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Abstract This paper investigates a class of Hadamard fractional differential
system involving logarithmic type initial conditions on an infinite interval.
Based on some obtained properties of the Green’s functions, Schauder fixed
point theorem and Banach contraction mapping principle, we establish the
existence and uniqueness results for the system. Finally, we illustrate examples
which show our main results.
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1. Introduction

We examine a system comprising nonlinear Hadamard fractional differential equa-
tions (HFDEs for short){

Dp
1+x(t) + f(t, x(t), Dq−1

1+ y(t)) = 0, t ∈ (1,∞),

Dq
1+y(t) + g(t, x(t), Dp−1

1+ y(t)) = 0, t ∈ (1,∞),
(1.1)

supplemented with some logarithmic type initial conditions{
limt→1(log t)

2−px(t) = limt→∞ Dp−1
1+ x(t) =

∑m
i=1 aix(ηi),

limt→1(log t)
2−qy(t) = limt→∞ Dq−1

1+ y(t) =
∑n

j=1 bjy(ζj),
(1.2)

where Dv
1+ is the Hadamard type fractional derivative of order v ∈ {p, q}, p, q ∈

(1, 2], f, g ∈ C([1,∞) × R × R,R), 1 < η1 < η2 < · · · < ηm < ∞, 1 < ζ1 < ζ2 <
· · · < ζn < ∞, ai(i = 1, 2, . . . ,m), bj(j = 1, 2, . . . , n) denote positive real constants
with

1−
m∑
i=1

ai(
(log ηi)

p−1

Γ(p)
+ (log ηi)

p−2) > 0,
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1−
n∑

j=1

bj(
(log ζj)

q−1

Γ(q)
+ (log ζj)

q−2) > 0.

For variables in infinite intervals, we have to consider different function spaces and
infinite integrals. Therefore, we need the following assumptions:
(A1) f : [1,∞)×R×R → R, satisfies the a-Caratheodory conditions, that is

(i) t → f(t, 1+(log t)σ+2

(log t)2−p x, 1+(log t)σ+2

log t y) is measurable on [1,∞) for every (x, y) ∈ R2;

(ii) (x, y) → f(t, 1+(log t)σ+2

(log t)2−p x, 1+(log t)σ+2

log t y) is continuous on R2 for all t ∈ [1,∞);

(iii) for any r > 0, there exists a function φr(t) ≥ 0 with
∫∞
1

φr(t)
dt
t < ∞, such

that

f(t,
1 + (log t)σ+2

(log t)2−p
x,

1 + (log t)σ+2

log t
y) ≤ φr(t) for t ∈ [1,∞), |x|, |y| ≤ r.

(A2) g : [1,∞)×R×R → R, satisfies the a-Caratheodory conditions, that is

(i) t → g(t, 1+(log t)σ+2

(log t)2−q x, 1+(log t)σ+2

log t y) is measurable on [1,∞) for every (x, y) ∈ R2;

(ii) (x, y) → g(t, 1+(log t)σ+2

(log t)2−q x, 1+(log t)σ+2

log t y) is continuous on R2 for all t ∈ [1,∞);

(iii) for any r > 0, there exists a function ϕr(t) ≥ 0 with
∫∞
1

ϕr(t)
dt
t < ∞, such

that

g(t,
1 + (log t)σ+2

(log t)2−q
x,

1 + (log t)σ+2

log t
y) ≤ ϕr(t) for t ∈ [1,∞), |x|, |y| ≤ r.

(A3) f(t, 0, 0), g(t, 0, 0) ̸≡ 0 on any subinterval of [1,∞);
Fractional calculus is an important branch of mathematics, which is used to

study the differentiation and integration of any real order or complex order, and
can be used to solve many problems which are difficult to be solved by integral
calculus. In the past few decades, fractional differential equations (FDEs for short)
have been widely used in physics, mechanics, chemistry, economics, biomedicine and
other fields, which are mainly used to describe the behavior of complex systems,
describe the properties of complex media mechanics, describe molecular diffusion be-
havior, establish nonlinear economic models, describe biomedical signals and so on,
see [1–4]. So far, several different fractional derivatives have been proposed, for ex-
ample, the Riemann-Liouville, Caputo, Hadamard, and Caputo-Fabrizio fractional
derivatives, see [5–13, 24]. Different derivative operators are often used according
to their different structures. In this paper, we mainly study FDEs with Hadamard
type derivatives. In order to gain insight into the many applications of fractional
calculus in different fields, we refer the reader to [14–17,25–41].

In [22], Nyamoradi and Ahmad applied the Leggett-Williams fixed point theorem
and the concept of iterative positive solutions to prove the existence of at least two
or three positive solutions for the following HFDE:{

Dς
1+x(t) + υ(t)f(t, x(t)) = 0, t ∈ (1,∞),

limt→1(log t)
2−ςx(t) = limt→∞ Dς−1

1+ x(t) =
∫∞
1

τ(s)x(s)dss ,
(1.3)

whereDς
1+ is the Hadamard fractional derivative of order ς ∈ (1, 2], f : (1,∞)×R →

R, υ : (1,∞) → (1,∞) are continuous functions, 0 <
∫∞
1

υ(s)dss < ∞, τ ∈ L1(1,∞)
and

Ψς =

∫ ∞

1

(
(log s)ς−1

Γ(ς)
+ (log s)ς−2

)
τ(s)

ds

s
< 1.
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In [23], Tariboon et al. employed the Leggett-Williams fixed point theorem
and Guo-Krasnoselskii’s fixed point theorem to investigate the existence of positive
solutions for the following HFDEs:

Dα
1+x(t) + u(t)f(t, x(t), y(t)) = 0, 1 < α ≤ 2, t ∈ (1,∞),

Dβ
1+y(t) + v(t)g(t, x(t), y(t)) = 0, 1 < β ≤ 2, t ∈ (1,∞),

x(1) = 0, Dα−1
1+ x(∞) =

∑m
i=1 ρiI

pi

1+y(η),

y(1) = 0, Dβ−1
1+ y(∞) =

∑n
j=1 ϱjI

qj
1+x(ζ),

(1.4)

where Dr
1+ is the Hadamard type fractional derivative of order r = α, β; Ipi

1+ , I
qj
1+ are

the Hadamard type fractional integrals of orders pi, qj ≥ 1, respectively; ρi, ϱj >
0, i = 1, 2, . . .m, j = 1, 2, . . . n.

In [21], Deren and Cerdik applied the monotone iterative technique to find the
existence of positive solutions for the following system of HFDEs with multi-point
boundary conditions:

Dp
1+x(t) + w1(t)f(t, y(t), D

p−1
1+ y(t)) = 0, n− 1 < p ≤ n, t ∈ (1,∞),

Dq
1+y(t) + w2(t)g(t, x(t), D

p−1
1+ x(t)) = 0,m− 1 < q ≤ m, t ∈ (1,∞),

x(1) = x′(1) = · · · = x(n−2)(1) = 0, Dp−1
1+ x(∞) = Σk1

i=1aiD
r1
1+x(ni),

y(1) = y′(1) = · · · = y(m−2)(1) = 0, Dq−1
1+ y(∞) = Σk2

j=1bjD
r2
1+y(mj),

(1.5)

where Dv
1+ is Hadamard type fractional derivative of order v ∈ {p, q, r1, r2}, r1 ∈

[0, p−1], r2 ∈ [0, q−1], ai ≥ 0(i = 1, 2, . . . k1), bj ≥ 0(j = 1, 2, . . . k2), 1 < n1 < n2 <
· · · < nk1

< ∞ and 1 < m1 < m2 < · · · < mk2
< ∞.

In this paper, we aim to obtain the existence and uniqueness of solutions for
the system (1.1)-(1.2). To date, there are still few studies considering the systems
of HFDEs on infinite intervals. The Schauder fixed point theorem and Banach
contraction mapping principle are applied to derive the desired results. Our results
are new in the given configuration and open new avenues for further investigation
of (1.1)-(1.2).

The structure of the paper is outlined as follows. In Section 2, we list some
useful preliminaries and the key lemmas that are used in subsequent parts, and
then we obtain some useful properties of Green’s functions. In Section 3, we set
out the main conclusion: the existence and uniqueness results of solutions. Section
4 showcases a selection of examples that serve to illustrate our results.

2. Preliminaries

In the section, we recall some basic concepts, notations and related lemmas.

Definition 2.1. ( [18,19]) For a function c, the Hadamard fractional derivative of
order v is

Dv
1+c(t) =

1

Γ(n− v)
(t

d

dt
)n
∫ t

1

(log
t

s
)n−v−1c(s)

ds

s
, n− 1 < v < n,

where [v] denotes the integer part of the real number v, n = [v] + 1 and log(.) =
loge(.).
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Definition 2.2. ( [18, 19]) For a function c, the Hadamard fractional integral of
order v is

Iv1+c(t) =
1

Γ(v)

∫ t

1

(log
t

s
)v−1c(s)

ds

s
, v > 0,

assuming the integral exists.

Lemma 2.1 ( [19]). If α, β > 0, then

Iα1+(log t)
β−1 =

Γ(β)

Γ(β + α)
(log t)β+α−1,

Dα
1+(log t)

β−1 =
Γ(β)

Γ(β − α)
(log t)β−α−1.

In particular, Dα
1+(log t)

α−j = 0, j = 1, 2, . . . , [α] + 1.

Lemma 2.2 ( [19]). Let ξ > 0 and x ∈ C[1,∞) ∩ L1[1,∞). Then the solution of

HFDE Dξ
1+x(t) = 0 is written as

x(t) =

n∑
i=1

ci(log t)
ξ−i,

and the following formula satisfies

Iξ1+D
ξ
1+x(t) = x(t) +

n∑
i=1

ci(log t)
ξ−i,

where ci ∈ R, i = 1, 2, . . . , n, n = [ξ] + 1.

Next, we introduce some spaces related to our work as follows:

X1 =

{
x ∈ C[1,∞) : sup

t∈[1,∞)

(log t)2−p

1 + (log t)σ+2
|x(t)| < ∞, σ > −1

}
,

X =

{
x ∈ X1, D

p−1
1+ x ∈ C[1,∞) : sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dp−1

1+ x(t)| < ∞, σ > −1

}
,

Y1 =

{
y ∈ C[1,∞) : sup

t∈[1,∞)

(log t)2−q

1 + (log t)σ+2
|y(t)| < ∞, σ > −1

}
,

Y =

{
y ∈ Y1, D

q−1
1+ y ∈ C[1,∞) : sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dq−1

1+ y(t)| < ∞, σ > −1

}
.

For x ∈ X, define the norm by

∥x∥X = max

{
sup

t∈[1,∞)

(log t)2−p

1 + (log t)σ+2
|x(t)|, sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dp−1

1+ x(t)|
}
.

It is easy to show that X is a real Banach space.
For y ∈ Y, define the norm by

∥y∥Y = max

{
sup

t∈[1,∞)

(log t)2−q

1 + (log t)σ+2
|y(t)|, sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dq−1

1+ y(t)|
}
.
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Then Y is also a real Banach space. And thus the product space (X × Y, ∥ · ∥)
is a Banach space with norm

∥(x, y)∥ = max{∥x∥X , ∥y∥Y }.

To discuss (1.1),(1.2), we need to transform it into a fixed point problem, so we first
give the following conclusion. Although the method is usual, we give the proof for
completion.

Lemma 2.3. Let h ∈ C[1,∞). There exists a constant M > 0 such that |h(t)| ≤ M ,∫∞
1

h(s)dss < ∞ and

△1 := 1−
m∑
i=1

ai(
(log ηi)

p−1

Γ(p)
+ (log ηi)

p−2) > 0,

then the solution of the following HFDE with logarithmic type conditions{
Dp

1+x(t) + h(t) = 0, 1 < p ≤ 2, t ∈ (1,∞),

limt→1(log t)
2−px(t) = limt→∞ Dp−1

1+ x(t) =
∑m

i=1 aix(ηi),
(2.1)

is given by

x(t) =

∫ ∞

1

G(t, s)h(s)
ds

s
, t ∈ [1,∞),

where
G(t, s) = G1(t, s) +G2(t, s),

with

G1(t, s) =
1

Γ(p)

{
(log t)p−1 − (log t

s )
p−1, 1 ≤ s ≤ t < ∞,

(log t)p−1, 1 ≤ t ≤ s < ∞,
(2.2)

G1(ηi, s) =
1

Γ(p)

{
(log ηi)

p−1 − (log ηi

s )
p−1, 1 ≤ s ≤ ηi < ∞,

(log ηi)
p−1, 1 ≤ ηi ≤ s < ∞,

(2.3)

and

G2(t, s) =
( (log t)p−1

Γ(p) + (log t)p−2)

1−∆1

m∑
i=1

aiG1(ηi, s).

Proof. Using Lemma 2.2, the solution of (2.1) can be written as

x(t) = − 1

Γ(p)

∫ t

1

log(
t

s
)p−1h(s)

ds

s
+ c1(log t)

p−1 + c2(log t)
p−2,

from some constants c1, c2 ∈ R. When t → 1,∣∣∣∣(log t)2−p

∫ t

1

(log
t

s
)p−1h(s)

s
ds

∣∣∣∣ ≤ |M(log t)2−p

∫ t

1

(log
t

s
)p−1 1

s
ds|

=
M

p
(log t)2−p(log t)p =

M

p
(log t)2 → 0.

From limt→1(log t)
2−px(t) =

∑m
i=1 aix(ηi), we know that

c2 =

m∑
i=1

aix(ηi).
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From Lemma 2.1,

Dp−1
1+ x(t) = −

∫ t

1

h(s)

s
ds+ c1Γ(p).

Considering the condition limt→∞ Dp−1
1+ x(t) =

∑m
i=1 aix(ηi), we get

c1 =
1

Γ(p)

(∫ ∞

1

h(s)
ds

s
+

m∑
i=1

aix(ηi)

)
.

Hence, we get

x(t) =− 1

Γ(p)

∫ t

1

log(
t

s
)p−1h(s)

ds

s
+ (

(log t)p−1

Γ(p)

+ (log t)p−2)

m∑
i=1

aix(ηi) +
(log t)p−1

Γ(p)

∫ ∞

1

h(s)
ds

s
,

and together

m∑
i=1

aix(ηi) =
1

1−∆1

(
− 1

Γ(p)

m∑
i=1

ai

∫ ηi

1

(
log

ηi
s

)p−1

h(s)
ds

s

+
1

Γ(p)

m∑
i=1

ai(log ηi)
p−1

∫ ∞

1

h(s)
ds

s

)
,

we obtain

x(t) = − 1

Γ(p)

∫ t

1

log(
t

s
)p−1h(s)

ds

s
+

(log t)p−1

Γ(p)

∫ ∞

1

h(s)
ds

s

+
( (log t)p−1

Γ(p) + (log t)p−2)

1−∆1

(
− 1

Γ(p)

m∑
i=1

ai

∫ ηi

1

(log
ηi
s
)p−1h(s)

ds

s

+
1

Γ(p)

m∑
i=1

ai(log ηi)
p−1

∫ ∞

1

h(s)
ds

s

)
=

∫ ∞

1

G(t, s)h(s)
ds

s
.

The proof is completed.
Similarly, for k ∈ C[1,∞), there exists a constant M ′ > 0 such that |k(t)| ≤ M ′,∫∞

1
k(s)dss < ∞ and

△2 := 1−
n∑

j=1

bj(
(log ζj)

q−1

Γ(q)
+ (log ζj)

q−2) > 0.

Then the solution of the following HFDE with logarithmic type boundary conditions{
Dq

1+y(t) + k(t) = 0, 1 < q ≤ 2, t ∈ (1,∞),

limt→1(log t)
2−qy(t) = limt→∞ Dq−1

1+ y(t) =
∑m

i=1 bjy(ζi),
(2.4)

is given by

y(t) =

∫ ∞

1

H(t, s)k(s)
ds

s
, t ∈ [1,∞),
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where

H(t, s) = H1(t, s) +H2(t, s),

with

H1(t, s) =
1

Γ(q)

{
(log t)q−1 − (log t

s )
q−1, 1 ≤ s ≤ t < ∞,

(log t)q−1, 1 ≤ t ≤ s < ∞,
(2.5)

H1(ζj , s) =
1

Γ(q)

{
(log ζj)

q−1 − (log
ζj
s )

q−1, 1 ≤ s ≤ ζj < ∞,

(log ζj)
q−1, 1 ≤ ζj ≤ s < ∞,

(2.6)

and

H2(t, s) =
( (log t)q−1

Γ(q) + (log t)q−2)

1−∆2

n∑
j=1

bjH1(ζj , s).

Lemma 2.4. The functions G(t, s), H(t, s) admit the following properties:
(i) G(t, s), H(t, s) are nonnegative and continuous for (t, s) ∈ [1,∞)× [1,∞);
(ii)

(log t)2−p

1 + (log t)σ+2
G1(t, s) ≤

1

Γ(p)
,

(log t)2−q

1 + (log t)σ+2
H1(t, s) ≤

1

Γ(q)
;

(iii)

(log t)2−p

1 + (log t)σ+2
G2(t, s) ≤

1 + Γ(p)

(1−∆1)Γ2(p)

m∑
i=1

ai(log ηi)
p−1,

(log t)2−q

1 + (log t)σ+2
H2(t, s) ≤

1 + Γ(q)

(1−∆2)Γ2(q)

n∑
j=1

bj(log ζj)
q−1;

(iv)

(log t)2−p

1 + (log t)σ+2
G(t, s) ≤ 1

Γ(p)

[
1 +

1 + Γ(p)

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

]
=: W1,

(log t)2−q

1 + (log t)σ+2
H(t, s) ≤ 1

Γ(q)

[
1 +

1 + Γ(q)

(1−∆2)Γ(q)

n∑
j=1

bj(log ζj)
q−1

]
=: W2;

(v)

(log t)2−pG(t, s) ≤ 1

Γ(p)

(
1 +

1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

)
log t

+
1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

= Q1 log t+
1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1,

(log t)2−qH(t, s) ≤ 1

Γ(q)

(
1 +

1

(1−∆2)Γ(q)

n∑
j=1

bj(log ζi)
q−1

)
log t
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+
1

(1−∆2)Γ(q)

n∑
j=1

bj(log ζi)
q−1

= Q2 log t+
1

(1−∆2)Γ(q)

n∑
j=1

bj(log ζi)
q−1,

where

Q1 =
1

Γ(p)

(
1 +

1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

)
,

Q2 =
1

Γ(q)

(
1 +

1

(1−∆2)Γ(q)

n∑
j=1

bj(log ζi)
q−1

)
.

Proof. The proofs of (i) and (ii) are straightforward, so we omit it. Next we
prove the remaining properties:
(iii)

(log t)2−p

1 + (log t)σ+2
G2(t, s)

≤ (log t)2−p

1 + (log t)σ+2

( (log t)p−1

Γ(p) + (log t)p−2)

1−∆1

m∑
i=1

aiG1(ηi, s)

≤ (log t)2−p

1 + (log t)σ+2

( (log t)p−1

Γ(p) + (log t)p−2)

1−∆1

m∑
i=1

ai
1

Γ(p)
(log ηi)

p−1

≤ 1 + Γ(p)

(1−∆1)Γ2(p)

m∑
i=1

ai(log ηi)
p−1.

Similarly,

(log t)2−q

1 + (log t)σ+2
H2(t, s) ≤

1 + Γ(q)

(1−∆2)Γ2(q)

n∑
j=1

bj(log ζj)
q−1.

(iv)

(log t)2−p

1 + (log t)σ+2
G(t, s) =

(log t)2−p

1 + (log t)σ+2
G1(t, s) +

(log t)2−p

1 + (log t)σ+2
G2(t, s)

≤ 1

Γ(p)

[
1 +

1 + Γ(p)

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

]
.

Further,

(log t)2−q

1 + (log t)σ+2
H(t, s) ≤ 1

Γ(q)

[
1 +

1 + Γ(q)

(1−∆2)Γ(q)

n∑
j=1

bj(log ζj)
q−1

]
.

(v) (log t)2−pG(t, s) ≤ 1

Γ(p)

(
log t+

log t+ Γ(p)

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

)
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≤ 1

Γ(p)

(
1 +

1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

)
log t

+
1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

= Q1 log t+
1

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1.

Similarly,

(log t)2−qH(t, s) ≤ Q2 log t+
1

(1−∆2)Γ(q)

n∑
j=1

bj(log ζj)
q−1.

Remark 2.1. In accordance with Definition 2.1, Lemma 2.3, we get

Dp−1
1+ x(t) =

∫ ∞

1

G∗(t, s)h(s)
ds

s
,Dq−1

1+ y(t) =

∫ ∞

1

H∗(t, s)k(s)
ds

s
,

in which

G∗(t, s) = J(t, s) +
1

1−∆1

m∑
i=1

aiG1(ηi, s),

H∗(t, s) = J(t, s) +
1

1−∆2

n∑
j=1

bjG2(ζj , s),

and

J(t, s) =

{
0, 1 ≤ s ≤ t < ∞,

1, 1 ≤ t ≤ s < ∞.

Clearly, for t, s ∈ [1,∞), G∗(t, s), H∗(t, s) are continuous and G∗(t, s), H∗(t, s) ≥ 0,
with

G∗(t, s) ≤ 1 +
1

1−∆1

m∑
i=1

aiG1(ηi, s) =: Π1,

H∗(t, s) ≤ 1 +
1

1−∆2

n∑
j=1

bjG2(ζj , s) =: Π2.

3. Main results

Define an operator T on X × Y by

T (x, y)(t) = (T1(x, y)(t), T2(x, y)(t)),

where

T1(x, y)(t) =

∫ ∞

1

G(t, s)f(s, x(s), Dq−1
1+ y(s))

ds

s
,

T2(x, y)(t) =

∫ ∞

1

H(t, s)g(s, x(s), Dp−1
1+ y(s))

ds

s
.
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We find that the existence of a solution to the system (1.1)− (1.2) is equivalent to
the existence of a fixed point of the operator T .

Lemma 3.1 ( [20]). Let U ⊂ X be a bounded set. Then U is relatively compact in
X if the following conditions hold:

(i) For any x ∈ U, (log t)2−p

1+(log t)σ+2x(t) and log t
1+(log t)σ+2D

p−1
1+ x(t) are equi-continuous on

any compact interval of [1,∞).
(ii) For any ϵ > 0, there exists a constant L = L(ϵ) > 0, such that∣∣∣∣ (log t1)

2−p

1 + (log t1)σ+2
x(t1)−

(log t2)
2−p

1 + (log t2)σ+2
x(t2)

∣∣∣∣ < ϵ,

and ∣∣∣∣ log t1
1 + (log t1)σ+2

Dp−1
1+ x(t1)−

log t2
1 + (log t2)σ+2

Dp−1
1+ x(t2)

∣∣∣∣ < ϵ,

for any t1, t2 ≥ L and x ∈ U.

Lemma 3.2. Assume that (A1)− (A3) hold, then the operator T : X×Y → X×Y
is completely continuous.

Proof. We show that the operator T : X × Y → X × Y is well defined. For any
(x, y) ∈ X × Y, by the definition of operator T , we get T1(x, y), D

p−1
1+ T1(x, y) ∈

C[1,∞). From (A1)(A2), there exist φr(s), ϕr(s), such that

|f(s, x(s), Dq−1
1+ y(s))|

=

∣∣∣∣f(s, 1 + (log s)σ+2

(log s)2−p

(log s)2−p

1 + (log s)σ+2
x(s),

1 + (log s)σ+2

log s

log s

1 + (log s)σ+2
Dq−1

1+ y(s))

∣∣∣∣
≤φr(s),

|g(s, x(s), Dp−1
1+ y(s))|

=

∣∣∣∣g(s, 1 + (log s)σ+2

(log s)2−q

(log s)2−q

1 + (log s)σ+2
x(s),

1 + (log s)σ+2

log s

log s

1 + (log s)σ+2
Dp−1

1+ y(s))

∣∣∣∣
≤ϕr(s),

for s ∈ [1,∞). Further,

(log t)2−p

1 + (log t)σ+2
|T1(x, y)(t)| ≤ W1

∫ ∞

1

φr(s)
ds

s
< ∞,

log t

1 + (log t)σ+2
|Dp−1

1+ T1(x, y)(t)| ≤ Π1

∫ ∞

1

φr(s)
ds

s
< ∞.

Then T1(x, y) ∈ X. Similarly, we can get T2(x, y) ∈ Y. Hence, T : X × Y → X × Y
is well defined.

Next we prove that T is continuous. Let (xn, yn) → (x, y) as n → ∞ in X × Y,
we need to prove that T1(xn, yn) → T1(x, y) as n → ∞. It is easy to see that there
exists r > 0 such that

∥(xn, yn)∥ = max{∥xn∥X , ∥yn∥Y }
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= max

{
sup

t∈[1,∞)

(log t)2−p

1 + (log t)σ+2
|xn(t)|, sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dp−1

1+ xn(t)|

sup
t∈[1,∞)

(log t)2−q

1 + (log t)σ+2
|yn(t)|, sup

t∈[1,∞)

log t

1 + (log t)σ+2
|Dq−1

1+ yn(t)|
}

≤ r

<∞.

Since for t ∈ [1,∞), ∥x∥X ≤ r, ∥y∥Y ≤ r,

|f(s, xn(s), D
q−1
1+ yn(s))| ≤ φr(s), |g(s, xn(s), D

p−1
1+ yn(s))| ≤ ϕr(s),

we have ∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)|f(s, xn(s), D

q−1
1+ yn(s))|

ds

s

≤ W1

∫ ∞

1

φr(s)
ds

s
< ∞,

and ∫ ∞

1

log t

1 + (log t)σ+2
G∗(t, s)|f(s, xn(s), D

q−1
1+ yn(s))|

ds

s

≤ Π1

∫ ∞

1

φr(s)
ds

s
< ∞.

So, the continuity of f and the Lebesgue dominated convergence theorem ensure
that

lim
n→∞

∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)f(s, xn(s), D

q−1
1+ yn(s))

ds

s

=

∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)f(s, x(s), Dq−1

1+ y(s))
ds

s
,

and

lim
n→∞

∫ ∞

1

log t

1 + (log t)σ+2
G∗(t, s)f(s, xn(s), D

q−1
1+ yn(s))

ds

s

=

∫ ∞

1

log t

1 + (log t)σ+2
G∗(t, s)f(s, x(s), Dq−1

1+ y(s))
ds

s
.

So

sup
t∈[1,∞)

(log t)2−q

1 + (log t)σ+2
|T1(xn, yn)(t)− T1(x, y)(t)| → 0,

as n → ∞, which shows the operator T1 is continuous. In the same way, the operator
T2 is also continuous. Therefore, the operator T is continuous.

Let I ⊂ [1,∞) be any compact interval and U∗ = {(x, y)|(x, y) ∈ X×Y, ∥(x, y)∥
≤ r} ⊆ X × Y be a bounded set. For any (x, y) ∈ U∗, t1, t2 ∈ I, t1 < t2, we have∣∣∣∣ (log t2)

2−p

1 + (log t2)σ+2
(T1(x, y))(t2)−

(log t1)
2−p

1 + (log t1)σ+2
(T1(x, y))(t1)

∣∣∣∣
=

∣∣∣∣ ∫ ∞

1

(
(log t2)

2−p

1 + (log t2)σ+2
G(t2, s)−

(log t1)
2−p

1 + (log t1)σ+2
G(t1, s)

)
f(s, x(s), Dq−1

1+ y(s))
ds

s

∣∣∣∣
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=

∣∣∣∣ ∫ ∞

1

(
(log t2)

2−p

1 + (log t2)σ+2
(G1(t2, s) +G2(t2, s))

− (log t1)
2−p

1 + (log t1)σ+2
(G1(t1, s) +G2(t1, s))

)
f(s, x(s), Dq−1

1+ y(s))
ds

s

∣∣∣∣
≤
∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t1)
2−p

1 + (log t1)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G2(t2, s)−

(log t1)
2−p

1 + (log t1)σ+2
G2(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

≤
∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)−

(log t1)
2−p

1 + (log t1)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G2(t2, s)−

(log t1)
2−p

1 + (log t1)σ+2
G2(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

=

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
− (log t1)

2−p

1 + (log t1)σ+2

∣∣∣∣G1(t1, s)f(s, x(s), D
q−1
1+ y(s))

ds

s

+

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G2(t2, s)−

(log t1)
2−p

1 + (log t1)σ+2
G2(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s
.

We now consider

∫ ∞

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

=

∫ t1

1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ t2

t1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

+

∫ ∞

t2

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
G1(t2, s)−

(log t2)
2−p

1 + (log t2)σ+2
G1(t1, s)

∣∣∣∣f(s, x(s), Dq−1
1+ y(s))

ds

s

≤ 1

Γ(p)

∫ t1

1

(log t2)
2−p

1 + (log t2)σ+2
·[

(log t2)
p−1 − (log t1)

p−1 + (log
t2
s
)p−1 − (log

t1
s
)p−1

]
f(s, x(s), Dq−1

1+ y(s))
ds

s

+
1

Γ(p)

∫ t2

t1

∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
·
[
(log t2)

p−1 − (log t1)
p−1 + (log

t2
s
)p−1

]
f(s, x(s),

Dq−1
1+ y(s))

ds

s

+
1

Γ(p)

∫ ∞

t2

(log t2)
2−p

1 + (log t2)σ+2
·
[
(log t2)

p−1 − (log t1)
p−1

]
f(s, x(s), Dq−1

1+ y(s))
ds

s
.

→ 0, t1 → t2.
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We conclude∣∣∣∣ (log t2)
2−p

1 + (log t2)σ+2
(T1(x, y))(t2)−

(log t1)
2−p

1 + (log t1)σ+2
(T1(x, y))(t1)

∣∣∣∣→ 0,

as t1 → t2. Therefore,
(log t)2−p

1+(log t)σ+2 (T1(x, y))(t) is equi-continuous on I. Note that

Dp−1
1+ (T1(x, y))(t) =

∫ ∞

1

G∗(t, s)f(s, x(s), Dq−1
1+ y(s))

ds

s
.

Since Dp−1
1+ (T1(x, y))(t) does not depend on t, we conclude∣∣∣∣ log t2

1 + (log t2)σ+2
Dp−1

1+ (T1(x, y))(t2)−
log t1

1 + (log t1)σ+2
Dp−1

1+ (T1(x, y))(t1)

∣∣∣∣→ 0,

as t1 → t2. Therefore,
log t

1+(log t)σ+2D
p−1
1+ (T1(x, y))(t) is equi-continuous on I.

By using the same way, we can show that (log t)2−q

1+(log t)σ+2 (T2(x, y))(t),
log t

1+(log t)σ+2D
q−1
1+ (T2(x, y))(t) are equi-continuous. Thus T1, T2 are equi-continuous

on I. So the operator T is equi-continuous for (x, y) ∈ U∗ on any interval I × I of
[1,∞).

Finally, we prove that T1 is equi-continuous at ∞. For any (x, y) ∈ U∗,

lim
t→∞

∣∣∣∣ (log t)2−p

1 + (log t)σ+2
(T1(x, y))(t)

∣∣∣∣
= lim

t→∞

∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)|f(s, x(s), Dq−1

1+ y(s))|ds
s

≤ W1

∫ ∞

1

φr(s)
ds

s
< ∞.

In addition, for any (x, y) ∈ U∗, we have

lim
t→∞

∣∣∣∣ log t

1 + (log t)σ+2
Dp−1

1+ (T1(x, y))(t)

∣∣∣∣
= lim

t→∞

∫ ∞

1

log t

1 + (log t)σ+2
G∗(t, s)|f(s, x(s), Dq−1

1+ y(s))|ds
s

≤ Π1

∫ ∞

1

φr(s)
ds

s
< ∞.

So, T1 is equi-continuous at ∞. Similarly, T2 is equi-continuous at ∞. Therefore,
by Lemma 3.1, we conclude that T : X × Y → X × Y is a completely continuous
operator.

Theorem 3.1. Assume that (A1)− (A3) are satisfied. In addition:
(A4) there exist nonnegative functions a(t), b(t), c(t), d(t), e(t), l(t) with

a∗ =

∫ ∞

1

a(t)
dt

t
< ∞, b∗ =

∫ ∞

1

b(t)
dt

t
< ∞, c∗ =

∫ ∞

1

c(t)
dt

t
< ∞,

d∗ =

∫ ∞

1

d(t)
dt

t
< ∞, e∗ =

∫ ∞

1

e(t)
dt

t
< ∞, l∗ =

∫ ∞

1

l(t)
dt

t
< ∞,
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such that

|f(t, x, y)| ≤ a(t) +
(log t)2−p

1 + (log t)σ+2
b(t)|x|+ log t

1 + (log t)σ+2
c(t)|y|,

|g(t, x, y)| ≤ d(t) +
(log t)2−q

1 + (log t)σ+2
e(t)|x|+ log t

1 + (log t)σ+2
l(t)|y|,

for t ∈ [1,∞), x, y ∈ R. If

max{(b∗ + c∗)W1, (e
∗ + l∗)W2} < 1,

then the system (1.1) − (1.2) has at least one nontrivial solution (x(t), y(t)), t ∈
[1,∞).

Proof. Let the set U∗ = {(x, y) ∈ X×Y, ∥(x, y)∥ ≤ r}, where the positive number
r satisfies

r ≥ max

{
a∗W1

1− (b∗ + c∗)W1
,

d∗W2

1− (e∗ + l∗)W2

}
. (3.1)

We show firstly that TU∗ ⊂ U∗. For (x, y) ∈ U∗, t ∈ [1,∞), by using Lemma 2.4,
we obtain∣∣∣∣ (log t)2−p

1 + (log t)σ+2
(T1(x, y))(t)

∣∣∣∣
=

∣∣∣∣ ∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)f(s, x(s), Dq−1

1+ y(s))
ds

s

∣∣∣∣
≤ W1

∫ ∞

1

|f(s, x(s), Dq−1
1+ y(s))|ds

s

≤ W1

∫ ∞

1

[
a(s) +

(log t)2−p

1 + (log t)σ+2
b(s)|x(s)|+ log t

1 + (log t)σ+2
c(s)Dq−1

1+ |y(s)|
]
ds

s

≤ W1

∫ ∞

1

a(s)
ds

s
+W1r

∫ ∞

1

b(s)
ds

s
+W1r

∫ ∞

1

c(s)
ds

s

= W1(a
∗ + rb∗ + rc∗),

and ∣∣∣∣ log t

1 + (log t)σ+2
Dp−1

1+ (T1(x, y))(t)

∣∣∣∣
=

∣∣∣∣ ∫ ∞

1

log t

1 + (log t)σ+2
G∗(t, s)f(s, x(s), Dq−1

1+ y(s))
ds

s

∣∣∣∣
≤ Π1

∫ ∞

1

|f(s, x(s), Dq−1
1+ y(s))|ds

s

≤ Π1

∫ ∞

1

[
a(s) +

(log t)2−p

1 + (log t)σ+2
b(s)|x(s)|+ log t

1 + (log t)σ+2
c(s)Dq−1

1+ |y(s)|
]
ds

s

≤ Π1

∫ ∞

1

a(s)
ds

s
+Π1r

∫ ∞

1

b(s)
ds

s
+Π1r

∫ ∞

1

c(s)
ds

s

= Π1(a
∗ + rb∗ + rc∗).
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In addition,

W1 −Π1 =
1

Γ(p)

[
1 +

1 + Γ(p)

(1−∆1)Γ(p)

m∑
i=1

ai(log ηi)
p−1

]
− 1− 1

1−∆1

m∑
i=1

aiG1(ηi, s)

≥ 1

Γ(p)
− 1 +

m∑
i=1

ai(log ηi)
p−1

[
1 + Γ(p)

(1−∆1)Γ2(p)
− 1

(1−∆1)Γ(p)

]

=
1

Γ(p)
− 1 +

m∑
i=1

ai(log ηi)
p−1

[
1

(1−∆1)Γ2(p)

]
≥ 0.

So ∥T1(x, y)∥X ≤ W1(a
∗ + rb∗ + rc∗). In a similar manner, we have ∥T2(x, y)∥Y ≤

W2(d
∗+re∗+rl∗). Therefore, by using condition (3.1), we obtain ∥T (x, y)∥X×Y ≤ r.

By Lemma 3.2, we have T : U∗ → U∗ is completely continuous. U∗ is a
nonempty, closed, bounded and convex subset of X×Y . According to the Schauder
fixed point theorem, T has at least one fixed point, so the system (1.1)-(1.2) has at
least one solution.

Assume there is a trivial solution (0, 0) to (1.1) − (1.2), that is, the operator
T has a fixed point (0, 0). Since f, g are continuous, f(t, 0, 0), g(t, 0, 0) ̸≡ 0 on
any subinterval of t ∈ [1,∞), G(t, s), H(t, s) are nonnegative and continuous for
(t, s) ∈ [1,∞)× [1,∞), we get

T1(x, y)(t) =

∫ ∞

1

G(t, s)f(s, x(s), Dq−1
1+ y(s))

ds

s
̸= 0,

T2(x, y)(t) =

∫ ∞

1

H(t, s)g(s, x(s), Dp−1
1+ y(s))

ds

s
̸= 0.

Thus, (1.1)− (1.2) has at least one nontrivial solution.

Theorem 3.2. Assume that (A1)− (A3) hold, in addition:
(A5) there exist nonnegative functions a′(t), b′(t), c′(t), d′(t) with

a′∗ =

∫ ∞

1

a′(t)
dt

t
< ∞, b′∗ =

∫ ∞

1

b′(t)
dt

t
< ∞,

c′∗ =

∫ ∞

1

c′(t)
dt

t
< ∞, d′∗ =

∫ ∞

1

d′(t)
dt

t
< ∞,

such that

|f(t, x1, D
q−1
1+ y1)− f(t, x2, D

q−1
1+ y2)|

≤ (log t)2−pa′(t)

1 + (log t)σ+2
|x1 − x2|+

(log t)b′(t)

1 + (log t)σ+2
|Dq−1

1+ y1 −Dq−1
1+ y2|,

|g(t, x1, D
p−1
1+ y1)− g(t, x2, D

p−1
1+ y2)|

≤ (log t)2−qc′(t)

1 + (log t)σ+2
|x1 − x2|+

(log t)d′(t)

1 + (log t)σ+2
|Dp−1

1+ y1 −Dp−1
1+ y2|,

for t ∈ [1,∞), x1, x2, y1, y2 ∈ R. If

Λ1 := max{W1a
′∗,W1b

′∗},Λ2 := max{W2c
′∗,W2d

′∗},
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Λ := max{Λ1,Λ2} = max{W1a
′∗,W1b

′∗,W2c
′∗,W2d

′∗} < 1,

then the system (1.1) − (1.2) has a unique solution (x∗, y∗) ∈ X × Y. In addition,
for (x0, y0) ∈ X × Y, the sequence {(xn, yn)}∞n=1 defined by

(xn, yn)

=(

∫ ∞

1

G(t, s)f(s, xn(s), D
q−1
1+ yn(s))

ds

s
,

∫ ∞

1

H(t, s)g(s, xn(s), D
p−1
1+ yn(s))

ds

s
)

converges to (x∗, y∗), as n → ∞, and we have the following error estimate:

∥(xn, yn)− (x∗, y∗)∥ ≤ Λn

1− Λ
∥(x1, y1)− (x∗, y∗)∥.

Proof. By using Lemma 2.4 and (A5), for (x1, y1), (x2, y2) ∈ X × Y, we obtain∣∣∣∣ (log t)2−p

1 + (log t)σ+2
T1(x1, y1)(t)−

(log t)2−p

1 + (log t)σ+2
T1(x2, y2)(t)

∣∣∣∣
=

∣∣∣∣ ∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)f(t, x1(s), D

q−1

1+
y1(s))

ds

s

−
∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)f(t, x2(s), D

q−1

1+
y2(s))

ds

s

∣∣∣∣
≤

∫ ∞

1

(log t)2−p

1 + (log t)σ+2
G(t, s)|f(t, x1(s), D

q−1

1+
y1(s))− f(t, x2(s), D

q−1

1+
y2(s))|

ds

s

≤ W1

∫ ∞

1

(
(log t)2−pa′(t)

1 + (log t)σ+2
|x1(s)− x2(s)|+

(log t)2−pb′(t)

1 + (log t)σ+2
|Dq−1

1+
y1(s)−Dq−1

1+
y2(s)|

)
ds

s

= W1(a
′∗∥x1 − x2∥X + b′∗∥y1 − y2∥Y )

≤ max{W1a
′∗, Y1b

′∗}(∥x1 − x2∥X + ∥y1 − y2∥Y )

= Λ1∥(x1, y1)− (x2, y2)∥, t ∈ [1,∞).

In a similar manner,∣∣∣∣ (log t)2−q

1 + (log t)σ+2
T2(x1, y1)(t)−

(log t)2−q

1 + (log t)σ+2
T2(x2, y2)(t)

∣∣∣∣
=

∣∣∣∣ ∫ ∞

1

(log t)2−q

1 + (log t)σ+2
H(t, s)g(t, x1(s), D

p−1

1+
y1(s))

ds

s

−
∫ ∞

1

(log t)2−q

1 + (log t)σ+2
H(t, s)g(t, x2(s), D

p−1

1+
y2(s))

ds

s

∣∣∣∣
≤

∫ ∞

1

(log t)2−q

1 + (log t)σ+2
H(t, s)|g(t, x1(s), D

p−1

1+
y1(s))− g(t, x2(s), D

p−1

1+
y2(s))|

ds

s

≤ W2

∫ ∞

1

(
(log t)2−qc′(t)

1 + (log t)σ+2
|x1(s)− x2(s)|+

(log t)2−qd′(t)

1 + (log t)σ+2
|Dp−1

1+
y1(s)−Dp−1

1+
y2(s)|

)
ds

s

= W2(c
′∗∥x1 − x2∥X + d′∗∥y1 − y2∥Y )

≤ max{W2c
′∗,W2d

′∗}(∥x1 − x2∥X + ∥y1 − y2∥Y )

= Λ2∥(x1, y1)− (x2, y2)∥, t ∈ [1,∞).

From the above inequalities, we deduce

∥T (x1, y1)− T (x2, y2)∥
=max{∥T1(x1, y1)− T1(x2, y2)∥, ∥T2(x1, y1)− T2(x2, y2)∥}
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≤max{Λ1,Λ2}∥(x1, y1)− (x2, y2)∥
=Λ∥(x1, y1)− (x2, y2)∥.

Thus, T is a contraction operator. By using the Banach contraction mapping prin-
ciple, we conclude that T has a unique fixed point (x∗, y∗) ∈ X × Y, which is the
unique solution of the system (1.1) − (1.2). In addition, for (x0, y0) ∈ X × Y, the
sequence {(xn, yn)}∞n=1 defined by
(xn, yn)=(

∫∞
1

G(t, s)f(s, xn(s), D
q−1
1+ yn(s))

ds
s ,
∫∞
1

H(t, s)g(s, xn(s), D
p−1
1+ yn(s))

ds
s )

converges to (x∗, y∗), as n → ∞. From the proof of the Banach fixed point theorem,
we obtain the error estimate.

4. Examples

Consider the following equations:{
D

3
2

1+x(t) + f(t, x(t), D
1
2

1+y(t)) = 0, t ∈ (1,∞),

D
3
2

1+y(t) + g(t, x(t), D
1
2

1+y(t)) = 0, t ∈ (1,∞),
(4.1)

supplemented with{
limt→1(log t)

1
2x(t) = limt→∞ D

1
2

1+x(t) =
∑2

i=1 aix(ηi),

limt→1(log t)
1
2 y(t) = limt→∞ D

1
2

1+y(t) =
∑2

j=1 bjy(ζj),
(4.2)

where p = q = 3
2 ,m = n = 2, a1 = a2 = 1

10 , b1 = b2 = 1
12 , η1 = e, η2 = e2, ζ1 =

e, ζ2 = e3.

△1 = 1−
2∑

i=1

ai(
(log ηi)

p−1

Γ(p)
+ (log ηi)

p−2) ≈ 0.44 > 0,

△2 = 1−
2∑

j=1

bj(
(log ζj)

q−1

Γ(q)
+ (log ζj)

q−2) ≈ 0.39 > 0.

Example 4.1. Consider the following functions:

f(t, x, y) =
(log t)

1
2 te−2tx

15(2 + (log t)2)
+

(log t)2t−2y

6(1 + (log t)2)
+

1

t
,

g(t, x, y) =
(log t)

1
2 te−3tx

10(1 + (log t)2)
+

(log t)2t−1y

12(2 + (log t)2)
+

1

t2
.

Let σ = 0. Choose

a(t) =
1

t
, b(t) =

te−2t

15
, c(t) =

t−2 log t

6
, d(t) =

1

t2
, e(t) =

te−3t

10
, l(t) =

t−1 log t

12
.

By simple calculation, we have

a∗ =

∫ ∞

1

1

t

dt

t
= 1, b∗ =

∫ ∞

1

te−2t

15

dt

t
=

1

30e2
, c∗ =

∫ ∞

1

t−2 log t

6

dt

t
=

1

24
,

d∗ =

∫ ∞

1

1

t2
dt

t
=

1

2
, e∗ =

∫ ∞

1

te−3t

10

dt

t
=

1

30e3
, l∗ =

∫ ∞

1

t−1 log t

12

dt

t
=

1

12
.
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For the functions f and g, the assumptions (A1)(i), (ii), (A2)(i), (ii) and (A3) are
readily verified. The functions f and g satisfy the inequalities

|f(t, x, y)| ≤ (log t)
1
2 b(t)|x|

1 + (log t)2
+

(log t)c(t)|y|
1 + (log t)2

+ a(t),

|g(t, x, y)| ≤ (log t)
1
2 e(t)|x|

1 + (log t)2
+

(log t)l(t)|y|
1 + (log t)2

+ d(t).

In addition, for t ∈ [1,∞), |x|, |y| ≤ r, we find

f(t,
1 + (log t)2

(log t)
1
2

x,
1 + (log t)2

log t
y) ≤ b(t)r + c(t)r + a(t) =: φr(t),

g(t,
1 + (log t)2

(log t)
1
2

x,
1 + (log t)2

log t
y) ≤ e(t)r + l(t)r + d(t) =: ϕr(t),

so ∫ ∞

1

φr(t)
dt

t
= b∗r + c∗r + a∗ < ∞,

∫ ∞

1

ϕr(t)
dt

t
= e∗r + l∗r + d∗ < ∞,

that is to say, assumptions (A1)(iii) and (A2)(iii) are satisfied. Because

max{(b∗ + c∗)W1, (e
∗ + l∗)W2} ≈ 0.31 < 1,

by Theorem 3.1, the system (4.1)− (4.2) has at least one nontrivial solution.

Example 4.2. Consider the following functions:

f(t, x, y) =
(log t)

1
2 te−2t

10(1 + (log t)2)

√
x+ 1 +

(log t)2t−2

20(1 + (log t)2)
sin(y + 1) +

1

t
,

g(t, x, y) =
(log t)

1
2 te−3t

20(1 + (log t)2)
arctanx+

(log t)2t−1

10(1 + (log t)2)
cos(y + 1) +

1

t2
.

For the functions f and g, the assumptions (A1)(i), (ii), (A2)(i), (ii) and (A3) are
readily verified. Let σ = 0. Choose

a′(t) =
te−2t

10
, b′(t) =

t−2 log t

20
, c′(t) =

te−3t

20
, d′(t) =

t−1 log t

10
.

The functions f and g satisfy the inequalities

|f(t, x1, D
q−1
1+ y1)− f(t, x2, D

q−1
1+ y2)|

≤ (log t)2−pa′(t)

1 + (log t)σ+2
|x1 − x2|+

(log t)b′(t)

1 + (log t)σ+2
|Dq−1

1+ y1 −Dq−1
1+ y2|,

|g(t, x1, D
p−1
1+ y1)− g(t, x2, D

p−1
1+ y2)|

≤ (log t)2−qc′(t)

1 + (log t)σ+2
|x1 − x2|+

(log t)d′(t)

1 + (log t)σ+2
|Dp−1

1+ y1 −Dp−1
1+ y2|.
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By a simple calculation, we have

a′∗ =

∫ ∞

1

te−2t

10

dt

t
=

1

20e
, b′∗ =

∫ ∞

1

t−2 log t

20

dt

t
=

1

80
,

c′∗ =

∫ ∞

1

te−3t

20

dt

t
=

1

60e
, d′∗ =

∫ ∞

1

t−1 log t

10

dt

t
=

1

10
.

In addition, for t ∈ [1,∞), |x|, |y| ≤ r, we find

f(t,
1 + (log t)2

(log t)
1
2

x,
1 + (log t)2

log t
y) ≤ a′(t)(1 + r) + b′(t)(1 + r) + a(t) =: φr(t),

g(t,
1 + (log t)2

(log t)
1
2

x,
1 + (log t)2

log t
y) ≤ c′(t)r + d′(t)(1 + r) + d(t) =: ϕr(t),

so ∫ ∞

1

φr(t)
dt

t
= a′∗(1 + r) + b′∗(1 + r) + a∗ < ∞,∫ ∞

1

ϕr(t)
dt

t
= c′∗r + d′∗(1 + r) + d∗ < ∞,

that is to say, assumptions (A1)(iii) and (A2)(iii) are satisfied. We also obtain
W1 ≈ 6.86,W2 ≈ 2.53,Λ ≈ 0.25 < 1. Hence, by Theorem 3.2, we conclude that
(4.1)− (4.2) has a unique solution (x∗, y∗).
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