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Abstract This paper is concerned with the forced epidemic waves of a non-
local dispersal SIR model with shifting transmission and time delay. We first
demonstrate that the existence of forced waves can be reduced to a fixed point
problem. Then by constructing different pairs of upper and lower solutions and
using Schauder’s fixed point theorem, we establish two types of forced epidemic
waves that reveal different state conversions of the disease. Moreover, we prove
the nonexistence of forced epidemic waves when the basic reproduction num-
ber is less than unity. Finally, some biological explanations for the theoretical
results are given in the discussion.
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1. Introduction

Since the pioneering work of Kermack and McKendrick [21], compartmental models
have played an important role in mathematical epidemiology, serving as powerful
tools for analyzing and predicting disease spread. However, traditional compart-
mental models of ordinary differential equations (i.e., ODEs) cannot capture the
spatial effects in disease transmission. Consequently, it is essential to consider
reaction-diffusion systems in mathematical modeling. Compared to classical dif-
fusion models, nonlocal dispersal models can accurately describe both the long-
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distance transmission of infectious diseases and the large-scale movement of host
populations. Furthermore, for diseases with incubation periods, incorporating time
delay into the model is a common approach. In particular, Li et al. [25] proposed
the following nonlocal dispersal SIR model with time delay:

oS(x,t) BS(z,)I(z,t —T)
T = bl )@ t) = S(. )] + B - oS, t) - T
L) _ )7« 1)) — 18] + Bffﬁfﬁ t_‘T)T> (I t),
% = d3[(J * R)(l‘,t) — R(_x’t)] + ’yf(x,t) _ MlR(l‘,t),

(1.1)
where S(z,t), I(x,t) and R(x,t) represent the population sizes of susceptible, in-
fective and removed class at location x and time ¢, respectively. d; >0 (i =1,2,3)
are diffusion coefficients. B > 0 is the recruitment rate of the susceptible popu-
lation. o, p and pq are all positive constants and denote the death rates of each
class. v > 0 is the recovery rate while 8 > 0 is the infection rate. a > 0 is the
saturation parameter [8]. 7 > 0 is the time delay representing the incubation period
of the disease. Furthermore, the nonlocal diffusion is characterized by the convo-
lution operator J * u(z,t) — u(x,t) := fj;o J(x — y)uly,t)dy — u(x,t), where J is
the probability density function [3]. In recent years, the convolution operator above
has been widely used to describe large-scale free movement of individuals in either
ecological models [2,5,14,19,23,32,37] or epidemic models [13,20,25,26, 34].

Since the third equation in (1.1) is decoupled from others, we only need to
consider the first two equations. Introduce the following substitutions as

~ o t ~ o t
c ~ dy ~ pBB - aB _  u

a an d27 6 O'd27 T 27, «& P y M d27 Y d2

and drop the tilde for convenience, then the first two equations of (1.1) reduce to

—7 ’ (1.2)
% = (Jx I)(x,) — I(z,t) + Bffof}gxtt_ T)) @),

For model (1.2), Li et al. [25] established the existence, nonexistence and mini-
mal wave speed of traveling waves connecting the disease free equilibrium (1,0) to

the endemic equilibrium <“+7+a” olf—(uty)] ), and further illustrated how the

act+B 7 (ptv)(ac+p)
latency of infection and the spatial movement of the infective individuals affect the

minimal wave speed.

As we all know, climate change is one of the major challenges of the world to-
day and has attracted global attention. In fact, climate change is an important
factor in triggering diseases. For example, climate change affects the emergence of
vector-borne diseases such as malaria, dengue and West Nile virus by altering their
ranges, distribution or seasonality [27]. On the other hand, climate change also
affects the transmission capacity of diseases. For instance, elevated temperatures
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can accelerate mosquito development, allowing them to mature faster and acquire
the transmission capability of dengue fever and Zika virus [16]. Therefore, to in-
vestigate the impact of climate change on the dynamics of infectious diseases, it is
reasonable to introduce the shifting effects of transmission rate into the infectious
disease model. In this paper, we incorporate the shifting effects of transmission rate
in (1.2) and consider the following epidemic system

dS(z,t) Blx — ct)S(x, t)(x,t —T)
Tfd[(J*S)(x,t)fS(x,t)]Jrar—mg(m,t)— T+ al(z,i—7) )
o (ai D (g D t) - I, t) + 2@ _1?5;9(6;);&; "D () ),

(1.3)
where (z — ct) denotes the transmission rate function with ¢ > 0 being the shifting
speed, which implies that the infectious capacity of the disease is related to the
environment,.

Forced waves, as a special class of traveling wave solutions of which the wave
speed coincides with the shifting speed, have played an important role in describing
the dynamics of the population in diffusive models. There is quite an extensive liter-
ature for the study of forced waves for the classical diffusion problems [4,6,7,9,10,15]
or nonlocal diffusion problems [17,22,28-31, 35, 36]. However, to the best of our
knowledge, there are only a few works that focus on forced waves in epidemic mod-
els [1,11,16,33], which highlights the significance of studying such non-cooperative
systems with shifting effects. The non-monotonicity and heterogeneity brought by
the nonlocal term and shifting transmission cause some difficulties in studying model
(1.3). To overcome these difficulties, we will use the method of upper and lower so-
lutions combined with Schauder’s fixed point theorem to obtain the existence of two
types of forced waves. Furthermore, the nonexistence of forced waves is also proved
by the comparison arguments. Because of the technical difficulties, the kernel func-
tion is assumed to be symmetrical and compactly supported. It is interesting and
challenging to consider the case where the kernel function is asymmetric [24], we
leave it for future consideration.

The rest of this paper is organized as follows. In Section 2, we present the basic
assumptions and main results. In Section 3, we give some preliminaries. Section 4
is devoted to the existence of two types of forced waves. In Section 5, we prove the
nonexistence of forced waves. Finally, some discussion is given in Section 6.

2. Main results

In this section, we state the basic assumptions and main results. Throughout the
paper, the kernel function J always satisfies the following properties:

(J) J € C'(R), J(—z) = J(x) >0, [*_ J(z)dz =1 and J is compactly sup-
ported.

The shifting transmission rate 3(-) satisfies:
(H1) B(¢) € C(R) satisfies that 0 = f(—o00) < B(§) < By = B(+00) for all £ € R
with By being some positive constant;

(H2) Bo—B(&) < Ae%, V¢ > K for a large positive number K and some positive
constants A, 6,
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(H3) B(=¢) §~e_§5, VE > K for a large positive number K and some positive
constant 6.

In (H1), the assumption 3(—oc) = 0 suggests that the disease will gradually lose its
infectious capacity under unfavorable environment for disease transmission, while
B(+00) = By > 0 is the maximum infectious capacity of the disease.

When spatial diffusion is not considered, the following limiting delay differential
equations (DDE) system of (1.3)

as BoS(#)I(t — 7)
@ =Ty
Al BoS(H)I(t —7)

E_ 1+Oé[(t*7') _(N+7)I<t)a

(2.1)

always admits a disease-free equilibrium Ey = (1,0). By the theory of basic re-
production number R for general autonomous FDEs developed by Zhao [38], we
have that R := ffﬁ for model (2.1) regardless of whether the time delay is zero
or not. When R > 1, system (1.3) admits a unique positive endemic equilibrium

E* = (5*,I%), where

g _ptytas o offo—(ut+7)]

aoc+ By (i +7) (o + Bo)

In this paper, we are mainly concerned with the existence of forced waves of (1.3).

Now we put (S,1)(z,t) = (¢,9)(€) with € = & — ct and set (¢,9)(€) = (4, 9)(—).

By the symmetry of J, the wave equations corresponding to system (1.3) are

B(=)(E)Y (€ —cT)
1+ap(§ —cr)
B(=£) ()Y (§ —cT)
1+ aw(f — CT) - (M + ’Y)¢(§)
(2.2)

The main purpose of our research is to look for type-I wave connecting (1,0) and
(1,0), and type-II wave connecting (S*, I*) and (1,0), which reads that

Type-I forced wave gg@ww,w)(é) =(1,0), lim (¢,9)(§) = (1,0);

(€)= d [ 7wt = nay - 6(@)] + 7 - a0(6) -

! (€) = /R T (€ — y)dy — b(€) +

£—+o00
Type-1I forced wave lim (9,)(€) = (S*.19),  lim (6.4)(€) = (1,0).

Notice that for any nontrivial nonnegative bounded solution (¢,1) of (2.2), we
have 0 < ¢ < 1 and ¢ > 0 in R. Indeed, if ¢(&) = 0, then ¢'(&) = 0, which is
impossible by the first equation of (2.2). Similarly, any local maximal point &y of
¢ must have ¢(§p) < 1. Further, by the strong maximum principles for nonlocal
equations [12, Theorem 2.12], we obtain that 0 < ¢ < 1. The similar discussion
shows that ¢ > 0 in R.

Our main results are summarized as follows.

Theorem 2.1. (Ezxistence of Type-I forced wave) Assume that (H1), (H2) hold
and Ro > 1. Then for any ¢ > ¢* with ¢* being defined in Lemma 4.1, there exists
a nontrivial solution (¢,1)) of (2.2) such that (¢,1)(—00) = (¢,9)(+00) = (1,0).
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Theorem 2.2. (Existence of Type-II forced wave) Assume that (H1) and (H3)
hold, and Rg > 1 and o > o > % Then for each ¢ > 0, there exists a
solution (¢,v) of (2.2) such that (¢,9)(—00) = (S*,I*) and (¢, v)(+00) = (1,0).
Theorem 2.3. (Non-ezistence of forced waves) Suppose that Rg < 1. Then system
(2.2) has no nontrivial nonnegative bounded solutions for any ¢ > 0.

3. Preliminaries

In this section, we will demonstrate that the existence of forced waves is equivalent
to a fixed point problem. Then by using Schauder’s fixed point theorem, the problem
can be further reduced to constructing a pair of suitable upper and lower solutions.
Furthermore, we consider the asymptotic behavior of these forced waves as time
tends to positive infinity, which reveals the eventual extinction of the disease.
First, we introduce the following definition of upper and lower solutions of (2.2).

Definition 3.1. Continuous functions (¢4 (§), ¢+ (§)) and (¢— (&), ¥—(&)) are called
a pair of upper and lower solutions of (2.2) if ¢_ < ¢4, ¥_ <14 on R and satisfy
the following inequalities

B(—E)pp_(§ —cT)

14+ ayp_ (€ —cT) <0,
B(=E)p11p, (§ —cT)

1+CKQZ)+(§—CT) _(M‘F’Y)w-i-f(),
B=§)p- vy (€ —er)

l+ayi(§—ecr) — 7
B(=§)p—1p_(§ —cT)

1+a¢,(f—c7') _(M+’7)¢—20,

d {/ J(y)¢+(§y)dy¢+} —cdl, +0—opy —
R

/R T (€ — y)dy — by — ety +

d URJ(y)é—(ﬁy)dycb—} —cd +o—op_ —

/R J)b—(€ —y)dy — - — e+

for £ € R\E with some finite set E.

Remark 3.1. We can easily verify that (0,0) and (1, a(fﬂw)) are a pair of constant

upper and lower solutions for (2.2).

Denote

P(6.0)(€)

= 10(6) + 4| [ Tote -~y - o(9)| + o - aoe) - FTIUEHET)
Py (¢, ¢)

B(=E)d(E)Y(€ —cT)
1+ ap(€§ —er)

(©)
= (e + /R T@)b(€ — y)dy — b(€) + (),

where [ > 0 is sufficiently large. Then system (2.2) can be re-written as

@ (§) = —16(&) + Pr(, ¥)(6),
' (§) = —lp(&) + Pa(¢,¥)(€)-
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Let BUC(R) be the space of all bounded and uniformly continuous functions
defined in R and denote X := BUC(R) x BUC(R). Set

Bo
wi=49(0,9)eX:0<9<10<Yp< ——<.
{( ) a(p+7)
Define the following integral operator H = (Hy, Hs) : w — X by
1S
H@0© =3 [ HEIP )

Cc

13
Hy(6, 8)(€) = - / e HE) Py, ) (2)d.

CJ-

In fact, H(¢, ) satisfies

c[Hy (¢, )] (§) + 1H1(,1)(€) — Pr(¢,¥)(€)
c[Ha(¢, )] (§) + LH2(d, ¥)(§) — Pa(, ¥)(€)

0,
0.

Thus, the existence of solutions of (2.2) reduces to find the fixed point of the
operator H (¢, ).
For any given p > 0 and (¢,v) € X, define the norm

(6, 9)l, = sup [(¢, ¥)(€)]e ¢,
£eR

where | - | is the usual norm on R%. It is easy to verify that X, := (X, | - [|,) is a
Banach space. We define

Qi={(¢) ew:d <<y, b <<t on R},

and € is a non-empty, bounded, closed and convex subset of X,.
Next, we show some properties of the operator H.

Lemma 3.1. The operator Hy is non-decreasing in ¢ and non-increasing in 1 while
Hy is non-decreasing in both ¢ and . Further, H maps ) into ).

Proof. It is obvious that H; is non-increasing in % since P is non-increasing in
. Now we prove that H; is non-decreasing in ¢. Let (¢1,%), (d2,%) € Q with
¢1 > ¢2. Then we have

Py(¢1,%)(€) — Pi(d2,9)(§)

=[1-a-o - BEOUEZ D 4, ) — guce)
a [ /R ) (61(€ — ) — balE y))dy}
21— d -0~ 2)(01(6) - 6ale)) + [/ () (61(6 =) — (€ — y))dy| > 0

since [ is sufficiently large. This implies that

Hy(¢1,¥)(§) — Hi(g2,v)(€) > 0.
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By a similar argument, it is easy to prove that Hs is non-decreasing in both ¢ and
.
We now show that H maps €2 into . For any (¢, ) € Q and £ € R, there holds
that
Hl((b—a ¢+)(§) < H1(¢a ¢)(§) < H1(¢+,¢—)(§),
Hy(¢—,-)(€) < Ha(9,9)(§) < Ha(¢4,¢+)(E).

Assume that £ < & < ... < §,. By Definition 3.1, we have

5 l
60— ) = [ e H IR v ()
S & .
> % (/ +~~-+/ >6c<5z>[c¢’_(z)+l¢_(z)}dz
=6-(9)

Similarly, we can prove that Hy (6, %-)(€) < ¢4(€), Ha(é—,v_)(€) = ¥_(€) and
Hy(d4,%4+)(&) < 4 (§). Hence, H maps €2 into €. O

Lemma 3.2. Given ¢ > 0, suppose that (¢4,14) and (¢—,¥_) are a pair of upper
and lower solutions of (2.2). Then (2.2) admits a solution (¢, 1) with o < ¢ < ¢4
and Yp_ < < Y4 on R.

Proof. We prove this lemma in three steps.

Stepl: We first show that H is continuous with respect to the norm || - ||,. By
a direct calculation, we have

P11, 1) (€) — Prl¢2, 1) (€) e
<U|$1(€) — da(€)le "1 + d/R T(y)|61(€ = y) — $a(& — y)le "Fldy

‘5 11§ —er)  B(=E)d2(§)Y2(€ —cT) -
1+ awl(é‘ —c7) 1+ arpa(€ —c7)
:—A1 + Az + A3,

and

Ag—d/ DI61(€ — ) — dalé — )|e?Edy

= / Jy)|d1(€ —y) — d2(€ — y)|e*P|§|6*p|y|6p\y|dy
R

IN

d/ T(W)|o1(€ — y) — pa(& — y)|ePlEvlerlvlgy
R

L

<d / J()e"dy|[ (61 — o, 11 — ),
)

= Tpll(p1 — 2,91 — P2)|l,,

where L > 0 is the radius of SuppJ and J, := df_LL J(y)erl¥ldy.
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And we have

B(=)1(§)Y1(§ —cr)  B(=E)P2(§)Y2(§ —cT) orlel

1+ oy (€ — cr) 1+ apa(§ — c7)

B(=&)1(§ —cT) B
ST T ot (e —en) 218 — @2l €l

B(—=&)p2()|1h1(€ — 1) — tha(€ — c7)|ePIE!
(14 avi(§ = e))(1 + avha(§ — 7))
S%Wf) — $a()le™"E + BoePT[r (€ — er) — a(€ — er)]ePIEe]

<24 e 01— 0,00 — )

+

Thus we have

1Py (1, 91)(E) — Pi(d2,%2)()|e 1€l < By||(1 — b2, 91 — 2)|l,

where By =1+ J, + 20 4 Byere™. Similarly, we have

P (1, 1) (&) — Palpo, 102)(€)|e ™1 < Ba| (1 — 2, 01 — o),

for a positive constant By and denote B := max{Bj, Ba}. Thus, for k = 1,2,

|Hy(¢1,91)(€) — Hi(¢2,v2)(£)]
6 l
3%[ e C) | Py(¢1,1901)(2) — Pr(ha, 12)(2)] e P1#ler#ld
E L
Sg”((fbl _¢27'¢1 _w2)|‘p[m 672(5*2)6P\z\d2.

For £ > 0, by a direct calculation, it follows that

1

|Hi(¢1,91)(€) — Hig(ho, 92)(€)]e 7€l < B(——

1
[~ cp + m)”(% — ¢2, 91 — P2) |-

For £ < 0, it follows that

B

[Hi(é1,91)(€) = Hi(d2,va)(§)le™€! < —

[(p1 — @2, 01 — )]l

Step2: We now show that H : 0 — 2 is a compact operator. By a direct
calculation, we have

dH\ (6, 0)(§)| _ 1+d+0
de

3
| le-m_z)dZ] _2l+dto)
C

— 00

Similarly,

=t [ 2]

Hence, H(2) is equi-continuous. For (¢n, 1) € €2, denote bn = Hy(dnyUn), thn =
Hy(dn, ). Since {(¢n,¥n)} is uniformly bounded and equi-continuous on [—T', T
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for any sufficiently large number T. By Arzela-Ascoli’s theorem, {(&n, 1/~)n)} has a
subsequence, which is convergent on [—T,T] with respect to the supremum norm.
We still denote the subsequence by {(¢n, 1)} for convenience. Then {(¢y,vn)} is
a Cauchy sequence on [—T,T] with respect to the supremum norm.

Given € > 0, choose T' > 0 large enough such that

2
sup V [61(€) — Gu(€)]2 + [¥n (&) — n(&)]2-e 7Kl < z\/ 12 4+ [a(ﬁw} e T < £

Since {(¢n,1n)} is a Cauchy sequence on [T, T], there exist N > 0 and k,I > N
such that

sup \/[0n() = A(E)]2 + [r(€) — u(§)]2 - e~

We obtain that {(én,lz)n)} is a Cauchy sequence. Since X, is a Banach space,
{(¢n,1n)} is convergent with respect to || - ||,
We further define the sequence of operators {H?}5%_; as

H((ba 7/’)(—T)7 5 < —T,
HT((vba ¢)(£) = H(¢7 w)(f)v 6 € [_T’ T]a
H(¢,v)(T), &>T.

By the above argument, we know that H7 (¢,)(€) is compact. Moreover

[HT (.4)(&) = H(d,9)(€)] e 71 < Mem?T

for some positive constant M. Then H” (¢, 1)(€) uniformly converges to H (¢, 1) (£)

with respect to T. Consequently, H (¢, )(£) is compact.
Step3: By using Schauder’s fixed point theorem on the bounded, closed and
convex set (), we obtain that H admits a fixed point in 2. We complete the proof.
O

At the end of this section, we give a universal lemma to illustrate the right-hand
tail limit.

Lemma 3.3. Assume that (H1) holds. Let (¢,1) be a nonnegative bounded solu-
tion of (2.2) for any given ¢ > 0. Then (¢, 9)(+00) = (1,0).

Proof. We first prove that ¢)(+o00) = 0.
On the contrary, we assume that 1 := limsup(£) > 0. If ¢ is oscillatory

£—+o0
near £ = 400, then there exists a maximal sequence {¢,} such that ngrfm & =

+00, lirf Y(&,) =9 and ¥/ (&,) = 0. By Fatou’s lemma, we have
n—-+0o0

lim sup { [rwte - y)dy} < [ timsup ()6, — )y = 0.

n—-+oo n—-+oo
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Substituting {&,} in the i-equation of (2.2) and taking the upper limit on both
sides, we obtain that

. B(=€n)p(§n) (€ — cT)
0 —lgilig {/R J@)P(&n — y)dy (&) + =77 P —(n+ v)w(sm}

< limsup { [ 7wt - } Hlimsup (~0(6,)}

n—+4oo0 n—+00

+timsup { HEIAEINE ZED i sup (4 2)0(6)
_ limeup { [ e - y)dy} G ()i <o,

n—-+oo R

This is a contradiction. On the other hand, if ¢(£) is monotone near £ = +oo, then
Y(400) = .

For any n € R, we have

/ [ (€ — y)] dyde = / 7w / /(€ — sy)dsdyde
= [ T /0 /0 /(€ — sy)dedsdy
= [ [ [ — sy) — (—sy)] dsdy.

Integrating the y-equation of (2.2) from 0 to n, we have

clv( / / Y(n — sy) — Y(—sy)] dsdy

BO(EN(E —er)
= [ ARSI e

—cT)

(3.1)

Note that the left-hand part of (3.1) is uniformly bounded with respect to n. Since

B(—o00) = 0,9 (+00) = 1 and both ¢ and ¢ are bounded, we can find a positive
number K such that

B-E)O(E)V(E — er) ; ;
1+Oﬂ[}(£ *CT) S (M""Y)Z; w(f) 5 fOI‘ 5 > K
T B ge©ul - e ;
T+ apE — o)~ WP < —Zlutn) for > K.

When n tends to +o0o, the right-hand part of (3.1) is unbounded. However, the left-
hand of (3.1) is uniformly bounded with respect to n. We derive a contradiction
and hence ¢ (+00) = 0.

To show ¢(400) = 1, on the contrary, suppose that lsiginf #(&) < 1. In view of

the ¢-equation of (2.2) and S(—o0) = 1(+00) = 0, by a similar argument, we can
easily show that ¢(+00) = 1. Hence, we complete the proof. O

4. Existence of forced waves

In this section, we are devoted to the existence of forced waves of (1.3).
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4.1. Existence of Type-1 wave
For A > 0 and ¢ > 0, define

A()\,C) = / J(y)ef)\ydy — e+ 5067/\67 N (NJ“”’Y + 1)
R

By a simple calculation, we have

A(0,¢) = Bo— (p+7), Ve>0, AN\, +0) = —o0, VA >0,
OA(N, ) 0A(0,¢)

Dl St A/ N — et =\D ) L
9% A — AT e <0, B\ c—crfy <0,
2A(N
Ak _ / J(y)y*e dy + A% Boe " > 0.
ON? R

These basic properties of A(A, ¢) imply the following lemma.

Lemma 4.1. Suppose that Ro := 2% > 1. Then there exists ¢* > 0 and \* > 0

pty
such that )
. s 0A(M ¢
A\, c") =0, T\(,\*,c*)zo-

Furthermore,

(i) A(X,¢) >0 for any A >0 and 0 < ¢ < c*.

(ii) If ¢ > c*, then A(\,¢) = 0 has two different positive solutions A1 < Ag
satisfying

A {70 AEOM U 0),
’ <0, )\E()\l,)\g).

Lemma 4.2. Given ¢ > ¢*. Assume that Ro > 1 and (H1), (H2) hold. Define
continuous functions as follows

o+ =1, Ui () = min {M€, A

¢ (&) = max{1 — Loe"¢, 0}, 1_(£) = max {e>‘15(1 — Lyem¢), 0} ,
where 19, M, Lo, L1 are positive constants to be determined later. Then (¢4, 1)
and (¢—_,_) are a pair of upper and lower solutions for (2.2).

Proof. The first inequality in Definition 3.1 holds naturally. In view of the defi-
nition of ¥ (§), we have

/RJ(y)m(f—y)dySmin{eM/RJ(y)e‘md% a(fiv)}

Let & := )}—lln a(fﬂﬂ). If £ > &, then ¥4 (§) = a(ff’w). We have
B(=) ¢+ (4 (£ —cT)

T4tav.E—cr) (1 +7)+(8)

/R T (6 — y)dy — b (€) — el (€) +
BB

T« «

=0.
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If £ < &1, then ¥, (€) = eM&. We have

B(=E) 1 (§)P4(§ — cT)
L+ apy(§—cr)

<eMt {/ J(y)e M¥dy — ey — (u+y+1) + Boe)‘l‘”} =0.
R

AJ@W4@—yMy—wmo—wwmo+ () (E)

Thus the second inequality in Definition 3.1 holds.
In view of the definition of ¢_ (&), we have

/ J(y)p—(§ — y)dy > max {1 — Loe™* / J(y)e "¥dy, 0} :
R R

Choose 19 > 0 and Ly > 1. Then & := n—loln%0 < 0. If & > &, then ¢_(§) =0
and the third inequality of Definition 3.1 holds naturally. If £ < & < 0, then
¢_ (&) =1 — Loe™%. By calculations, we have

B(=E)d—( )Y+ (€ — eT)
1+ apy (€ —cr)
Bo(1 — Loeﬂof)ekl(ﬁ—cﬂ
1 4+ qeri(é=cT)

d{éJ@w>@—yﬂy—¢@ﬂ—ww<@+a—a¢<@—

>Loen* {—d/ J(y)[e=™Y —1]dy + eno + O’} -
R

>Le™* {—d/ J(y)le”™Y —1]dy + eno + O’} — BoeMs.
R
By continuity, we can take 1y € (0, A1) small enough such that
—d/ J(y)[e”™Y —1]dy + eno + o > 0.
R

Note that e(*1=70)¢ < 1. Hence, if we take

Bo

L:
OT Zd L I(y)le v — 1dy + eno + o

+1

9

then the third inequality of Definition 3.1 holds.
In view of the definition of ¥ _(£), we have

/J@WL@—yMy
R

> max{e’\lf/ J(y)e MVdy — Lle(/\1+m)£/
R R

J(y)e_(Al+771)ydy, 0} )

Choose 71 = 2 min{no, A1, A2 — 1,0} (see 6 in assumption (H2)). Denote &3 =
77% In L% and let L; > L* be sufficiently large such that &3 < & < 0 and &5 < —K.
If &€ > &3, then ¢¥y_ = 0 and the fourth inequality of Definition 3.1 holds naturally.
If &€ < &, then ¢_(&) = 1 — Lge™¢ and ¢_(¢) = eM&(1 — Lie™¢). In view of
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assumption (H2) and by a direct calculation, we have

B0 (€0 (E—cr) _ B9 (§) [MEn) = LyertmEeny]

T+ at-(€ —cr) T+ ab_(€—cr)
_ﬁ(_gmf(g)eh(f—cr) B B(=E)_ (&) LyePrtm)(E—cr)
1t ap_(E—eT) L+ap_(§ —er)
B(=€)(1 — Loems)eME—en) A1) (€—er)
= 1+ ap_(§—cr) — folaet™ ™
_ e (€—cT)
_]% _ ﬁOLOe(Wo-‘r}q)f _ BOLle()\l-H]l)(f—CT)
_ [ B(=geM e M (E—er) A (E—er)
piETarErs R

_ ﬂoLoe(noJr)\l)i _ 50Lle(>\1+771)(§*67)

> — Ae()\1+9)f _ aBOeQ)\lf + Boe)\l(ﬁ—m')
— ByLoe M ME _ gL ei+m)(E—er)

—A(©).
Then it suffices to show that
[ @€ =)y = 0-(©) = () + Q) = -+ v (6) 20,
which is equivalent to the following inequality
eMEA(NL, ) — L1 eMTTEA(N 411, ¢) — AePMFDE _ 328 — B LoemTr)E > 0,
In view of Lemma 4.1, we know that
A(A1,¢) =0, A(A1+m,c) <O0.
Then it suffices to show

S Ael0-m)é aﬁoe(h—m)f + 60L06(n0—n1)5
' —AAL + 1, ¢) '

By the choice of 11, we know that

e(0—m)& 1, eM—m)é 1, e(mo—m)E 1

Taking
A+ aBy + LoPo }
Ly =maxq —————+1, L},
' { —A(A +m1,0)
then the fourth inequality of Definition 3.1 holds. Here we complete the proof of
the lemma. O

Proof. [Proof of Theorem 2.1.] In view of Lemmas 3.2, 3.3 and 4.2, we see
that for each ¢ > ¢*, there exists a nonnegative solution (¢,) of (2.2) satisfying
(¢, ) (—00) = (¢,9)(4+00) = (1,0). Further, we show that the solution obtained
above is indeed nontrivial. From the construction of the lower solutions in Lemma
4.2, we know that ¢¥_(§) # 0, and hence ¥(§) # 0. Assume on the contrary that
¢(§) = 1. Then in view of the first equation in (2.2) and the assumption §(-) > 0 in
(H1), we have that ¢(£) = 0. This is a contradiction, which indicates the solution
is nontrivial. O
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4.2. Existence of Type-11 wave

In order to show the existence of Type-II wave, we need to construct another pair
of upper and lower solutions. For convenience, we denote

0 _a—&-%’ vt= alp+7y) _a(RO 1)

Lemma 4.3. Assume that Ry > 1 and (H1), (H3) hold. Let o > % and
¢ > 0. Define continuous functions as follows

o4 (§) =1, Vi(§) =¥,

é_(€) = max{l — Mge™"°¢, ¢*}, _ (&) = max {5(1 — Mle”lé),O} ,

where vy, v1,0, Mo, My are positive constants to be determined later. Then (¢4, 14)
and (¢_,¥_) are a pair of upper and lower solutions for (2.2).

Proof. The first inequality in Definition 3.1 holds naturally. Since 1 (§) = ¥*,
then

B(=E) 1 (§)P(§ — cT)

T =ty =€) et (9 + HEEEREST (i)
< (e =0

Thus the second inequality in Definition 3.1 holds. ~
By continuity, we can find a small vy € (0,0) (see 6 in assumption (H3)) such
that

—d/ J(y)[e™Y —1]dy — cvp + 0 > 0.
R

For ¢_(§), there exists (; € R such that ¢_(§) = ¢* for £ < (1 and ¢_(§) =
1 — Mge=v¢ for € > (;. Choose My large enough such that ¢; > K > 0 and

1
af{—d [, J(y)[ewv —1]dy —cvo + o}
In view of the definition of ¢_ (&), we have

[ w06~ ay = mas {1 ~ atee [ g)envay, ¢*} |
R R
If £ < (1, then ¢_(&) = ¢*. We have

d [ [ 70—t~ )y - o- (f)] B (€) o — o6 ()~

>0 —o¢" — %(b* =0.

My >

B(=§)o— () v+ (§ —cT)
1+ atpy (§—cr)

If £ > ¢ > K, then ¢_(€) =1 — Mye™"°¢. In view of assumption (H3), we have

ol e (e B (€ — )
| [ 106~ 9y =69~ (@ 00 (6 - HHEILES

1 ~
>Moe 0% {—d/ J(y) €Y — 1] dy — cvp + a} - 56—95
R

>e Vot {Mo [—d/ J(y) [e”°Y —1]dy — cvp + 0] - 1} > 0.
R 67



Forced Epidemic Waves in a Nonlocal Dispersal SIR Model 601

Hence the third inequality of Definition 3.1 holds.
Now we prove the last inequality of Definition 3.1. For a fixed ¢ > 0, define the
following function

PO = — /R J) [e — 1] dy + ex.

By a simple calculation, we have F(0) = 0 and F’(0) = ¢ > 0. Then we can fix a
small 1 > 0 such that

F(n) = —/RJ(y) [e™Y — 1] dy + an > 0.

Note that o > % is equivalent to Sp¢* — (i + ) > 0. Thus we can choose
some small positive constants € and 0 such that
(Bo —€)¢"

Tias wFN>0

Let (5 := ,711 In ﬁl Since (+00) = Sy, we can choose M sufficiently large such
that B(—&) > By — e for € < (o < 0. If £ > (o, then ¥_(§) = 0 and the fourth
inequality of Definition 3.1 holds naturally. If £ < (s, then ¥_(£) = §(1 — Mye"1%).
Since ¢, 7 > 0, we have ¥_(§) < ¢¥_(§ — er) < ¢ for all £ € R. By monotonicity, we

have
b we(§—en)
L+ay_(§) ~ 1+ap_(§—cr)
Meanwhile, by the definition of ¥ _(§), we have

/ J()Y_ (€ — y)dy > max{s — 5M; e / J(y)e vy, 0},
R R

Then
ey D88 (Y (€—en)
[ Ity —v-(©) = vt (9 + FHEIEST ()
> oMy [ [aw e —1ay+ cul} i W () (©)

(o= 98y ()

> T+ a0 — (p+7)v-(§)
=1h_(§) [m —(p +7)] > 0.

Hence the last inequality of Definition 3.1 holds. We complete the proof of the
lemma. O
Proof. [Proof of Theorem 2.2.] In view of Lemmas 3.2, 3.3 and 4.3, we see that
for each ¢ > 0, there exists a solution (¢,v) of (2.2) satisfying (¢, 1) (+00) = (1,0).
Next we show (¢, )(—o00) = (S*,I*).
From the construction of the subsolution (¢_,%_) in Lemma 4.3, we have
Do = liminf ¢(&) > ¢* > 0, V_o = lglinmfd)(g) >6>0.

E——o0

And we denote
Proo = limsup #(§), Pioo 1= limsup ¥(§).

£——o0 £——o0
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Define the following functions for v € [0, 1]
hi(v) =vS*, Hi(v)=vS"+(1-v)(1+Y),

ha(v) == vI* + (1 — 1) (-i) C Hy ) = v 4 (1— ) + 2),

where Y = % and Z = % for some constant k with & > 1.

For v = 0, there holds that
hi(V) < ¢—oo < Phoo < Hi1(V), ho(V) < Y_oo < Yyoe < Ha(v). (4.1)
Thus we can define the following quantity
v* :=limsup{r € [0,1) : (4.1) is true} € [0, 1].

Note that h; is increasing in v € [0, 1] and H; is decreasing in v € [0,1] for i = 1, 2.
Since hy(1) = Hi(1) = S* and ha(1) = Hy(1) = I*, if we can show v* = 1, then
the desired conclusion follows. For contradiction, we assume that v* < 1. Letting
v — v* in (4.1), we have

hl(V) S (b—oo S ¢+oo S Hl(V>7 h?(”) S w—oo S w—&-oo S HQ(V)-

In view of the definition of v* and the continuity of h;(v), H;(v) for i = 1,2, (4.1)
cannot be satisfied as v = v*. Hence at least one of the following equalities holds

hi(V") = ¢oos Hi(V") = ¢1o0, h2(V") = Voo, Ha(V") = Yico.

(i) Suppose that hi(v*) = ¢_oo. If ¢ is oscillatory at —oo, then there exists a
sequence {&,} with &, — —oo as n — 400 such that ¢'(£,) = 0 and lirf o(&n) =
n—-+0oo

hi(v*). By Fatou’s lemma, we have

n—-+o0o n—-+oo

it { [ 70)0(6, ~ v} > [ tmint Sote, -
= [ T )y = ).

Since 0 < v* < 1, we obtain that
l+ap' I+ (A1 —-v) W+ 2)] > v (1 + al").

Then from the first equation of (2.2), we have

o =timint {a| [ (e, - pay - ot + o - aotc.)

n—-+o00

B(=€n)d(En)Y(€n — cT) }
1+ ayp(&, —er)

>a it [ 7006, ~ 9y 07|+ - o0
Bt ST 4+ (1 =) (P + Z))]
Lol T+ (1= 07) (0" 1 2)
v Bor* ST v Bo(1 —v*)S* (¥ + Z)
v (1 + al*) v*(1 4+ al*)
=1 =)o = (u+7@" + 2)].

>(1—v*)o+v*(c —0S*) —
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Since ¥* 4+ Z is decreasing with respect to « and tends to zero as a — o0, it
follows that there exists a* large enough such that o — (u + ¥)(¥* + Z) > 0 for
a > o*. Hence, we derive a contradiction.

On the other hand, we suppose that ¢ is eventually monotone. Then there
exists a sequence {&,} with &, — —oo0 as n — 400 such that ngrfoo o(&n) = ha(v).

Similar to the above, there holds that

lim inf {0‘ —o0p(&n) —

n—+o0 1+ az/;({n —cr
By integrating the first equation of (2.2) from 0 to &,, we have
clo(&) — o) +d [ I / ~ sy) — 6(—s)] dsdy
B-)0(e)(€ — cr) -
— —cT
- /0 7ot - e e

When n tends to 4+00, the left-hand part of (4.2) is uniformly bounded with respect
to m, while the right-hand part is unbounded. We get a contradiction and thus
®—_oo = h1(v*) cannot happen.

The calculation of the rest cases is similar to that in [11, Theorem 1.3] by using
the following inequalities:

(if) for ¢io0 = Hi(v),

lim sup {U —oo(&,) —

n—-+oo

B(—=6n)P(En) Y (€n — cT) }
1+ ap(&, — er)
Bov*S* [v*I* + (1 —v*) (—1)]
v*(1 4+ al*)

<o—o S +(1-v)(1+Y) -

BoS*
a(l+ al*)
(iii) for _oo = ha(v*): We may assume that ¢_o, > hi(v*). Otherwise, it can
be reduced to case (i). Then
{ﬁ(_gn)(b(gn)w(fn —c7)
14+ ap(&, —cr)

>ha (V") {m - (H+’Y)}

S*
:h2(y*){1€?al* - (U"’V)} = 0;

=(1-v%) |:—UY + } <0;

lim inf
n—-+oo

—(n +7)w(£n)}

(iv) for ¥400 = Ho(v*): Note that 1+al* —S* —aS*y* = 0 and 225 = 4+,

1+al* —
then
imsup { S —T) e,
. v*S*+(1—-v*)(14Y) S*
<BoH2(v") {1 +avI* + (1 —v*)(* + Z)] S ltal* }

_ BoHa(v*)(1 —v*)
(a1 +alp I + (1 —-v*) (" + 2)]}
The proof is complete. O

{1+ al*)Y — aS*Z} < 0.
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5. Nonexistence of forced waves

In this section, we prove the non-existence of forced waves for Ry < 1.

Proof. [Proof of Theorem 2.3.] For contradiction, we assume that (2.2) has a
nontrivial nonnegative solution (¢, ). Since ¢ < 1,9 > 0 and 5(—&) < By in R, it
follows that

B(=E)d( (€ —cT)
1+ ayp(§—ecr)

< /R TB(E — y)dy — 9(€) + Bow(€ — e7) — (u+ 1) (©).

/(€)= /R T (€ — y)dy —p(E) + (e )ele)

Then I(x,t) = ¢ (—x + ct) satisfies

% < (I xD)(x,t) — I(w,t) + Bol (x,t — ) = (+ )1 (x,1),

I(z,s) =¢Y(—x +cs), z€R, se[-1,0]

Let ug = sup¢(€). Then it is easy to see that ug > 0. We consider the following
§ER
ODE initial value problem

{u’(t) = foult = 7) = (p+7)ut), t>0,
u(s) =up, se€[-1,0].

By the comparison principle, it follows that
I(x,t) < uge™t, t >0, (5.1)

where \g satisfies
Ao = Boe T — (u+ 7).

Since By < @+ 7, it is easy to obtain that Re\g < 0. Now given £ € R, it follows
from (5.1) that
(&) = I(—& + et t) < uge™, > 0.

Letting ¢ — 400, we have ¥(£) < 0, and hence p = 0 for £ € R, which is a
contradiction. We complete the proof. O

6. Discussion

In this section, we summarize the theoretical results of our findings and provide some
biological explanations. Due to the shifting effects of the nonlocal dispersal SIR
epidemic model, we obtain two types of forced waves connecting (1,0) to (1,0) and
(8*,I*) to (1,0), respectively. The wave speed ¢ coincides with the shifting speed
and is positive. In view of our assumptions, this indicates that climate change will
suppress the spread of diseases over time. Meanwhile, at any fixed location x, as time
passes and ¢ tends to infinity, the disease will eventually die out (since 5(—o0) = 0).
This kind of forced waves can be viewed as extinction waves for the point-wise
“die-out dynamics” [18]. When ¢ > c¢*, there is a pulse wave connecting (1,0) to
(1,0) such that the persistence of disease cannot exist. A possible explanation for
this phenomenon is that the climate changes so rapidly that pathogens or viruses
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are unable to survive. When ¢ > 0 and o > o, there is a forced epidemic wave
connecting (S*,I*) to (1,0). We conjecture that the large saturation parameter
can reduce the impact of environmental shift to a certain extent. Multi-type forced
waves reflect the abundant dynamics of nonmonotone systems with shifting effects.

Finally, we consider the effect of time delay 7 on wave speed ¢*. By Lemma 4.1,
we have

AN, c) = / J(y)e ™ Vdy — N+ Boe T — (u+y+1) =0.
R

A direct calculation yields that

dc* >k

dr e T + Bot
Biologically, it suggests that the longer the incubation period of the disease, the
slower it spreads. But the slower shifting speed may make the disease take longer
to die out in a fixed location.
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