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Abstract This paper investigates a class of Hadamard fractional differential
system involving logarithmic type initial conditions on an infinite interval.
Based on some obtained properties of the Green’s functions, Schauder fixed
point theorem and Banach contraction mapping principle, we establish the
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which show our main results.
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1. Introduction

We examine a system comprising nonlinear Hadamard fractional differential equa-
tions (HFDEs for short)
Dya(t) + f(t,2(1). DIt y(1) = 0.1 € (1,00), 1)
DYyy(t) + g(t,2(t), DTy y(t)) = 0,t € (1,00),

supplemented with some logarithmic type initial conditions
lim, 1 (log )2 P (t) = limy o0 DY 2(t) = S0 ) as(ms), (1.2)
limg-y1 (log £)* =9y (t) = lime—s oo DYy y(t) = X7 by(C5),

where D7, is the Hadamard type fractional derivative of order v € {p,q},p,q €
(L,2], f,g € C([LLoo) x RXxRR), 1 <y < < - < Ny < 00,1 <1 < 2 <
s < < 00,ai(1 =1,2,...,m),b;(j = 1,2,...,n) denote positive real constants

with
1

-3 ai((logrr(];))p_ + (log ;)" ™2) > 0,
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g—1
-y bj(i(logrcf) + (log ¢;)"2) > 0.
= (q)

For variables in infinite intervals, we have to consider different function spaces and
infinite integrals. Therefore, we need the following assumptions:

(A1) f:[1,00) x R x R — R, satisfies the a-Caratheodory conditions, that is

(1)t f(t, LHlongT2, Lroyr”

n

y) is measurable on [1, 00) for every (z,7) € R?;

(logt)2—» log t
o+2 o+2
(i1) (z,y) — f(t, l'é'lggf)tg),p T, 1+(1ﬁ)ggt2 y) is continuous on R? for all ¢ € [1, 00);

(#ii) for any r > 0, there exists a function ¢,(t) > 0 with [ ¢r ()% < oo, such
that
1+ (logt)°*? 1+ (logt)°+2

ug (logt)2—» “ log ¢

y) < ¢r(t) for t € [1,00), [x], [y| <7

Az) g:[1,00) x R x R — R, satisfies the a-Caratheodory conditions, that is
1+(logt)° 2 14(logt)7H?

i)t — g(t, Tog =141 — Tog y) is measurable on [1, o) for every (z,y) € R?;
i) (z,y) — g(t, 135};%?:]:2 x, H(lﬁjggtt)ﬂﬁ y) is continuous on R? for all ¢ € [1,00);

o~ o~ o~ o~

iii) for any r > 0, there exists a function ¢, (t) > 0 with [~ ¢,(t)% < oo, such

that

1+ (log t)”+2x 1+ (logt)°+2
(logt)2—¢ ™’ logt

g(t,

(A43) f(t,0,0),9(¢,0,0) £ 0 on any subinterval of [1, c0);

Fractional calculus is an important branch of mathematics, which is used to
study the differentiation and integration of any real order or complex order, and
can be used to solve many problems which are difficult to be solved by integral
calculus. In the past few decades, fractional differential equations (FDEs for short)
have been widely used in physics, mechanics, chemistry, economics, biomedicine and
other fields, which are mainly used to describe the behavior of complex systems,
describe the properties of complex media mechanics, describe molecular diffusion be-
havior, establish nonlinear economic models, describe biomedical signals and so on,
see [1-4]. So far, several different fractional derivatives have been proposed, for ex-
ample, the Riemann-Liouville, Caputo, Hadamard, and Caputo-Fabrizio fractional
derivatives, see [5—-13,24]. Different derivative operators are often used according
to their different structures. In this paper, we mainly study FDEs with Hadamard
type derivatives. In order to gain insight into the many applications of fractional
calculus in different fields, we refer the reader to [14-17,25-41].

In [22], Nyamoradi and Ahmad applied the Leggett-Williams fixed point theorem
and the concept of iterative positive solutions to prove the existence of at least two
or three positive solutions for the following HFDE:

{D;x(t)ﬂ(t)f(t () =0,t € (1,00),

y) < ¢p(t) for t € [1,00), [x], |y <.

»a(t))
limy_y1 (logt)?~S2(t) = limy—o0 D{T 2 (t) = [ 7(s8)2(s) %, (1.3)

where D7, is the Hadamard fractional derivative of order ¢ € (1,2], f : (1,00) xR —
R,v : (1,00) = (1,00) are continuous functions, 0 < [~ v(s)% < oo, 7 € L(1,00)

and v [ (ﬂ% ¥ <1ogs>€—2)7(s>is <t
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In [23], Tariboon et al. employed the Leggett-Williams fixed point theorem
and Guo-Krasnoselskii’s fixed point theorem to investigate the existence of positive
solutions for the following HFDEs:

Dﬁx( )+ u()f(t,x(t),yt) =0,1 < a <2t € (1,00),
DY y(t) + v(t)g(t x(t), y(t) = 0,1 < B < 2,t € (1,00),
z(1) =0 DT‘+ 1$(OO) Sy pil Ty (),
y(1) = 0, D) y(00) = 30 011 a(0),

(1.4)

where D7, is the Hadamard type fractional derivative of order r = «, 3; I fi JIY 14 are
the Hadamard type fractional integrals of orders p;,q; > 1, respectively; p;, 0; >
0,i=1,2,..m,57=1,2,...n

In [21], Deren and Cerdik applied the monotone iterative technique to find the
existence of positive solutions for the following system of HFDEs with multi-point
boundary conditions:

Lt

) +wi(t)f(ty(t), DT y(t) = 0,n =1 < p < m,t € (L,00),
00+ walDg(ta(), DL a(0) = 0m 1< g <t € 1,00,
x( ) 2'(1) = =z("3(1) = 0,DV x( 00) = XM 1a: DT} x(ng),

1.5

1) (1.5)

y(1) =y (1) = -~ =y 2(1) = 0, DT y(00) = 52,0, D2 y(m;),

where DY, is Hadamard type fractional derivative of order v € {p,q,r1,r2},r1 €

[O,p—l},’/’g € [O,q—l],ai > 0(7, = 1,27...k’1>,bj > 0(_] = 1,2,.../@2)71 <ng <ng <
< ny, <ooand 1 <my <mg < - < my, < 00.

In this paper, we aim to obtain the existence and uniqueness of solutions for
the system (1.1)-(1.2). To date, there are still few studies considering the systems
of HFDEs on infinite intervals. The Schauder fixed point theorem and Banach
contraction mapping principle are applied to derive the desired results. Our results
are new in the given configuration and open new avenues for further investigation
of (1.1)-(1.2).

The structure of the paper is outlined as follows. In Section 2, we list some
useful preliminaries and the key lemmas that are used in subsequent parts, and
then we obtain some useful properties of Green’s functions. In Section 3, we set
out the main conclusion: the existence and uniqueness results of solutions. Section
4 showcases a selection of examples that serve to illustrate our results.

2. Preliminaries

In the section, we recall some basic concepts, notations and related lemmas.

Definition 2.1. ( [18,19]) For a function ¢, the Hadamard fractional derivative of
order v is

1 d ds

) = gy )" [ Qo D e Tan=1 <o <,

where [v] denotes the integer part of the real number v,n = [v] + 1 and log(.) =
log,(.).
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Definition 2.2. ( [18,19]) For a function ¢, the Hadamard fractional integral of

order v is .
. 1 t,_ ds
IPice(t) = @/1 (log -) 10(8)?,7) > 0,

s
assuming the integral exists.

Lemma 2.1 ( [19]). If o, 8 > 0, then

I (logt)° ' = (logt)Pret,

L(8+a)

DY (logt)°~1 = (log t)=~.

r
L(3—a)
In particular, D, (logt)*™ =0,j=1,2,...,[a] + 1.

Lemma 2.2 ( [19]). Let £ > 0 and x € C[1,00) N L'[1,00). Then the solution of
HFDE Dix(t) = 0 is written as

n

() = eillogt)*,

i=1
and the following formula satisfies

n

If+D§+x(t) =ux(t) + Z ci(logt)s,
i=1
where c; € Ryi=1,2,...,n,n=[¢+ 1.
Next, we introduce some spaces related to our work as follows:

(logt)*~?
X;=ze(C[l,0): sup ——————|x
foecio: o BT

(t)|<oo,o>—l},
_ logt 1
X ={ze X, D' 'z e C[l,0): — " DP7le(t) < 00,0 > —1p,
(et ccos: it <o > 1)

I 2—q
Yi :{yEC’[l,oo) : sup (log?)

————y(t <oo,0>—1}7
te[1,00) 1+ (logt)‘”Ql ( )‘

_ logt _
1 1

For x € X, define the norm by

(logt)?~? logt " }
T||x = max sup —————=|z(t)|, sup —————— x(t)| ¢.
Jal = max sy EELL o), s s D 1)

It is easy to show that X is a real Banach space.
For y € Y, define the norm by

(logt)?—4 logt g—1 }
Y|ly = max sup ————————|y(t)|, sup ———————|DI "y(t)| ;.
ol {teu,w) T+ ozt 2 O 5P T (og e Vi 00
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Then Y is also a real Banach space. And thus the product space (X x Y, | - ||)

is a Banach space with norm

(2, )l = max{|z][x, [yl }-

To discuss (1.1),(1.2), we need to transform it into a fixed point problem, so we first
give the following conclusion. Although the method is usual, we give the proof for

completion.

Lemma 2.3. Leth € C[1,00). There exists a constant M > 0 such that |h(t)| < M,

[ h(s)% < 0o and

- ogn; )P~ _
A i=1-— Zai((lgljglj) + (logn;)P~2) > 0,

i=1
then the solution of the following HFDE with logarithmic type conditions

DYV, x(t) +h(t) =0,1 <p<2,te(1,00),
limg_ 1 (log )2 Pax(t) = limy_o DV () = S0 asa(ns),

s given by
> ds
x(t) = | G(t,s)h(s)—,t € [1,00),
1 s
where
G(t’ 5) = Gl(t7 5) + Gg(t, s),
with
1 loe)?~1 — (log 1)~ 1< g<t
Gi(t,s) = =— (Og)i (log 2)P~%, 1<s<t<oo,
F(p) (logt)p 17 1 § t S s < 0,
1 J(logn)r™" — (log )»=!, 1< s < < oo,
Gl(nivs)iﬁ ( ) . ( )
p) (1Ognl)p ) 1 S i S s < 00,
" (Uo2 D™ (log t)p=2)
Ga(t,s) = U'(p)

1G iy 9).
A ;a 1(7i,5)
Proof. Using Lemma 2.2, the solution of (2.1) can be written as

_ b to Lyt sﬁ cr(log )P~ 4+ ¢ (log )P~ 2
o) =~ g7 | Tor (RS + a0 + eallont)

from some constants c¢1,co € R. When t — 1,

t h(s)

! oo
(logt)%p/ (log)plds‘ < |M(logt)2*1’/ (log —)P~' = ds|
1 S S 1 s S

M M
= ?(bgt)z_p(logt)p = ?(logt)2 — 0.

From lim,_,1 (logt)? Pz (t) = Y.I" | a;z(n;), we know that

m
cy = Z a;x(n;).
i=1
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From Lemma 2.1,

Di’;lx(t) = —/1 @ds + c1D(p).

S

Considering the condition limy_, Df:lx(t) =31 a;x(n;), we get

o = F(lp)(/l“’ h(s)% + iam(m))-

Hence, we get

o) == 7 [ e he T+ (B
+ (log t)P~2) Zaz x(n;) 10§8§ /1 h(s)%,

and together

i ds
Zaz 771 1 — Al <_F Zaz/ 10 — h(S)?
1 — p—1 > s
WZ:: i(logn;)” /1 h(3)8>7

we obtain

L [t Qostr s
o) = = s [ toaCy i o+ RS /1h<>s
1 i
(log

e (gt S [ o
1—A1 F(p P ! 1 S
1 & ° ds
+ =) ailo ipfl/ hs)
iy 2 elogn ™ [ )5

/1wG(t

The proof is completed.
Similarly, for k € C[1, ), there exists a constant M’ > 0 such that |k(t)| < M’,
[ k(s)% < oo and

$)h(s) %

n o \g—1
=1- ij((lgr%q)) + (long)q*Q) > 0.

Then the solution of the following HFDE with logarithmic type boundary conditions

{Diuy(t) +h(#) =0,1<g<2te (1,00), 2.4)

hmtal(bg t)2_qy(t) =lim; o Dfily(f) = 221 bjy(Ci)a
is given by

/ H(t,s)k —te[l,oo),
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where
H(t,s) = Hi(t,s) + Ha(t, s),
with
1 logt)?~1 — (logt)?—1 1<s<t
Hy(t,s) = — (log?) (log )77, < s <1 <oo, (2.5)
I'(q) | (logt)*~, 1<t<s<oo,
1 log ;)91 — (log $4)9=1, 1< s<(;
Hy(¢yys) = — J 108G = (log 517, ISs <G oo,
I'(g) | (log ;) 1< ¢ <5< oo,
and
(LD 4 (logt)e~2) &
Hs(t,s) = - A, ijHl(Cj,S)-
j=1

Lemma 2.4. The functions G(t,s), H(t,s) admit the following properties:
(i) G(t,s), H(t,s) are nonnegative and continuous for (t,s) € [1,00) x [1,00);

(i)

(logt)2=P 1 (logt)?—4 1
T+ (ogty72 0 = T T gy 1) = g
(iii)
(logt)*~P 1+T(p) < p-1
WGz(tvs) < m;az(logm) )
(logt)?—4 1+T(g) ~ g—1.
T+ognr 2% = T A ;bj(log W
(iv)
(logt)2~P 1 1+T(p) & p—1
1+ (logt)"”G(t’S) =To) [1 (1-ANT(p) ;ai(logﬁ?) } -
(logt)*~4 1 1+T(g) 1| _. ..
T o9 < 1 (14 T 2t 2. boe ) | =
(v)
2—p 1 1 - . A\p—1
(logt)“"PG(t,s) < ) (1 + ) ;al(log ;) ) logt

1 1 n
(logt)*"1H(t,s) < (1 + b;(log Ci)q_1> logt
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NN ] (1—A2 ij log ¢;)?
1
= Qelost T AT () Zb (log ;)4

where

1 1 m -
o= L'(p) (1 - (1— A (p) ;“i(logm) )
1

F(q)(lJr 1—A2 Zb (log ¢;)? )

Proof. The proofs of (i) and (ii) are stralghtforward, so we omit it. Next we
prove the remaining properties:

Q2 =

(i)
(logt)z—p
1+ (logt)ot2 Ga(t, )
p—1 ’
_ (logepr (U5 + oty i Crss)
~1+ (logt)o+2 1A, a;G1(n;, 3
p—1
(logt)*~»  (Ffg— + (ogt)”™?) zmj S(ogn
1+ (logt)ot? 1— A aig o (logmi)”
1+0(p) & »
< Ay O aillogm) .
(- Ar2(0) 2
Similarly,
(log 1)** 1+T(q) 71
— = Hy(t,s) < ——— bo(l \q
1+ (logt)o+2 5(t, s) < (1_A2)F2(q); i (log ¢;)
(iv)
MG@ 3) — MG (t S) + MG (t 8)
1+ (logt)7+2 77 7 14 (logt)o+2 1 1+ (logt)o+2 72\
1 1 +F p m 1:|
= 1+ a;(logn; )
I'(p) [ Z 1)
Further,

(log ) 1 1+T(q )
_ (ogt)™™7 _ .
1+(logt)"+2H(t’s) = 1+ 0 Ayr Zb (log ¢;)

m

_ 1 logt 4 I'(p)
v) (logt)?>"PG(t, s g(lo t4+ —— 2N g (log m; 1)
(v) (logt)*"PG(t,s) B AT () ; g 7i)
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L 1 ma. oen: )1 ) lo
=) <1+ (1-ANC(p) ; s(logme) )1 8

1 - -
H?E??Eﬁﬂ%mpl

—Q110gt+( Zaz log ;)P L.

+

Similarly,

- 1 - -
(logt)*~9H(t,s) < Qalogt + 1= 2)T(q) ;bj(log Gt

Remark 2.1. In accordance with Definition 2.1, Lemma 2.3, we get

DPTla(t) = / G* (¢, )h(s) %, DIty (1) / HA (1, k()2
1 S
in which
G*(t,s) = J(t,s) + G1(ni, 8),
* 1 -
H(t,5) = J(:8) + =5 ;bsz(Cj, 5),
and

1, 1<t<s<oo.

9

0, 1<s<t
J(t,s)—{’ =85t <00,

Clearly, for ¢, s € [1,00), G*(t,s), H*(t, s) are continuous and G*(t, s), H*(t,s) >

with .
G*(t,s) <1 + 1 Z 11, 8) =: 114,
H*(t,s) < Z 2(¢j,8) =: o,

3. Main results
Define an operator T on X x Y by

T(xa y)(t) = (Tl(xa y)(t),T2($, y)(t))v

where
Tue)(t) = [ Glt.s) (sva(o). D (o) 2
Ta(o)(0) = [ (e 5)a(s. 20, Dy

0,
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We find that the existence of a solution to the system (1.1) — (1.2) is equivalent to
the existence of a fixed point of the operator T'.

Lemma 3.1 ( [20]). Let U C X be a bounded set. Then U is relatively compact in
X if the following conditions hold:

(i) For any x € U, %x( ) and %D’;lx(ﬂ are equi-continuous on

any compact interval of [1,00).

(i) For any € > 0, there exists a constant L = L(e) > 0, such that

(logty)2=P (logtg)?—P
—_— (1) - ————————x(t <
‘ 1+ (logtl)"“x( ) 1+ (logtz)"“m( 2)| <
and ) |
ogty 0g to
L T L B— U
‘1 + (logty)7t2 1t a(t) ~ 1 (logty)o+2 1% ()| <e

for any t1,to > L and x € U.

Lemma 3.2. Assume that (A1) — (As) hold, then the operator T : X xY — X xY
18 completely continuous.

Proof. We show that the operator T': X x Y — X x Y is well defined. For any
(x,y) € X x Y, by the definition of operator T, we get Tl(x,y),ijlTl (x,y) €
C[1,00). From (A;)(A2), there exist ¢,(s), ¢r(s), such that

|f(s,2(s), DY My (s))]
1+ (logs)7*2 _ (logs)* logs)’*2 1
f + 0g 8) ( og S) x(S), + ( og S) 0og s g+1y( ))
(logs)2=P 1+ (logs)ot2 log s 1+ (log s)o+2
<er(s),

(s, (s), DYy (s))]
B 1+ (logs)°*?  (logs)*~4 1+ (log s) log s o1
= s, 1 LB oo, L R D)
<¢r(s),

for s € [1,00). Further,

o+2

(logt)?~P /°° ds
————|T; t) < —
U @< [ e <o

logt 1 /oo s
- e Dp T Dl < H i ds .
1+ (logt)‘f+2| 1 Niz,y)(O] <1 . ©or(s) — <0

Then Ty (x,y) € X. Similarly, we can get To(z,y) € Y. Hence, T: X xY - X xY
is well defined.

Next we prove that T is continuous. Let (z,,y,) — (z,y) asn — oo in X x Y,
we need to prove that T (z,,yn) — T1(x,y) as n — oco. It is easy to see that there
exists r > 0 such that

G yn) | = max{{lzn|lx; l[ynllv}
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(logt)?~P log t

p—1
- T L M or2 4n 3 _ n(t
max{teb[lll5o>1+(logt)”2| O S0 T g gyerz Piv #n ()
(logt)*~ logt }
sup ——————Ynll)|, SUp ——F——— yn <r
tef1,00) 1+ (logt)"+2| 2 tefloo) 1+ (logt)o+2 DY yn ()
<00.

Since for ¢ € [1,00), ||z||x <7, |lylly <,

£ (5, 20(5), DI5 ()] < (), 9 (s, 20 (5), DY yn ()] < 0 (s),

we have
*  (logt)??
| Gl (51, D ()|
S
1 S
and

° logt . ds
| e G s, (. D ()

o0 d
< Hl/ or ()2 < o0
1 S

So, the continuity of f and the Lebesgue dominated convergence theorem ensure
that

) ds
nlLH;O 1 1+ (logt)a+2G(t’S)f(S’xn( ) D1+ yn( )) s

e (10gt)2_p 1 dS
= N/ Dq as
/1 1+ (logt)o+2 G(t,5)f(s,2(s), Dyv y(s)
and
> logt ds
li ot . o), DLy s
noo 1 1+ (logt)”+2G (t, ) f (s, 2n(s), Dy "yn(s)) P
e logt 1 dS
= e (% Dq as
/1 1+ (logt)0+2G (t,5)f(s,2(s), D1y y(s))
” (logt)*~1
ogt
SUp giwrﬂ Ty (n, yn)(t) — T1(z,y)(t)| — 0,

teloo) 1+ (logt)

as n — 00, which shows the operator T is continuous. In the same way, the operator
T5 is also continuous. Therefore, the operator T is continuous.

Let I C [1,00) be any compact interval and U* = {(z,y)|(z,y) € X XY, ||(z,y)||
<r} C X xY be a bounded set. For any (z,y) € U*,t1,t2 € I,t; < t2, we have

logty)?~P logt1)2—P
T )a) ~ e (T ()

‘/ ( (logt2)>~P G(tz,s)—WG(tl,s))f(s,x(s) DT y(s ))a;s

1+ (logtg)o+2 1+ (logty)o+?
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1+ (logtg)o+2
_ (logta)*™"
1+ (logty)o+2

*|  (logtg)*? (logty)%=P
< R S = e A t __\verly ¢
—/1 ‘1+(10gt2)0+2G1( 2, 5) 1+(logt1)0+2G1( 1,5)

‘/ < (log ty)2~P (G1(ta, s) + Ga(t2, 5))

(Galtr, ) + Galts, s>>)f<s, 2(s), D'y () 2

S

(5,209, DI () 2

* | (logts)*P (logty)?—P ds
+/1 WGQ(D,S) - WCQ(thS) f( ( ) D1+ y( ))?
*|  (logts)*? (logte)?~P ds

§/1 ‘H—(IOgWGl(tQ,S) - WGl(tl,s) ( ( ) D1+ y( )) .
*|  (logtz)*? logt,)%? B ds
+/1 ﬁmﬁgmmh 9 1i<10g111>0+26‘1<t1, 8)|£(s,(s), DI y(s)
| (logtz)*? logt,)%? B ds
+/1 15_(1%2352)¢7+2G2(t278) - 14(—(1%121)‘””26;2@1’8) f(s,x(s),Dﬂly(s))?
> (logta)*? log to)%P B ds
= | )~ T | 0. D o0
| _(logty)*" (logt1)*~P ds
+/1 T+ (logta)7 ™ T+ (log oz |2t 9/ (8,2(s), D )
> (logta)*? (logty)?P B ds
+/1 sz)mGﬂtms)—WG’z(tl,s) (s,x(s)7D‘f+1y(s))?.
We now consider
| (logta)*? log to)2~P B ds
/1 ‘15_(10(;12)0#26:1 (t2,s) — 15_(10;12)0+2G1(tl78) (s,x(s),D§+1y(s))?
t 2— 2—
Y| (logta)*™P (logtz)?~P B ds
:/1 WZQ)MG]-(Z‘:2, s) — WGKH,S) (s,x(s),D?+1y(s))?
(logtg)*~P (logty)%~P - ds
/1 1+ (logts) a+2G (t2,5) WGl(tlaS) (873’;(8),D1+ y(s))?
logt 2 P logt 2—p _ ds
/ T+ (log )77 a+2G1<t275>1i<10§12)a+2G1<t175> (s,2(s), DI w(s)

< /t1 (logt2)?~?
I'p) J; 1+ (logtg)‘”r2
t t _ ds
(logt2)"" — (log t2) " + (log %) — (log ;)P—l] F(s,2(s), DY y(s))

+ : /t2 (log tg)*~?
L(p) Ji, |1+ (logta)o+2
ds

DYy y(s))—
1 [ (logta)*? et s
T /t2 1+ (logts)7+2 {(1 gt2) (log 1) ]f( w(5), DI ")) —

— 0, t; — to.

"

. [(logtg)p_l — (logt1)P~* + (log t;)p_l} f(s,z(s),
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We conclude

(logtz)*~P
1+ (logtg)o+2

(logty)*~?

(T (2, y))(t2) — T+ (log )72

(Ty(2,9))(t1)| = 0,

(logt)®

as tl — tQ. Therefore, W

(T (z,9))(t) is equi-continuous on I. Note that

DI Ta)0) = [ 6 (05) 209, DI ()

Since Df;l(Tl (x,y))(t) does not depend on ¢, we conclude

log to
1+ (log t2)7 72

10gt1

T (2, y) () — W

ST y) ()] = 0,

as t; — to. Therefore Df+ (T (z,y))(t) is equi-continuous on 1.

By using the same way, we can show that %(Tg (z,9))(t),

log { DI Y(Ty(x,y))(t) are equi-continuous. Thus Ty, T, are equi-continuous

1+(logt)o 2
on I. So the operator T is equi-continuous for (z,y) € U* on any interval I x I of
[1,00).

Finally, we prove that T} is equi-continuous at co. For any (x,y) € U*,

. (logt)>~P
tll>nolo ‘1 + (10gt>0+2 (Tl(xvy))(t)
= i WM q—1 @
- tgr& 1 1+(logt)a+2G(ta5)‘f(37‘r(8)7D1+ y(S))| s

IN

o d
W1/ gar(s)—s < 0.
1 S

In addition, for any (z,y) € U*, we have

logt
li _ T;
i | D T ) 1)
L e logt . g1 ds
- tlig.lo . 1+ (logt)ngQG (t,S)|f(S,$(S),D1+ y(S))‘?

> d
< H1/ wr(s)—s < 0.
1 S

So, T is equi-continuous at oo. Similarly, 75 is equi-continuous at co. Therefore,
by Lemma 3.1, we conclude that T : X x Y — X x Y is a completely continuous
operator. L]

Theorem 3.1. Assume that (A1) — (As) are satisfied. In addition:
(Ay) there exist nonnegative functions a(t),b(t), c(t),d(t),e(t),(t) with

a*:/ (t)ﬂ<oob* b —<ooc—/ c(t)%<oo,
1

t

/d <ooe—/Ooe()cit<ool*—/1 l()%<oo



444 C. Zhai & L. Bai

such that

(logt)?—? log ¢

|f(t, 2, y)] < alt)+ Wb(ﬂlw\ + WC(WZJL

(logt)>~4 logt
< - e
|g(t7x?y)| — d(t) + 1 + (logt)o—+26(t)‘x| 1 + (10gt)0+2 (t)|y‘7
forte[l,00),z,y € R. If

max{(b* + )Wy, (" +1")Wa} < 1,

then the system (1.1) — (1.2) has at least one nontrivial solution (x(t),y(t)),t €
[1,00).

Proof. Let theset U* = {(x,y) € X xY,||(z,y)|| < r}, where the positive number
r satisfies

(3.1)

{ (1* W1 d* WQ }
r > max .

1—(b*+ )W 1 — (e +1*)Ws

We show firstly that TU* C U*. For (x,y) € U*,t € [1,00), by using Lemma 2.4,
we obtain

‘ (logt)>~»

W(Tl(xv y))(t)‘

(logt)?—? -
‘/ 1+ (logt) U+2G(t s)f (s, 2(s), Dy y(s))—

< [ (o). DY )|
ds

00 o 2—p o
<wi [ [a<s> ) MO+ 1 gD )|

o d o d 0 d
< Wl/ a(s)—s + er/ b(s)—s + W1T/ C(S)j
1 8 1 S 1

s
= Wi(a"* +rb* +rc*),
and

logt
1+ (logt)o+2
ds

‘/ OBl G (1) f(s,a(s). DI y(s)

1+ (logt)o+2 s
ds

<t [ 17 (o), D )

1, y>><t>\

ds

<m [ [a<s> ¥ %b(sﬂx(s)l et L O] B

> d
< Hl/ +H17"/ b(s —|—H1r/ C(S)f
1

=TI (a" +7rb" +rc").
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In addition,

G1(ni, 8)

1 LHTM) NS qogmr-!
" Hl‘r<p>{”<1—m>r<p>; i(log i) }

v

1 -~ o[ 14T 1
rgy L+ 2 il T aRe AT

m i 1
T~ 1+ ai(logn:) {M

2 nmm} =0

So || Ti(z,y)||x < Wi(a* + rb* + rc*). In a similar manner, we have ||Tz(x,y)|ly <
Wa(d* +re*+rl*). Therefore, by using condition (3.1), we obtain || T'(z, y)||xxy < 7.

By Lemma 3.2, we have T : U* — U* is completely continuous. U* is a
nonempty, closed, bounded and convex subset of X x Y. According to the Schauder
fixed point theorem, T has at least one fixed point, so the system (1.1)-(1.2) has at
least one solution.

Assume there is a trivial solution (0,0) to (1.1) — (1.2), that is, the operator
T has a fixed point (0,0). Since f,g are continuous, f(¢,0,0),¢(¢,0,0) Z 0 on
any subinterval of ¢ € [1,00),G(t,s), H(t,s) are nonnegative and continuous for
(t,s) € [1,00) x [1,00), we get

ds
Tua)(t) = [ G(t.9)f(0(6), DI (s S #0,
ds
(0= [ Ht.s)gls.0(s), D () S £ 0
Thus, (1.1) — (1.2) has at least one nontrivial solution. O

Theorem 3.2. Assume that (A1) — (As) hold, in addition:
(A5) there exist nonnegative functions a’(t),b'(t), ' (t),d (t) with

o dt o dt
a”* = / a'(t)— < oo, b :/ b (t)— < oo,
1 t 1 t

o dt o dt
= / d(t)— < oo,d”* = / d'(t)— < oo,
1 1

t t
such that

[t 21, DY yn) = £ (2,2, DI )|
<(10gt)2_pa’(t) (log t)b'(t) DYy

— D Dq
s 1 + (10gt)g+2 |$1 x2| 1 + (10gt)0+2 1+ 1+ y2|
|g(t, L1, Dfilyl) - g(t, L2, D?11y2)|
(log t)*~7c'(t) (logt)d'(t)
< = el 4 T oo DY = DY

“ 14 (logt)o+2
forte[l,00),x1,22,y1,y2 € R. If

A= maX{Wla/*, Wlb/*}, A = maX{Wgc’*, ng/*},
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A= max{Al, AQ} = max{Wla'*, Wlb/*, WQC/*, WQd/*} <1,

then the system (1.1) — (1.2) has a unique solution (x*,y*) € X x Y. In addition,
for (zo,y0) € X XY, the sequence {(n,yn)}52 defined by

-Tmyn
/ G(t, $) (5, 2n(s), DIZ yu(s ds/ H(t, 8)9(5, 2 (5), DV= Vg (5))2)

S

converges to (z*,y*), as n — 0o, and we have the following error estimate:

n

* * A * *
s gm) = (@5 < T @) = @)

Proof. By using Lemma 2.4 and (A4s), for (z1,y1), (z2,y2) € X x Y, we obtain

’ og 7" Ti(z1,y1)(t) —

logt)*~?
T o g e w0)

1+ (logt)ot2 ™!
ds

_(08D° "y ) ft, 2 (s), DI g ()22
1+ (logtyot2 0 S A e )

/100 T gy G209, DI (o) Y

< [ TR G st (s), DI (o) = £t a(5), DY ()|

<wi [” (%Lﬂ(s) — a(s)| + %mg;lyl(s) - D‘ll:_lyg(s)o &

= Wi(a™|lz1 — z2llx + 0" [lyr — w2lly)
< max{Wia"™, V16" }(|le1 — 22|l x + [ly1 — v2llv)
Ar|[(z1,y1) — (z2,92)|l,t € [1,00).

In a similar manner,

(logt)*~1
1+ (logt)o+2

(logt)*~1

To(x1,y1)(t) — 1+ (logt)o+2

s, )0

ds

(logt)? p—1
= | [ e 9t (6. D () %

_ /loo %H(t, s)g(t, $2(5),Df;1y2(5))%

< S H O 9la(t,m1(6), DI i (5) ~ gt aa(s), DY ()]

< /(logt)2~9¢ (¢ log ¢)?79d/(t) | 1 p_1 ds
<w | (mewm&w%wﬁ ui(s) — DV (s >|);

Wa(" |21 — z2||x +d”[lyr — y2llv)
< max{Wac™, Wad" }(|lz1 — z2llx + [ly1 — w2llv)
= Aol[(z1,y1) — (z2,92)||, t € [1,00).

From the above inequalities, we deduce

1T (z1,91) — T(w2,y2)||
=max{||T1(x1,y1) — T1 (22, y2) ||, | T2 (21, y1) — To(x2, y2)|}
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<max{A1, Ao }t|(21,91) — (z2,92) ||

=All(z1,91) = (z2,32) |l
Thus, T is a contraction operator. By using the Banach contraction mapping prin-
ciple, we conclude that 7" has a unique fixed point (z*,y*) € X x Y, which is the

unique solution of the system (1.1) — (1.2). In addition, for (zg,yp) € X x Y, the
sequence { (xn,yn)}n 1 defined by

mnayn fl 5 xn( ) D1+ yn fl 5 Z'n( ) D1+ yn( ))dTS)
converges to (z* ,y ) as n — oo. From the proof of the Banach fixed point theorem,
we obtain the error estimate. O

4. Examples
Consider the following equations:
{D1+x<t> + f(t,a(t), D
D1+y(t) + g(t7 ZC(t), D1+y(t)) = 07 te (1a OO),
supplemented with

lim_,; (log t)2
lim; 1 (log t) 3

2(t) = limi oo D}, a(t) = X2, aia(n), w2
y(t) = limy oo D y(t) = 5 bw(G)),

_ , _ 3 o _ _ _ _ 1 _ _ 2 _
Wherep*quam*nflalf@*10,1717be§7771*€’772*€,§1*

67C2 = e

2 A\p—1
A= 1= 0 (LB (1ogpyp2) ~ 0.4 > 0,
P L'(p)
- (log ¢;)* " 2
=1 b (22— 4+ (log ()7 2) &~ 0.39 > 0.
; J( T(q) ( gCJ) )

Example 4.1. Consider the following functions:

logt)5te=2 logt)®t~2y 1
15(2 + (logt)?) = 6(1+ (logt)?) ¢

(log t)2te 3tz (logt)*t—1y 1
10(1 + (logt)?) ~ 12(2+ (logt)?) >

g(t,x,y) =

Let o = 0. Choose

1 te=2 t~2logt 1 te 3 t~!logt
70 = g elt) = g dll) = g ell) = T M) =

a(t) =

By simple calculation, we have

a*_/ooldt lb*—/OOte_Qtdt 1 *_/‘X’t—2logtdt_1
B A L A 6 t 24

d*_/‘”ldt 1 *_/Oote_3t(1l7f_ 1 l*_/mt‘llogtdt_l
o2t 27y 10t 3083 )y 2 ¢t 12
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For the functions f and g, the assumptions (A1)(7), (#4), (A2)(4), (1) and (As) are
readily verified. The functions f and g satisfy the inequalities

(logt)2b(t)l|  (logt)e(t)ly]
1+ (logt)? 1+ (logt)?

[tz y)l < a(t),

(logt)2e(t)]a] , (logt)I(t)]y|
1+ (logt)? 1+ (logt)?

In addition, for ¢ € [1,00), |z, |y| < r, we find

lg(t, 2, y)| < d(t).

1+ (logt)? 1+ (logt)?
(logt)z ~~  logt

y) <o(t)r +c(t)r +alt) =: or(t),

1+ (logt)®? 1+ (logt)?
(logt)z = logt

y) <e(t)r+1t)r+d(t) = ¢r(2),
S0
o dt o dt
/ @T(t)? =b"r+c'r+a < oo,/ (br(t)? =e'r+"r+d" < oo,
1 1
that is to say, assumptions (A;)(iéi) and (Asg)(4i%) are satisfied. Because
max{(b* + )Wy, (e" +1")W2} = 0.31 < 1,

by Theorem 3.1, the system (4.1) — (4.2) has at least one nontrivial solution.

Example 4.2. Consider the following functions:

(log t)2 te—2t (logt)?t=2 | 1

t = — 4/ 1 B 1 —

f(tz.) 10(1 + (logt)?) SR 20(1 + (logt)?) sinfy +1) + t’
(log t)2 te~3t (logt)*t—!

1
cos(y+ 1)+ —.

arctanz + 2

20(1+ (log#)2) © " 10(1 + (log 1)?)

For the functions f and g, the assumptions (A1)(i), (4i), (A2)(2), (i1) and (A3) are
readily verified. Let 0 = 0. Choose

g(t,z,y) =

te=2t _ t?logt te 3t t~logt

/ _ / —

a'(t) =
The functions f and g satisfy the inequalities

|f(t,21, DI yr) — f(t, 20, DI )|

(logt)>=Pa’(t) (21 — o] + (log )b’ (t)

g—1 q—1
~1+ (logt)o+2 T+ (Qogpe2 Pie vt = Dl vl

lg(t, z1, DY yr) — g(t, wa, DV )|

(logt)2=4¢/(t) (logt)d'(t)

p—1 p—1
~1+ (logt)o+2 W\DH y1 — DTyl

|21 — 22| +



Hadamard Fractional Differential System on an Infinite Interval 449

By a simple calculation, we have

a,*_/oote_ztdt_lb,*_/"ot_2logtdt_1
) 10 0t 20 ) 20 t 80

c,*:/‘x’te‘?’tdtzl d,*:/’”t—llogtdt:1
L 20 t 60’ L, 10 ¢t 10

In addition, for ¢ € [1,00), |z, |y| < 7, we find

; 1+ (logt)? 1+ (logt)?

(log 1) T ogt y) <d QA +7)+V QA +7) +alt) = o (t),

. 1+ (logt)? 1+ (logt)?
x?
(log t)% logt

y) < (Or+d () (1+7)+dt) = (1),
SO
/OO dt % /% *
cpr(t)Tza I+7r)+d"1+7r)+a* < oo,
1
/00 qﬁr(t)% =c"r+d*"(1+r)+d* < oo,
1

that is to say, assumptions (A;)(i44) and (Az)(éii) are satisfied. We also obtain
Wi = 6.86, Wy ~ 2.53, A =~ 0.25 < 1. Hence, by Theorem 3.2, we conclude that
(4.1) — (4.2) has a unique solution (z*, y*).
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