
u

x
u

 ,

thus Af = (DA) (f). Namely, the matrix Af is obtained by substituting each
element aij in A with its directional derivative in the direction of vector field f ,
resulting in aijf . It is evident that A is nonsingular and C1 in intD. The vector
field of system (3.21) shall be denoted as f . Consequently, it can be deduced that

Af =


0 0 0

0 ẋ
u − xu̇

u2 0

0 ẋ
u − xu̇

u2
ẋ
u − xu̇

u2

 , A−1 =


2 0 0

0 u
x 0

0 −u
x

u
x

 .

Furthermore,

AfA
−1 =


0 0 0

0 ẋ
x − u̇

u 0

0 0 ẋ
x − u̇

u

 .

The matrix B = AfA
−1 + AJ [2]A−1can be expressed in the subsequent block

configuration

B =

B11 B12

B21 B22

 , B22 =

b11 b12

b21 b22

 ,

where

b11 = −β(u)y − d+G

(
rx(1− 3cu2)

(1 + cu2)3
− p

)
+ β(u)x+

ẋ

x
− u̇

u
,
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b12 = −β(u)x,

b21 = a(u) + q − d,

b22 = −β(u)x+
ẏ

y
+G

(
rx(1− 3cu2)

(1 + cu2)3
− p

)
+

ẋ

x
− u̇

u
.

Let (i, j, k) represent the vectors in R3 and the norm |·| in R3 is selected as

|(i, j, k)| = sup {|i| , |j| , |k|} .

In mathematical terms, the Lozinskii measure of B with respect to the induced
matrix norm |·| in R3, which is determined by a specific definition, can be denoted
as µ(B), where

µ(B) = lim
t→0+

|y + µB| − 1

h
.

The Lozinskil measure µ(B) in terms of |·| can be approximated through the fol-
lowing estimation.

µ(B) ≤ sup {g1, g2} ,

where

g1 = µ1(B11) + |B12| , g2 = |B21|+ µ1(B22).

The matrix norms denoted as |B12| and |B21| are related to the L1 vector norm,
while the symbol µ represents the Lozinskii measure in relation to the L1 norm. To
elaborate further,

µ1(B11) =
ẏ

y
− β(u)y − d, |B12| = max

{
a(u)

x
y,

ru2

(1 + cu2)2
y

}
, |B21| =

2Grx

(1 + cu2)2
.

In order to compute the value of µ1(B22), it is necessary to add the absolute value
of the off-diagonal elements to the diagonal element within each column of B22.
Subsequently, the larger value between the two resulting sums should be taken. As
a result of this computation, we ultimately acquire the desired value.

µ1(B22) =G

(
rx(1− 3cu2)

(1 + cu2)3
− p

)
+

ẋ

x
− u̇

u

+max

{
a(u) + β(u)x− β(u)y + q − 2d,

ẏ

y

}
.

The overall representations of g1 and g2, pertaining to system (3.21), are conse-
quently

g1 = µ1(B11) + |B12| =
ẏ

y
− d+max

{
a(u)

x
y − β(u)y,

ru2

(1 + cu2)2
y − β(u)y

}
.

Since

ru2

(1 + cu2)2
y − β(u)y =

β(u)

1 + cu2
y − β(u)y =

−β(u)cu2y

1 + cu2
,
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it follows that

g1 =
ẏ

y
− d+max

{
a(u)

x
y − β(u)y,

−β(u)cu2y

1 + cu2

}
,

and

g2 =
2Grx

(1 + cu2)2
+G

(
rx(1− 3cu2)

(1 + cu2)3
− p

)
+

ẋ

x
− u̇

u
+max

{
a(u) + β(u)x− β(u)y + q − 2d,

ẏ

y

}
.

Lemma 3.2. There are positive constants m and T1, which do not depend on x(0)
(the compact absorbing set), such that

x(t) ≥ m, y(t) ≥ m,u(t) ≥ m, t > T1. (3.23)

Furthermore, we shall delve into each case individually in the subsequent sections
for a comprehensive analysis. The first case is g1 ≥ g2, and the other case is
µ(B) ≤ g1.

In the first case, it can be deduced that µ(B) ≤ g1. It should be noted that
β(u) and a(u) are both strictly increasing functions for u > 0. Consequently, by
considering these conditions, it can be inferred that

µ(B) ≤ ẏ

y
− d+max

{
a(u)

x
y − β(u)y,

−β(u)cu2y

1 + cu2

}
.

Because of

lim
t→∞

u(t) ≤ λM

a0d
,

we have

µ(B) ≤ ẏ

y
− d+max

{
a(λW )

md
− β(m)m,

−β(u)cu2y

1 + cu2

}
, t > T1,

where W = λM
a0d

. Define r̃1 = λ3M2(1+cm2)
a0m

. If r0 > r̃1, then µ(B) ≤ ẏ
y − d for

t > T1. For any t > 0, a solution (x(t), y(t), u(t)) exists for the combined system
(3.21) when the initial values (x(0), y(0), u(0)) are within the absorbing set K. It
is derived from the inequality y(t) ≤ λ

d for ∀t ≥ 0 that there exists a T2 > 0 such
that t > max {T1, T2}. Furthermore, when r0 > r̃1, it can be concluded that

1

t

∫ t

0

µ(B)dt ≤ 1

t
ln

y(t)

y(0)
− d ≤ −d

2

holds for all (x(0), y(0), u(0)) within K. This, in turn, leads to z̃ ≤ −d
2 < 0, and

validates the generalized Bendixson criterion stated in equation (3.22) for case one.
For case two, we can obtain µ(B) ≤ g2. Take note of the aforementioned system

(3.21) that offers the subsequent equivalences

ẏ

y
= β(u)x− a(u)− q,

u̇

u
= G

(
rx

(1 + cu2)2
− p

)
.
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Hence, we have

g2 =
2Grx

(1 + cu2)2
+G

(
rx(1− 3cu2)

(1 + cu2)3
− p

)
+

Ṅ

N
− u̇

u
+max {2a(u)− β(u)y + q − 2d, 0} .

Furthermore, we can obtain

µ(B) ≤ Ṅ

N
+

2Grx(1− cm2)

(1 + cu2)3
+max

{
2a(W )− β(m)m+ q − 2d, 0

}
, t > T1,

where W = λM
a0d

. Define

c̄ =
1

m2
, r̃2 =

2λ2M2

m3
+

1

m3
(1 + cm2)(q − 2d).

Utilizing our selection of c̄, r̃2 and (3.23), we deduce the existence of a constant
h̄ > 0 whereby µ(B) is bounded by Ṅ/N− h̄ for c > c̄, γ > r̃2 and t > T1. Similarly,
adhering to N(t) ≤ λ/d for ∀t ≥ 0, in conjunction with any solution (x(t), y(t), u(t))
to (3.21), there exists T3 > 0 such that for (x(0), y(0), u(0)) ∈ Kc > c̄, γ > r̃2, and
t > max {T1, T3}, the inequality z̃ ≤ −h̄/2 < 0 holds true. Consequently, the
validity of the generalized Bendixson criterion stated in (3.22) is established in case
two.

In conclusion, it is understood that

c > c̄, r > max {r̃1, r̃2} .

Then it can be stated that

z̃ ≤ min

{
−d

2
,− h̄

2

}
< 0, t > T1, T2, T3.

As a result, the generalized Bendison criterion provided by equation (3.22) is con-
firmed. Based on Theorem 3.5, the parameters c and r may bear great importance
in ensuring the overall stability of the endemic equilibrium.

3.3. The dynamical characteristics with the evolution of path-
ogen

In scenarios where the rate of evolutionary adaptation is exceptionally slow, the oc-
currence of mutant viruses and mutations in viral virulence is rare. By employing
the adaptive dynamics approach, we argue that a mutant virus can invade and in-
duce substitutions in virulence, which we rigorously demonstrate through detailed
mathematical analysis. Notably, the basic reproduction number of the epidemic

model (equation 2.8), denoted as Rj(uj), is given by λ
d

βj(uj)
aj(uj)+qj

, under the assump-

tion of no co-infection. According to Theorem 3.1, the endemic equilibrium E11

of the epidemic model is globally asymptotically stable when Rj(uj) exceeds one.
Therefore, for the remainder of this section, we assume Rj(uj) surpasses one, im-
plying that the mutant virus encounters the existing viral population at an endemic
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equilibrium E11. When a mutant virus with a slightly different level of infectious-
ness ũj invades the existing viral population at low density, its invasion fitness can
be quantified as follows,

fj(uj , ũj) = βj(ũj)x
∗(uj)− a(ũj)− qj .

If the value of fj(uj , ũj) is greater than zero, it indicates that the population density
of the mutant virus will increase, implying that the mutant virus has the ability to
invade. Moreover, a successful invasion of the mutant virus will lead to a substitu-
tion of traits, where the resident population will become monomorphic again after a
short period of epidemic transmission, but with a different trait. In the subsequent
analysis, we will employ the method of Lyapunov function to establish a formal and
rigorous proof of the statement that invasion results in trait substitution.

Theorem 3.5. Assuming that the rate of evolutionary adaptation Gj is much
smaller than 1, and the resident virulence uj is significantly different from an evolu-
tionarily singular strategy, it is possible to achieve a trait substitution if the invasion
fitness for a mutant virus fj(ũj , uj) is greater than 0.

Proof. To begin, we enhance the existing epidemic model (2.1) by incorporating
the existence of a population, denoted as yjm, that is infected with a mutant virus
possessing a virulence of ũj . When this mutant virus, characterized by a slightly
altered virulence of ũj , infiltrates the resident populations at a limited density, the
resultant dynamics of the resident-mutant epidemic can be described as follows.

dx

dt
= λ− dx−

n∑
j=1

[
βj(uj)xyj + βj(ũj)xyjm

]
,

dyj
dt

= βj(uj)xyj − aj(uj)yj − qjyj ,

dyjm
dt

= βjm(ũj)xyjm − aj(ũj)yjm − qjyjm,

(3.24)

where yjm denotes the number of yj-infected mutants at time t. For simplicity, let
βj = βj(uj), aj(uj) = aj ,βjm(ũj) = βjm,aj(ũj) = ajm. Then, we can further obtain
equation (3.25). And a boundary equilibrium of the simplified resident-mutant
epidemic model (3.25) can be represented as (x∗, 0, · · · , 0, 0, · · · , y∗jm, · · · , 0).

dx

dt
= λ− dx−

n∑
j=1

[
βjxyj + βjmxyjm

]
,

dyj
dt

= βjxyj − ajyj − qjyj ,

dyjm
dt

= βjmxyjm − ajmyjm − qjyjm.

(3.25)

Subsequently, employing the Lyapunov function methodology, it is demonstrated
that if the magnitude of the difference between ũj and uj is adequately small, uj does
not exist in the vicinity of the singularity, and fj(uj , ũj) exceeds zero, the boundary
equilibrium (x∗, 0, · · · , 0, 0, · · · , yjm, · · · , 0) is globally asymptotically stable within
the domain Λ = {x > 0, yj ≥ 0, yjm > 0} , j = 1, · · · , n. Consequently, this implies
that the emergence of a mutant virus through a victorious invasion leads to the
substitution of traits.
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We can define the following Lyapunov function

Vm = V1 + V2 + V3, (3.26)

where

V1 = x− x∗ − x∗ ln
x

x∗ ,

V2 =

n∑
j=1

yj ,

V3 =

n∑
j=1

(
yjm − y∗jm − y∗jm ln

yjm
y∗jm

)
.

(3.27)

By constructing the aforementioned Lyapunov function and employing a similar
calculation method, we omit the detailed calculation steps. The following conclu-
sions can be drawn: Given that fj(ũj , uj) is greater than zero when the absolute
difference between ũj and uj is sufficiently small, and provided that uj is not in
close proximity to the singularity, the global asymptotic stability of the equilibrium
(x∗, 0, · · · , 0, 0, · · · , y∗jm, · · · , 0) can be established using the Lyapunov-LaSalle in-
variance principle. This conclusion completes the proof.

Numerical simulations can further verify these conclusions. Specifically, for n =
3, we observe the dynamics of three viruses and their mutated forms.

(a) (b)

Figure 1. When n = 3, the number of resident viruses and mutant viruses changes with time t.
(a) Plot of the viral load of the six viruses in the presence of Rj > 1 as a function of time t. (b)
Plot of the viral load of the six viruses as a function of time t when all Rj < 1.

From Figure 1(a), it is evident that as time progresses, only one type of infected
cell maintains a stable load value while others tend to zero. Only the equilibrium
with maximum characteristics is globally asymptotically stable. For the case where
every strain has different basic reproductive number from each other, the coexistence
of different strains is impossible. From Figure 1(b), it is clear that when all basic
reproduction number Rj are less than one, the number of infected cells tends to
zero, confirming the theoretical findings.

The viral virulence will undergo gradual evolution via repeated invasion and
replacement. The evolutionary direction of this change is dictated by the selection
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gradient g(uj)’s sign, as indicated by

g(uj) =
∂fj(ũj , uj)

∂ũj

∣∣∣∣
ũj=uj

= β′
j(uj)x

∗(uj)− a′(uj). (3.28)

An evolutionarily singular strategy refers to a strategy u∗
j for which the selection

gradient g(uj) becomes zero. In the case that Rj(uj) is greater than one and the
epidemic equilibrium is globally asymptotically stable, the equilibrium level can
be utilized as a representative level for the long-term epidemic dynamics. In this
context, the evolutionary dynamic is estimated through averaged dynamics using
the following approach

duj

dt
= Guj

(βj
′(uj)x

∗(uj)− a′(uj)),

where

x∗(uj) =
aj(uj) + qj

βj
=
(
pju

2
j + qj

) 1 + cju
2
j

rju2
j

.

Hence,
duj

dt
= Guj

(
β′
j(uj)x

∗(uj)− a′(uj)
)

= 2Guj

(
pju

2
j + qj

uj(1 + cju2
j )

− pjuj

)
.

(3.29)

The result of algebraic calculation indicates that system (3.29) possesses a distinc-

tive equilibrium, u∗
j , given by the equation (qj/pjcj)

1
4 . Based on equation (3.28), it

can be concluded that the exclusive equilibrium u∗
j represents the only evolutionar-

ily singular strategy. Furthermore, the negative eigenvalue of the Jacobian matrix
at u∗

j suggests that u∗
j is globally asymptotically stable, and the singular strategy

u∗
j demonstrates convergence stability. In other words, if a population having a

neighboring strategy is invaded by a mutant virus that is even more proximate to
u∗
j , since

∂2fj(ũj , uj)

∂ũ2
j

∣∣∣∣
ũj=uj=u∗

j

= β′′
j (uj)x

∗(uj)− a′′(uj)
∣∣
uj=u∗

j

< 0, (3.30)

the strategy u∗
j is considered to be evolutionarily stable as it cannot be invaded by

any nearby mutants. Consequently, u∗
j is regarded as a continuously stable strat-

egy(CSS) and signifies the ultimate outcome of the evolutionary process. Addition-
ally, the summarized findings regarding the existence and stability of the averaged
system (3.29) are presented below.

Theorem 3.6. When Rj(uj) exceeds 1, the positive equilibrium u∗
j of equation

(3.29) demonstrates global asymptotic stability and serves as the continuously stable
strategy(CSS).

To verify the above conclusions, we try to draw a pairwise invasibility plot(PIP).
The selected parameters are cj = 0.2, qj = 0.1, pj = 0.2, rj = 0.5. The evolution-
ary singularity strategy u∗

j is the intersection of the fitness function fj(ũj , uj) and
the diagonal ũj = uj . Since convergent stability and evolutionary stability are
two separate characteristics, evolutionary singular strategies can be divided into
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four categories. By observing the pairwise invasion graph, we can know which of
the evolutionary singular strategies under this parameter condition belongs to, and
which is used to verify the conclusions obtained above. From Figure 2, we can see
that the evolutionary singular strategy does the perpendicular line in its upper and
lower neighborhoods, and the perpendicular line falls in the region of fj(ũj , uj) < 0
in the white part, so the singular strategy u∗

j corresponding to this point is evo-
lutionarily stable. We hereby present the findings resulting from the integration
of the transmission rate βj , which is dependent on virulence, with the mortality
caused by illness aj(uj), utilizing the identical parameter values as displayed in

Figure 3(a). For the transmission rate, we have opted for βj(uj) =
rju

2
j

1+cju2
j
, while

for the mortality rate, we have selected aj(uj) = pju
2
j . As we can see in Figure

3(b), uj(t) increases gradually as t increases, and when t reaches a certain value,
uj(t) stabilizes at a fixed value. And the initial value uj(0) = 1.

Figure 2. Continuously stable strategy of pathogen virulence. The green part of the graph
represents the invasion fitness function fj(uj , ũj) > 0, and the white part represents the invasion
fitness function fj(uj , ũj) < 0.

In the subsequent analysis, our aim is to demonstrate that the CSS virulence
significantly enhances the basic reproduction number of a rare mutant. It should
be noted that the basic reproduction number of the epidemic model is denoted as
R0 [ũj , uj ]. Let us consider a scenario where a rare mutant with a virulence level
represented by ũj successfully infiltrates a population of resident parasites with
a virulence level of uj . The formula representing the fitness of the mutant, as
explained in reference [20], can be expressed as follows

R0 [ũj , uj ] =
λ

d

βj(ũj)

aj(ũj) + qj
.

We then proceed to demonstrate that the strategy ũj maximizes the basic reproduc-
tion number R0 [ũj , uj ] when ũj equals uj . By taking the derivative of R0 [ũj , uj ],
we obtain the following result

dR0 [ũj , uj ]

dũj

∣∣∣
ũj=uj

=
λ

d

2rj ũj(qj − cjpj ũ
4
j )

(pj ũ2
j + qj)2(1 + cj ũ2

j )
2
.
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(a) (b)

Figure 3. (a) The function plots of transmission rate and mortality due to illness as a function of
viral virulence. (b) The change of viral virulence over time.

Thus, it can be deduced that the derivative of R0 [ũj , uj ] with respect to ũj , evalu-
ated at ũj = uj , is equal to zero only when ũj equals u∗

j , thereby establishing that
u∗
j represents the highest point of value for R0 [ũj , uj ].

Overall, it can be concluded that the globally asymptotically stable equilibrium
(as demonstrated in Theorem 3.6) represents the state of continuous stability regard-
ing virulence, which, in turn, maximizes the basic reproduction number R0 [ũj , uj ]
(depicted in Figures 4(a) and 4(b)).

(a) (b)

Figure 4. The reproduction number of an rare mutant, denoted as R0 [ũj , uj ], is compared to the
virulence of mutant, represented as ũj . (a) The reproduction number in relation to the level of
virulence associated with a particular strain, under the presumption of no direct reliance on other
factors. (b) The alteration in continuously alongside a specified parameter, denoted as y, here we
take y to qj as an example.
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3.4. Sensitivity analysis of continuously stable strategy(CSS)

In this section, we discuss how a continuously stable strategy of a virus may occur
independently of the trade-off function by using the method of implicit differentia-
tion, and how changes in the relevant statistical parameters of the virus affect the
evolutionary behavior of virulence traits in pathogens.

First, we consider the effect of the intensity of the natural mortality rate q of
infected cells on the continuously stable strategy(CSS). The determination of this
can be attained through noticing the sign of the derivative of ũj concerning q. To
achieve this, we rely on the selection gradient g(u∗

j , q) in equation (3.28) and carry
out implicit differentiation of the equation g(u∗

j , q) = 0 with respect to q, while
considering u∗

j as a function of q. Consequently, we obtain

∂

∂q
g
(
u∗
j , q
)
=

∂g(uj , ũj)

∂uj

∣∣∣∣
uj=u∗

j

du∗
j

dq
+

∂g(uj , ũj)

∂q

∣∣∣∣
ũj=u∗

j

= 0. (3.31)

By employing the defined expression of g(uj , q) = 0, we proceed to rephrase equation
(3.31) as

du∗
j

dq
= −

(
∂

∂q

(
∂fj(ũj , uj)

∂ũj

∣∣∣∣
ũj=uj

))
uj=u∗

j

/(
∂

∂uj

(
∂fj(ũj , uj)

∂ũj

∣∣∣∣
ũj=uj

))
uj=u∗

j

.

(3.32)
Due to its characteristic of convergence stability, denoted as “CSS”, it can be implied
that the denominator in equation (3.32) will consistently exhibit negativity. Thus,

the sign of the derivative
du∗

j

dq can be ascertained based on the numerator of equation

(3.32). Through straightforward computations, the numerator of equation (3.32)
can be derived as

∂

∂q

(
∂fj(uj , ũj)

∂ũj

∣∣∣∣
ũj=uj

)
uj=u∗

j

=
∂

∂q

(
β′
j(uj)x

∗(uj)− a′(uj)
)
uj=u∗

j

=
∂

∂q

(
β′
j(uj)

a(uj) + q

βj(uj)
− a′(uj)

)
uj=u∗

j

=
β′
j(uj)

βj(uj)
=

2

uj(1 + cju2
j )
,

(3.33)

which is always positive. Therefore, for the Continuous Stable Strategy(CSS),
du∗

j

dq >
0 is always true, i.e., the evolutionary singular strategy u∗

j always increases with
the parameter q. This result can be represented visually, as shown in Figure 5(a).
This means that under the conditions of a given viral infectivity rate βj(uj) =
rju

2
j

1+cju2
j
and mortality due to disease aj(uj) = pju

2
j , if the intensity of the natural

mortality rate q becomes stronger, the infection rate of normal cells will increase
(because the virulence trait uj will increase), and the whole system will develop in
the direction of high infection rate and high mortality due to disease. Using the same
analysis method, we obtain that the evolutionary singular strategy is monotonically
decreasing with respect to parameters c and p, as shown in Figures 5(b) and 5(c).
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(a) (b)

(c)

Figure 5. Diagram illustrating the evolutionary dynamics under varying parameter conditions.
(a) Evolutionarily singular strategy u∗

j versus the natural death rate of infected cell q. (b) Evo-

lutionarily singular strategy u∗
j versus parameter c in the trade-off function q. (c) Evolutionarily

singular strategy u∗
j versus mortality due to disease p.

4. Discussion and conclusions

Understanding the evolutionary dynamics of virulence traits from a microscopic
perspective is of great significance for the prevention and control of viral mutations.
In this paper, we investigate the evolutionary dynamics of virulence traits in healthy
cells transitioning to pathogen infection using the method of adaptive dynamics,
based on a viral dynamics model of multiple infectious strains within the human
body. Considering a viral evolutionary model with multiple virus strains, healthy
cells can be infected by n distinct classes of viruses, which can mutate into strains
with altered virulence traits compared to the original virus. Therefore, the stability
conditions of the equilibrium of the original system and the parameters influencing
the convergence or evolutionary stability strategy are crucial under such complex
changes.

When we consider a scenario where virus evolution is ignored, i.e., the infection
rate of healthy cells and the mortality rate of infected cells are constant parameters.
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By using Lyapunov approaches, only equilibrium state E11 is shown to be globally
asymptotically stable, which means only one strain with the maximum number can
be survived. This also verifies and expands upon the competitive exclusion principle
in [5]. Viral evolution tends to maximize the basic reproductive number.

When considering the evolution of the virus, we hypothesize that only traits
associated with viral virulence can evolve adaptively, specifically the infection rate
of viruses in healthy cells and the mortality rate of infected cells due to disease
(trade-off functions) [2, 31]. Notably, the presence of multiple strains enables us to
construct standard Lyapunov functions, thereby demonstrating the global asymp-
totic stability of the equilibrium. We examine the evolutionary trajectory of viral
virulence traits from the perspective of adaptation dynamics. Furthermore, the
sign of the invasion fitness function can be used to determine whether a mutant
can invade and replace the resident virus. A Lyapunov function is constructed to
demonstrate that such an invasion will result in trait replacement. The level of
virulence traits obtained by selecting a gradient of zero is termed the evolutionary
singular strategy. The type of ESS is determined by evaluating the second-order
partial derivative of the invasion fitness function. It is proven that when the basic
reproduction number exceeds one, the virulence level constitutes a globally asymp-
totically stable and continuously stable strategy. This conclusion is corroborated
through pairwise invasion plots. Subsequently, sensitivity analysis of the CSS is
conducted, revealing how other parameters influence the determination of the CSS.
We observe that the continuously stable strategy increases with higher natural mor-
tality rates of infected cells, decreases with increasing coefficients of the mortality
function of infected cells, and diminishes as parameter c in the infection rate func-
tion rises.
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