
JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS
J. Part. Diff. Eq., Vol. 39, No. 1, pp. 70-90

doi: 10.4208/jpde.v39.n1.4
March 2026

Spectral Properties of the Sub-Laplacian on 2-Step 
Stratified Lie Groups Without the Moore-Wolf
Condition

YANG Zhipeng1,2,*

1 Department of Mathematics, Yunnan Normal University, Kunming 650500, China; 
2 Yunnan Key Laboratory of Modern Analytical Mathematics and Applications, 
Kunming 650500, China.

Received 16 September 2023; Accepted 31 January 2024

Abstract. In this paper, we consider the structure of the L2-spectrum of the sub-Lap-
lacian on 2-step stratified Lie groups by using the theory of unitary irreducible rep-
resentations and Hermit functions. We extend the results for Heisenberg group and
H-type Lie group to more general 2-step stratified Lie groups without the Moore-Wolf
condition.

AMS Subject Classifications: 47A10, 43A80

Chinese Library Classifications: O175.29

Key Words: Sub-Laplacian; spectrum; stratified Lie groups.

1 Introduction

Harmonic analysis on nilpotent Lie groups is by now classical matter that goes back
to the first half of the 20th century (see e.g. [1] for a self-contained presentation). In
fact, as is known to all, harmonic analysis on nilpotent Lie groups plays a power role
in contemporary investigations of linear PDEs. Since Folland and Stein’s work in [2],
some subjects concerning invariant operators on nilpotent Lie groups have been paid
more and more attention. Many important results have been obtained, see [3–7] and
their references.

In the Euclidean case Rn, the Fourier transform of an integrable function f may thus
be seen as the function on (Rn)∗ (usually identified to Rn) given by
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F ( f )(ξ)= f̂ (ξ)=
∫

Rn
e−iξ·x f (x)dx.

The Fourier transform on Euclidean has a number of noteworthy properties, we first
recall that it changes convolution products into products of functions, namely

F ( f ∗g)=F f ·Fg, ∀ f ,g∈L1(G).

What’s more, we have the inverse Fourier transform

∀x∈Rn, f (x)=(2π)−n
∫

Rn
eiξ·x f̂ (ξ)dξ,

and the Fourier-Plancherel formulae identity∫
Rn

| f (x)|2dx=
∫

Rn
| f̂ (ξ)|2dξ.

Among the numerous additional properties of the Fourier transform on Rn, let us
just underline that it allows to ”diagonalize” the Laplace operator, namely for all smooth
compactly supported functions, we have

F (∆ f )(ξ)=−|ξ|2 f̂ (ξ). (1.1)

For noncommutative groups, the simplest example (apart from Rn) of a nilpotent Lie
group is the Heisenberg group, and the harmonic analysis there is a very well researched
topic. We do not intend to make an overview of the subject here, but we refer to the
books of Stein [8] and Thangavelu [9] for an introduction to the harmonic analysis on
the Heisenberg group and for the historic development of the area. If we consider the
Heisenberg group Hd =R2d+1 whose elements w∈R2d+1 can be written w=(x,y,s) with
(x,y)∈Rd×Rd, endowed with the following product law:

w·w′=(x,y,s)·(x′,y′,s′)=(x+x′,y+y′,s+s′−2x ·y′+2y·x′)

where for x,x′ ∈Rd, x ·x′ denotes the Euclidean scalar product of the vectors x and x′.
Equipped with the standard differential structure of the manifold R2d+1, the set Hd is a
noncommutative Lie group with identity (0,0).

Let us next recall the definition of the sub-Laplacian on the Heisenberg group, that
will play a fundamental role as the Laplacian in Rn. Being a real Lie group, the Heisen-
berg group may be equipped with a linear space of left invariant vector fields, that is
vector fields commuting with any left translation τw (w′) = w·w′. It is well known that
this linear space has dimension 2d+1 and is generated by the vector fields

S=∂s, Xj =∂xj +2yj∂s and Yj =∂yj −2xj∂s, 1⩽ j⩽d.
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The sub-Laplacian associated to the vector fields
(
Xj
)

1⩽j⩽d and
(
Yj
)

1⩽j⩽d reads

∆H
def
=

d

∑
j=1

(
X2

j +Y2
j
)
.

As in the Euclidean case, the Fourier transform allows to diagonalize operator ∆H, a
property that is based on the following relation that holds true for all functions f and u
in S

(
Hd) and S

(
Rd):

FH(∆H f )(λ)=4FH( f )(λ)◦∆λ
osc

with

∆λ
oscu(x)def

=
d

∑
j=1

∂2
j u(x)−λ2|x|2u(x).

This prompts us to take advantage of the spectral structure of the harmonic oscillator to
get an analog of formula (1.1). In particular, by harmonic analysis on the harmonic oscil-
lator, we can compute the explicit formula of the heat kernel and fundamental solution,
see [10–15].

In another aspect, the Laplacian on complete Riemannian manifolds is essentially self-
adjoint on the space of smooth functions with compact supports and so it is interesting to
study the structure of the spectrum of Laplacians on such manifolds ([16, 17]). For com-
pact Riemannian manifolds one of the most interesting problems relating to the spectrum
is the isospectral problem, see [18–21].

For non-compact manifolds such a problem is not so interesting from the same view
point as compact manifolds and the problems which concerned are the existence or the
non-existence of L2-eigenvalues, the size of the continuous spectrum and characteriza-
tions of the lowest bound of the spectral set in terms of the geometrical data, or the ex-
plicit determination of the spectral set. In this case, complete Riemannian manifolds
of non-negative curvature with some additional conditions, similar results are proved
in [16,17]. For a 2-step nilpotent Lie group G with certain conditions (which are satisfied
by the Heisenberg group, for example), Furutani et.al. [22] introduce a Fourier transfor-
mation on G by means of the representations of G based on the Kirillov theory, and anal-
yse the sub-Laplacian on the space of transformed functions, where the sub-Laplacian
takes a simpler form. They prove that the spectral set σ(∆H) of the sub-Laplacian on G

is [0,∞). Moreover, σ(∆H) consists of continuous spectrum if G is the Heisenberg group.
Later the same results are obtained by Dasgupta et. al. [23] via different methods.

In this paper, we revise and generalize the results in [22,23] to the 2-step stratified Lie
group, where we can give explicitly all irreducible unitary representations, and we left
the general nilpotent Lie group as one open problem. Then we state our main results as
follows.

Theorem 1.1. The sub-Laplacian on 2-step stratified Lie group has no point spectrum, and that
the spectrum is equal to [0,∞).



Spectral Properties on 2-step Stratified Lie Groups 73

2 Fourier analysis on 2-step stratified Lie groups

In this section we recall some basics of harmonic analysis on 2-step nilpotent (stratified)
Lie groups to make the paper self contained. A complete account of representation theory
for connected, simply connected nilpotent Lie groups can be found in [3, 24–26].

2.1 Basic facts on nilpotent Lie groups

A Lie group G with Lie algebra g is called nilpotent, if its lower central series

G=G1▷G2▷G3▷··· with Gj+1=
[
G,Gj

]
determines to the trivial group in finitely many steps. Here the bracket

[
G,Gj

]
denotes

the commutator group, i.e. the group generated by all commutators of elements of G and
Gj. This condition is equivalent to the condition that the lower central series of the Lie
algebra

g=g1≥g2≥g3≥··· with gj+1=
[
g,gj

]
determines in finitely many steps to the null-space. Here the bracket

[
g,gj

]
denotes the

linear subspace of g generated by all brackets of elements of g and gj. In both cases, group
and algebra definition, the minimal number of steps in the lower central series needed to
arrive at the trivial group or at the null-space, respectively, is the same, say q. It is called
the step of nilpotency of G and g.

Our main concern is for a special class of nilpotent Lie groups, the stratified Lie
groups. Their advantage is, that they additionally admit a family of self-similarities
which are automorphisms. Further these self-similarities have nice properties concerning
left-invariant (sub-)Riemannian metrics on the group.

Definition 2.1. A stratified Lie group of step q is a simply connected q-step nilpotent Lie group
G with Lie algebra g together with a grading

g=V1⊕V2⊕···⊕Vd

with
[
V1,Vj

]
=V1+j where Vm =0 if m>q.

Remark 2.1. For example, every simply connected 2-step nilpotent Lie group G is such
a stratified nilpotent Lie group with grading g= V1⊕[g,g], where V1 is isomorphic to
g/[g,g].

It is well-known ([27]) that for such groups, the exponential map

exp :g→G,

is a global diffeomorphism from g onto G. This map becomes a Lie isomorphism once
one endows the Lie algebra g with the group law given by the Baker-Campbell-Hausdorff
formula, which is a polynomial map which terminates after a finite number of terms since
G is nilpotent.
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2.2 Irreducible unitary representations

In the following, we will restrict our attention to stratified Lie group of step two, which
means the left-invariant Lie algebra g is endowed with a vector space decomposition

g=v⊕z,

with dimv=n,dimz=m and

[g,g]= z⊆ the center of g.

Then, there exists a decomposition RN =Rn⊕Rm and a bilinear, antisymmetric map

σ :Rn×Rn →Rm

such that, for Z,Z′∈Rn and t,t′∈Rm,

[(Z,t),(Z′,t′)]=(0,σ(Z,Z′))

and

(Z,t)·
(
Z′,t′

)
=

(
Z+Z′,t+t′+

1
2

σ
(
Z,Z′)). (2.1)

The map σ and the integers n,m are determined by the group law and dimension. Con-
versely, for any integers n,m and any bilinear, antisymmetric map σ : Rn×Rn →Rm, one
may define a Lie group of step two by the formula (2.1). We choose an inner product on g

such that v and z are orthogonal. Fix a Jacobian basis B={X1,X2 ··· ,Xn,Xn+1,··· ,Xn+m} so
that v=spanR{X1,··· ,Xn} and z=spanR{X1,··· ,Xm}. Since g is nilpotent the exponential
map is an analytic diffeomorphism. We can identify G with v⊕z and write (X+T) for
exp(X+T) and denote it by (X,T) where X∈v and T∈ z. The product law on G is given
by (2.1).

Now, given λ∈Rm (the dual of z), we define the matrix B(λ)∈Mn(R) as follows. For
any Z,Z′∈Rn, there holds 〈

λ,σ
(
Z,Z′)〉=〈Z,B(λ) ·Z′〉.

If (ι1,··· ,ιm) denotes an orthonormal basis of Rm, we also define Bk ∈Mn(R) by〈
ιk,σ

(
Z,Z′)〉=〈Z,Bk ·Z′〉.

Then for λ=
m
∑

k=1
λkιk, we get

B(λ)=
m

∑
k=1

λkBk.

Conversely, the map σ may be defined from (Bk)1≤k≤m thanks to the equality

σ
(
Z,Z′)=(〈Z,Bk ·Z′〉)

1≤k≤m .
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Notice that the map λ 7→B(λ) is linear, with its image spanned by (Bk)1≤k≤m . As B(λ) is an
antisymmetric matrix, its rank is an even number. We define the integer d by

2d := max
λ∈Rm

rankB(λ).

The set

Λ :=
{

λ∈Rm | rankB(λ)=2d
}

is then a nonempty Zariski-open subset of Rm. We denote by k the dimension of the
radical rλ of B(λ). Following [28] and [29], if rλ ={0} for each λ∈Λ, then the Lie algebra
is called an Moore-Wolf algebras and the corresponding Lie group is called an Moore-
Wolf group (MW in short). In this paper, we will only consider G to be a 2-step stratified
Lie group without MW-condition.
For

(X,T)=exp

(
n

∑
j=1

xjXj+
m

∑
j=1

tjXn+j

)
, xj,tj ∈R,

the map

(x1,··· ,xn,t1 ··· ,tm)−→
n

∑
j=1

xjXj+
m

∑
j=1

tjXn+j −→exp

(
n

∑
j=1

xjXj+
m

∑
j=1

tjXn+j

)

takes Lebesgue measure dx1 ···dxn,dt1 ···dtm of Rn+m to Haar measure on G. Any mea-
surable function f on G will be identified with a function on Rn+m.

Therefore, there exists an orthonormal basis

(X1(λ),··· ,Xd(λ),Y1(λ),··· ,Yd(λ),R1(λ),··· ,Rk(λ))

and d continuous functions
ηj :Rm →R+, 1≤ j≤d

such that B(λ) reduces to the form 0 η(λ) 0
−η(λ) 0 0

0 0 0

∈Mn(R)

where
η(λ) :=diag(η1(λ),··· ,ηd(λ))∈Md(R)

and each ηj(λ)> 0 is smooth and homogeneous of degree 1 in λ = (λ1,··· ,λm) and the
basis vectors are chosen to depend smoothly on λ in Λ. Decomposing v as

v=pλ⊕qλ⊕rλ



76 Z. P. Yang / J. Partial Diff. Eqs., 39 (2026), pp. 70-90

with
pλ :=spanR(X1(λ),··· ,Xd(λ)),

qλ :=spanR(Y1(λ),··· ,Yd(λ)),

rλ :=spanR(R1(λ),··· ,Rk(λ)).

Then we have the decomposition g=pλ⊕qλ⊕rλ⊕z. We denote the element exp(X+Y+
R+T) of G by (X,Y,R,T) for X∈pλ,Y∈qλ,R∈ rλ,T∈ z. Further we can write

(X,Y,R,T)=
d

∑
j=1

xj(λ)Xj(λ)+
d

∑
j=1

yj(λ)Yj(λ)+
k

∑
j=1

rj(λ)Rj(λ)+
m

∑
j=1

tjTj

and denote it by (x,y,r,t) suppressing the dependence of λ which will be understood
from the context.

As we have done in [30], for (λ,ν,w) in Λ×Rk×RN with

w=(x,y,r,t)∈Rd⊕Rd⊕Rk⊕Rm =RN ,

we define the irreducible unitary representations of RN , equipped with the group law of
the nilpotent group defined above, on L2(Rd)

(πλ,ν(w)ϕ)(ξ) :=exp

(
i

m

∑
j=1

λjtj+i
k

∑
j=1

νjrj+i
d

∑
j=1

ηj(λ)

(
yjξ j+

1
2

xjyj

))
ϕ(ξ+x)

=ei⟨ν,r⟩ei⟨λ,t⟩e
i

d
∑

j=1
ηj(λ)(yjξ j+

1
2 xjyj)

ϕ(ξ+x)

=ei⟨ν,r⟩ei⟨λ,t⟩ei⟨η(λ)·(ξ+ 1
2 x),y⟩ϕ(ξ+x).

2.3 Some examples

The aim of this subsection is to collect some explicit examples of stratified Lie groups of
step two. To begin with, we present the most studied (and by far one of the most impor-
tant) among stratified Lie groups, the Heisenberg group. Then, we turn our attention to
general stratified Lie groups of step two such as H-type groups and Métivier groups.

The Heisenberg Group

Let us consider in Cd×R (whose points we denote by (z,t) with t ∈ R and z =
(z1,··· ,zd)∈Cd) the following composition law

(z,t)◦
(
z′,t′

)
=
(
z+z′,t+t′+2Im

(
z·z′

))
. (2.2)

In (2.2), we have set Im(x+iy)= y (x,y∈R), whereas z·z′ denotes the usual Hermitian
inner product in Cd,

z·z′=
d

∑
j=1

(
xj+iyj

)
(x′j−iy′j).
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Hereafter we agree to identify Cd with R2d and to use the following notation to denote
the points of Cd×R=R2d+1 :

(z,t)=(x,y,t)=(x1,··· ,xd,y1,··· ,yd,t)

with z=(z1,··· ,zd),zj=xj+iyj and xj,yj,t∈R. Then, the composition law ◦ can be explic-
itly written as

(x,y,t)◦
(
x′,y′,t′

)
=
(
x+x′,y+y′,t+t′+2

〈
y,x′

〉
−2
〈

x,y′
〉)

, (2.3)

where ⟨·,·⟩ denotes the usual inner product in Rd. It is quite easy to verify that
(
R2d+1,◦

)
is a Lie group whose identity is the origin and where the inverse is given by (z,t)−1 =
(−z,−t). Let us now consider the dilations

δλ :R2d+1→R2d+1, δλ(z,t)=
(
λz,λ2t

)
. (2.4)

A trivial computation shows that δλ is an automorphism of
(
R2d+1,◦

)
for every λ > 0.

Then Hd =
(
R2d+1,0,δλ

)
is a homogeneous group. It is called the Heisenberg group in

R2d+1.
The Jacobian basis of hd, the Lie algebra of Hd, is given by

Xj =∂xj +2yj∂t, Yj =∂yj −2xj∂t, j=1,··· ,d, T=∂t.

Regarding the choice of suitable bases, let (x1,··· ,xd,y1,··· ,yd) be a basis of R2d in which
the matrix of σc assumes the form[

0 Id
−Id 0

]
∈M2d(R).

For λ > 0, we choose (x1,··· ,xd,y1,··· ,yd) as a basis of R2d, while for λ < 0 this choice
becomes (y1,··· ,yd,x1,··· ,xd). Hence, for any λ∈R∗, we have, as desired,

B(λ)=

[
0 4|λ|Id

−4|λ|Id 0

]
∈M2d(R).

Its radical reduces to {0} with Λ=R∗, and
∣∣ηj(λ)

∣∣=4|λ| for all j∈{1,··· ,d}.

H-type group

Consider the homogeneous Lie group

H=
(
Rn+m,◦,δλ

)
with composition law as

(x,t)◦(ξ,τ)=
(

x+ξ,t1+τ1+
1
2
〈

B(1)x,ξ
〉
,··· ,tm+τm+

1
2
〈

B(m)x,ξ
〉)

where B(1),··· ,B(m) are fixed n×n matrices, and dilations as in (2.4). Let us also assume
that the matrices B(1),··· ,B(m) have the following properties:
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(1) B(j) is an n×n skew-symmetric and orthogonal matrix for every j≤m;

(2) B(i)B(j)=−B(j)B(i) for every i, j∈{1,··· ,m} with i ̸= j.

If all these conditions are satisfied, H is called a group of Heisenberg-type, in short, a
H-type group.

A H-type group is a stratified Lie group, since conditions (1) and (2) imply the linear
independence of B(1),··· ,B(m). Indeed, if α=(α1,··· ,αn)∈Rm\{0}, then

1
|α|

m

∑
s=1

αsB(s)

is orthogonal (hence non-vanishing), as the following computation shows,(
1
|α|

m

∑
s=1

αsB(s)

)
·
(

1
|α|

m

∑
s=1

αsB(s)

)T

=− 1
|α|2 ∑

r,s≤m
αrαsB(r)B(s)

=− 1
|α|2 ∑

r≤m
α2

r
(

B(r))2− 1
|α|2 ∑

r,s≤m,r ̸=s
αrαsB(r)B(s)

=In.

Here we used the following facts:
(

B(r))2
=−In, since B(r) is skew-symmetric and orthog-

onal; B(r)B(s)=−B(s)B(r) according to condition (2).
The generators of H are the vector fields

Xi =∂xi +
1
2

m

∑
k=1

(
n

∑
l=1

b(k)i,l xl

)
∂tk , i=1,··· ,n.

Moreover, if we set
Tk :=∂tk, k=1,··· ,m,

then we know that
{X1,··· ,Xn;T1,··· ,Tm}

is the Jacobian basis for H.

Remark 2.2. The first layer of an H-type group has even dimension n. Indeed, if B is a n×
n skew-symmetric orthogonal matrix, we have In=B·BT=−B2, whence 1=(−1)n(detB)2.

In that case, we have Λ=Rm\{0} with ηj(λ)=
√

λ2
1+···+λ2

m for all j∈{1,··· ,l} .
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Remark 2.3. With the previous notation, if H=(Rn+m,◦,δλ) is an H-type group, then

z={(0,t) | t∈Rm}

is the center of H. Indeed, let (y,t)∈H be such that

(x,s)◦(y,t)=(y,t)◦(x,s) for every (x,s)∈H.

This holds iff 〈
B(k)x,y

〉
=
〈

B(k)y,x
〉

for any x∈Rn and any k∈{1,··· ,m}. Then, since
(

B(k))T
=−B(k),〈

B(k)y,x
〉
=0 ∀x∈Rn, ∀k∈{1,··· ,m},

so that y=0 because B(k) is orthogonal (hence non-singular).

Remark 2.4. The groups of Heisenberg-type were introduced by A. Kaplan in [31]. He
also shows the following result. Let n,m be two positive integers. Then there exists an
H-type group of dimension n+m whose center has dimension m if and only if it holds
m<ρ(n), where ρ is the so-called Hurwitz-Radon function, i.e.

ρ :N→N, ρ(n) :=8p+q, where n=(odd)·24p+q, 0≤q≤3.

We explicitly remark that if n is odd, then ρ(n)=0, whence the first layer of any H-type
group has even dimension (as we already proved in Remark 2.2).

Métivier group

Following G. Métivier [32], we give the following definition.

Definition 2.2. Let g be a (finite-dimensional real) Lie algebra, and let us denote by z its center.
We say that g is of Métivier Lie algebra if it admits a vector space decomposition

g=g1⊕g2

{
[g1,g1]⊆g2,

g2⊆ z.

with the following additional property: for every η∈g∗2 (the dual space of g2), the skew-symmetric
bilinear form on g1 defined by

Bη :g1×g1→R, Bη

(
X,X′) :=η

([
X,X′])

is non-degenerate whenever η ̸=0.
We say that a Lie group is a Métivier group, if its Lie algebra is of Métivier Lie algebra.
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Proposition 2.1. A Métivier group is a stratified Lie group G of step two such that if

g=g1⊕g2([g1,g1]=g2, [g1,g2]={0})

is any stratification of the Lie algebra g of G, then the following property holds: for every non-
vanishing linear map η from g2 to R, the (skew-symmetric) bilinear form Bη on g1 defined by

Bη

(
X,X′) :=η

([
X,X′]), X,X′∈g1,

is non-degenerate.

When G is expressed in its logarithmic coordinates, the above definition is easily re-
written as follows. We consider a homogeneous Lie group of step two G=(Rn+m,◦,δλ)
with the composition law as in (2.4), i.e.

(x,t)◦(ξ,τ)=
(

x+ξ,t1+τ1+
1
2
〈

B(1)x,ξ
〉
,··· ,tm+τm+

1
2
〈

B(m)x,ξ
〉)

,

where B(1),··· ,B(m) are fixed n×n matrices, and the group of dilations is δλ(x,t)=
(
λx,λ2t

)
.

For the sake of simplicity, we may also suppose that the matrices B(k) are skew-symmetric.
Now, if η is a linear map from g2 to R, there exist m scalars η1,··· ,ηm ∈R such that

η :g2→R, η(∂ti)=ηi for all i=1,··· ,m.

In particular, the map Bη can be explicitly written as follows

if X=
n

∑
i=1

viXi and X′=
n

∑
i=1

v′iXi, then Bη

(
X,X′)= m

∑
i,j=1

(
−

m

∑
k=1

ηkB(k)
i,j

)
viv′j.

In other words, the matrix representing the (skew-symmetric) bilinear map Bη w.r.t. the
basis X1,··· ,Xm of g1 is the matrix

η1B(1)+···+ηnB(n).

Hence, to ask for Bη to be non-degenerate (for every η ̸=0 ) is equivalent to ask that any
linear combination of the matrices B(k) is non-singular, unless it is the null matrix. We
have thus obtained the following proposition.

Proposition 2.2. Let G=(Rn+m,◦) be a stratified Lie group of step two, with the composition
law

(x,t)◦(ξ,τ)=
(

x+ξ,t1+τ1+
1
2
〈

B(1)x,ξ
〉
,. . .,tm+τm+

1
2
〈

B(m)x,ξ
〉)

,

where B(1),··· ,B(m) are n×n skew-symmetric linearly independent matrices. Then G is a Métivier
group if and only if every non-vanishing linear combination of the matrices B(k) is non-singular.
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In particular, if the above G is a Métivier group, then the B(k) are all non-singular n×n
matrices, but since the B(k) are also skew-symmetric, this implies that n is necessarily
even.

Remark 2.5 (Any H-type group is a Métivier group). Indeed, as it can be seen from the
definition of H-type group that, for every η = (η1,··· ,ηn) ∈ Rn,η ̸= 0, we proved that
∑m

k=1 ηkB(k) is |η| times an orthogonal matrix, hence (in particular) ∑m
k=1 ηkB(k) is non-

singular. The converse is not true. For example, consider the group on R5 (the points are
denoted by (x,t),x∈R4, t∈R) with the composition law

(x,t)◦(ξ,τ)=
(

x+ξ,t+τ+
1
2
〈

Bx,ξ
〉)

,

where

B=


0 1 0 0
−1 0 0 0
0 0 0 2
0 0 −2 0

.

Then G is obviously a Métivier group, for B is a non-singular skew-symmetric matrix.
But G is not a H-type group, for B is not orthogonal.

2.4 The Fourier transform

The stratified Lie groups are noncommutative, then the Fourier transform on G is defined
using irreducible unitary representations of G. We devote this section to the introduction
of the basic concepts that will be needed in the sequel. For (λ,ν,w) in Λ×Rk×RN with

w=(x,y,r,t)∈Rd⊕Rd⊕Rk⊕Rm =RN ,

we define the irreducible unitary representations of RN , equipped with the group law of
the nilpotent group defined above, on L2(Rd)

(πλ,νϕ)(ξ)= ei⟨ν,r⟩ei⟨λ,t⟩ei⟨η(λ)·(ξ+ 1
2 x),y⟩ϕ(ξ+x).

With these notations, the Fourier transform of an integrable function of G is defined
as follows:

Definition 2.3. The Fourier transform of the function f ∈L1(G) at the point

(λ,ν)∈Λ×Rk

is a unitary operator acting on L2(G) with

F ( f )(λ,ν)= f̂ (λ,ν) :=
∫

G
f (w)πλ,ν

(
w−1)dw.
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Proposition 2.3. The Fourier transformation is continuous in all its variables, in the following
sense.

• For any λ∈Λ and ν∈Rk, the map

F (·)(λ,ν) : L1(Rd)−→L
(

L2(Rd))
is linear and continuous, with norm bounded by 1.

• For any u∈L2(Rd) and f ∈L1(Rd), the map

F ( f )(·,·)(u) : Λ×Rk −→L2(Rd)
is continuous.

Further, the Fourier transform can be extended to an isometry from L2(G) onto the
Hilbert space of two-parameter families A={A(λ,v)}(λ,v)∈Λ×Rk of operators on L2(Rd)
which are Hilbert-Schmidt for almost every (λ,v)∈Λ×Rk, with ∥A(λ,v)∥HS(L2(Rd)) mea-
surable and with norm

∥A∥ :=
(∫∫

Λ×Rk
∥A(λ,v)∥2

HS
(

L2
(

Rd
))Pf(λ)dνdλ

) 1
2
<∞,

where Pf(λ):=∏d
j=1 ηj(λ) is the Pfaffian of B(λ). We have the following Fourier-Plancherel

formula:

Proposition 2.4. There exists some constant κ>0 depending only on the choice of the group such
that, for any f ∈L1(G)∩L2(G), there holds∫

G
| f (w)|2dw=κ

∫∫
Λ×Rk

∥F ( f )(λ,ν)∥2
HS(L2(Rd))Pf(λ)dλdν.

Remark 2.6. On the Heisenberg group Hd, the Pfaffian is simply Pf(λ) = |λ|d and the
value of κ is known, namely

κ
(

Hd
)
=

2d−1

πd+1 .

In this context, we have an inversion formula as stated in the following proposition:

Proposition 2.5. For f ∈ L1(RN) and almost every w∈RN , the following inversion formula
holds:

f (w)=κ
∫∫

Λ×Rk
tr
(
(πλ,ν(w))∗F ( f )(λ,ν)

)
Pf(λ)dλdν

with the same constant κ>0.

Finally, the Fourier transform exchanges as usual convolution and product, in the
following sense.

Proposition 2.6. For any f1, f2∈L1(RN) and (λ,ν)∈Λ×Rk, we have, denoting by · the operator
composition on L

(
L2(Rd)),

F ( f1∗ f2)(λ,ν)=F ( f1)(λ,ν)·F ( f2)(λ,ν).
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2.5 The sub-Laplacian operator

Let g be a 2-step stratified Lie algebra with a basis B as before. Now we consider elements
of g as left invariant differential operators acting on C∞(G), that is given X ∈ g and f ∈
C∞(G), the differential operator X acts on f by the rule

(X f )(g)=
d
ds

∣∣∣∣
s=0

f (g·exp(sX)). (2.5)

We define the sub-Laplacian of G by

L=−
n

∑
i=1

X2
i .

It is a self-adjoint operator which is independent of the orthonormal basis (X1,··· ,Xn),
and homogeneous of degree 2 with respect to the dilations in the sense that

δ−1
λ Lδλ =λ2L.

To write its expression in Fourier space, we analysis the left-invariant vector fields as
follows. Let g be the Lie algebra of all left-invariant vector fields on G. For j=1,··· ,d, let
γ1,j :R→G and γ2,j :R→G be curves in G given by

γ1,j(τ)=
(
τej,0,0,0

)
, γ2,j(τ)=

(
0,τej,0,0

)
for all τ∈R, where ej is the standard unit vector in Rd. For all l=1,··· ,k and s=1,··· ,m,
let γ3,l :R→G and γ4,s :R→G be curves in G given by

γ3,l(τ)=(0,0,τel ,0), γ4,k(τ)=(0,0,0,τes)

for all τ∈R, where el is the standard unit vector in Rk and es is the standard unit vector in
Rm. Then we define the left-invariant vector fields Xj,Yj and Rl ,Ts, j=1,··· ,d, l=1,··· ,k, s=
1,··· ,m, on G as follows. Let f ∈C∞(G). Then for all j=1,··· ,d, we define Xj and Yj by(

Xj f
)
(x,y,r,t)=

d
dτ

f
(
(x,y,r,t)·γ1,j(τ)

)∣∣∣∣
τ=0

=
d

dτ
f
(

x+τej,y,r,
(

ts+
1
2
(Bsy,τek)

)m

s=1

)∣∣∣∣
τ=0

=
∂

∂xj
f (x,y,r,s)+

1
2

m

∑
s=1

(
Bsy,ej

) ∂

∂ts
f (x,y,r,s)

and (
Yj f
)
(x,y,r,t)=

d
dτ

f
(
(x,y,r,t)·γ2,j(τ)

)∣∣∣∣
τ=0

=
d

dτ
f
(

x,y+τej,r,
(

ts−
1
2
(
x,τBkej

))m

s=1

)∣∣∣∣
τ=0

=
∂

∂yj
f (x,y,r,s)− 1

2

m

∑
s=1

(
x,Bkej

) ∂

∂ts
f (x,y,r,s)
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for all (x,y,r,s)∈G. Similarly, for l=1,··· ,k and s=1,··· ,m, the function Rl f and Ts f are
defined by

(Rl f )(x,y,r,t)=
d

dτ
f ((x,y,r,t)·γ3,l(τ))

∣∣∣∣
τ=0

=
d

dτ
f (x,y,r+τel ,t)

∣∣∣∣
τ=0

=
∂

∂rl
(x,y,r,t)

and

(Ts f )(x,y,r,t)=
d

dτ
f ((x,y,r,t)·γ4,s(τ))

∣∣∣∣
τ=0

=
d

dτ
f (x,y,r,t+τes)

∣∣∣∣
τ=0

=
∂

∂ts
f (x,y,r,t)

for all (x,y,r,t)∈G. We can easily check that

[
Xi,Yj

]
=−1

4

m

∑
s=1

(Bk)ij Ts, i, j=1,2,··· ,N

and the other commutators are zero. It follows from a theorem of Hörmander [33, Theo-
rem 1.1] that L is hypoelliptic.

We can now define the sub-Laplacian L on G by

L=−
d

∑
j=1

(
X2

j +Y2
j
)
−

k

∑
l=1

R2
l .

Explicitly,

L=−∆x−∆y−∆r−
1
4
(
|x|2+|y|2

)
∆t+

m

∑
s=1

d

∑
j=1

{
−
(

Bsy,ej
) ∂

∂xj
+
(
x,Bsej

) ∂

∂yj

}
∂

∂ts
.

By taking the Fourier transform of the sub-Laplacian L with respect to t, we get
parametrized λ-twisted sub-Laplacian Lλ,λ∈Rm, given by

Lλ =−∆x−∆y−∆r+
1
4
(|x|2+|y|2)|λ|2−i

d

∑
j=1

{
−
(

B(λ)y,ej

) ∂

∂xj
+
(

x,B(λ)ej

) ∂

∂yj

}
,

where we use

B(λ)=
m

∑
s=1

λsBs.

For j=1,··· ,d, we define the linear partial differential operators Zλ
j and Z̄λ

j by

Zλ
j =∂zj +

1
2

iλ
m

∑
s=1

(Bs)j z̄j, Z̄λ
j =∂z̄j −

1
2

iλ
m

∑
s=1

(Bs)jzj.
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Then

Lλ =−1
2

d

∑
j=1

(
Zλ

j Z̄λ
j +Z̄λ

j Zλ
j
)
−

k

∑
l=1

R2
l =−∆z−∆r+

1
4
|z|2|λ|2−iN,

where N is the operator

N= i
d

∑
j=1

{
−
(

B(λ)y,ej

) ∂

∂xj
+
(

x,B(λ)ej

) ∂

∂yj

}
.

In [30], we demonstrate the beautiful interplay between the representation theory on
G and the classical expansions in terms of Hermite functions. If p,q∈Rd, η=(η1,··· ,ηd)∈
(R∗

+)
d and α∈Nd, we define the rescaled Hermite function Φλ

α by

Φλ
α := |η| d

4 Φα

(
|η| 1

2 ·
)

,

and the special Hermite functions

Φλ
α,β(x)=Pf(λ)

1
2 (2π)−

d
2

∫
Rd

eiη(λ)·pxΦλ
α

(
x+

q
2

)
Φλ

β

(
x− q

2

)
dx.

In particular, they form an orthonormal basis of L2(Rd) and we have the rescaled
harmonic oscillator

HλΦλ
α :=(−∆+|η ·x|2)Φλ

α =
d

∑
j=1

ηj(λ)(2αj+1)Φλ
α ,

which can help us prove that Φλ
α,β are eigenfunctions of the λ-twisted sub-Laplacian Lλ.

Theorem 2.1. ([30]) For λ∈Λ,ν∈Rk, one has the formula

Lλ(Φλ
α,β)=

(
d

∑
j=1

ηj(λ)(2αj+1)+
k

∑
j=1

ν2
j

)
Φλ

α,β.

3 Essential self-adjointness and spectrum

In this section we look at the sub-Laplacian L as an unbounded linear operator from
L2(G) into L2(G) with dense domain given by the Schwartz space S(G). Since −Z̄λ

j is
the formal adjoint of Zλ

j , it follows that the λ-twisted sub-Laplacian Lλ is a symmetric
operator from L2(G) into L2(G) with dense domain S (G). As such, it is closable and we
denote the closure by Lλ

0 .

Lemma 3.1. Lλ
0 is closed and symmetric.
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Proof. It’s easy to see that Lλ
0 is closed. We only need to prove that Lλ

0 is symmetric. Let
u and v be functions in the domain D

(
Lλ

0
)

of Lλ
0 . Then we can find sequences {φl}∞

l=1
and {ψl}∞

l=1 in S such that
φl →u, Lλ φl →Lλ

0 u,

and
ψl →v, Lλψl →Lλ

0 v,

in L2(G) as l →∞. So, using the symmetry of Lλ as a linear operator from L2(G) into
L2(G) with domain S ,(

Lλ
0 u,v

)
= lim

l→∞

(
Lλ φl ,ψl

)
= lim

l→∞

(
φl ,Lλψl

)
=
(
u,Lλ

0 v
)
.

Therefore Lλ
0 is symmetric.

Theorem 3.1. Lλ
0 is self-adjoint.

Proof. Since Lλ
0 is closed and symmetric, it follows that Lλ

0 is self-adjoint if we can prove
that the resolvent set ρ

(
Lλ

0
)

of Lλ
0 contains a real number. (See, for instance, [34].) It is

sufficient to prove that the range R
(
Lλ

0
)

of Lλ
0 is dense in L2(G) and there exists a positive

constant C such that ∥∥∥Lλ
0 u
∥∥∥

2
≥C∥u∥2, u∈D(Lλ

0 ). (3.1)

The density follows from the global hypoellipticity of Lλ in the sense of Schwartz func-
tions and distributions given in [35]. To prove the inequality (3.1), let φ∈S (G). Then, by
Parseval’s identity,

∥Lλ φ∥2
2=

∥∥∥∥∥
(

d

∑
j=1

ηj(λ)(2αj+1)+
k

∑
j=1

ν2
j

)(
φ,Φλ

α,β
)
Φλ

α,β

∥∥∥∥∥
2

=

(
d

∑
j=1

ηj(λ)(2αj+1)+
k

∑
j=1

ν2
j

)2 ∣∣∣(φ,Φλ
α,β
)∣∣∣2

≥∥φ∥2
2.

Corollary 3.1. The sub-Laplacian L from L2(G) into L2(G) with dense domain S (G) is essen-
tially self-adjoint.

Let A be a closed linear operator from a complex Banach space X into X with dense
domain D(A). Then the resolvent set ρ(A) of A is defined to be the set of all complex
numbers λ for which A−λI :D(A)→X is bijective, where I is the identity operator on X.
The spectrum Σ(A) is simply the complement of ρ(A) in C.

Following [36], the point spectrum Σp(A) of A is the set of all complex numbers λ

such that A−λI is not injective. The continuous spectrum Σc(A) of A is the set of all



Spectral Properties on 2-step Stratified Lie Groups 87

complex numbers λ such that the range R(A−λI) of A−λI is dense in X,(A−λI)−1

exists, but is unbounded. The residual spectrum Σr(A) of A is the set of all complex
numbers λ such that (A−λI)−1 is bounded, but the range R(A−λI) is not dense in X. It
is easy to see that Σp(A),Σc(A) and Σr(A) are mutually disjoint and

Σ(A)=Σp(A)∪Σc(A)∪Σr(A).

Moreover, it is well-known that if A is a self-adjoint operator on a complex and separable
Hilbert space X, then

Σr(A)=∅.

Then we have the precise description of the spectrum of the sub-Laplacian on G.

Theorem 3.2. Σ(L0)=Σc (L0)= [0,∞).

Proof. Since L0 is self-adjoint, it follows that

Σ(L0)=Σc (L0).

Next we prove that L0 has no eigenvalues in [0,∞). It follows from Liouville’s Theorem
([35]) that 0 is not an eigenvalue of L0. Then, let τ be a positive number such that there
exists a function u in L2(G) for which

L0u=τu.

By taking the Fourier transform with respect to t, we get

Lλuλ =τuλ,

where uλ is the Fourier transform of u in t direction. But it follows from Theorem 2.1 that
uλ =0 for all λ∈Rm\{0},ν∈Rk\{0} with

τ ̸=
d

∑
j=1

ηj(λ)(2αj+1)+
k

∑
j=1

ν2
j , αj ∈N.

This proves that u=0 and hence we get a contradiction.
So, it remains to prove that L0−τ I is not surjective for all τ in [0,∞). Suppose that

L0−τ0 I is surjective for some τ0 in [0,∞). Then λ0 is in the resolvent set ρ(L0) of L0.
Hence there exists an open interval Iτ0 such that τ0 ∈ Iτ0 and Iτ0 ⊂ ρ(L0). Let f be the
function on G defined by

f (w)=h(x,y,r)e−
t2
2 , w∈G

where h is an arbitrary function in L2(R2d+k). Then for all τ in Iτ0 , we can find a function
uτ in L2(G) such that

(L0−τ I)uτ = f .
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Taking the inverse Fourier transform with respect to t, we get(
Lλ−τ I

)
uλ

τ =he−
λ2
2

for almost all λ in Rm\{0}. So, Lλ−τ I is surjective for all λ in a set Sτ for which the
Lebesgue measure of Rm\Sλ is zero. Now, let λ∈⋂r∈Iτ

Sr, where Q is the set of all rational
numbers. Then Lλ−τ I is surjective and hence injective for all τ in Iτ0∩Q. Hence Lλ−τ I
is bijective for all τ in Iτ0 by the fact that the resolvent set of Lλ is an open set. On the
other hand, Lλ−τ I is one to one if and only if

τ ̸=
d

∑
j=1

ηj(λ)(2αj+1)+
k

∑
j=1

ν2
j , αj ∈N.

This is a contradiction if we choose λ in
⋂

r∈Iτ0
Sr to be a sufficiently small number such

that ∑d
j=1 ηj(λ)(2αj+1)+∑k

j=1 ν2
j ∈ Iτ0 for some nonnegative integer αj.
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