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Abstract. This paper investigates the length of the repeating decimal part when
a fraction is expressed in decimal form. First, it provides a detailed explanation of
how to calculate the length of the repeating decimal when the denominator of the
fraction is a power of a prime number. Then, by factorizing the denominator into its
prime factors and determining the repeating decimal length for each prime factor,
the paper concludes that the overall repeating decimal length is the least common
multiple of these lengths. Furthermore, it examines the conditions under which the
repeating decimal length equals the denominator minus 1 and discusses whether
such fractions exist in infinite quantity. This topic is connected to an unsolved prob-
lem posed by Gauss in the 18th century and is also closely related to the important
question of whether cyclic numbers exist in infinite quantity.
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1. Introduction

The study of repeating decimals has been a topic of significant interest in number
theory due to its deep connections with modular arithmetic, prime factorization and
cyclic numbers. When a rational number is expressed in decimal form, it either ter-
minates or becomes periodic. The length of the repeating decimal, often called the
repeating cycle, provides insight into the arithmetic structure of the fraction’s denomi-
nator.
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One of the earliest investigations into repeating decimals can be traced back to Carl
Friedrich Gauss, who posed questions related to the periodicity of decimal expansions
and the existence of cyclic numbers [5]. These questions remain relevant in contem-
porary mathematics, particularly in understanding the properties of primes and their
powers.

In this paper, we focus on determining the length of the repeating decimal for frac-
tions where the denominator is a product of prime powers. This is closely related to
modular arithmetic and the least common multiple of repeating lengths, as discussed
in [6,10]. Our main result, Theorem 2.2, demonstrates that the repeating decimal
length [, of a denominator p is the least common multiple of the repeating lengths of
its prime power components.

The tools and techniques used in this paper are inspired by classic number theory
results, such as Fermat’s Little Theorem and properties of modular arithmetic [8]. Fur-
thermore, it builds upon results found in [4], which provide a historical perspective on
the connection between cyclic numbers and repeating decimals.

The results presented in this paper have significant applications across various
fields:

* Cryptography Theory: The periodicity of repeating decimals informs the design
of public key cryptography systems like RSA. Our findings on predicting modular
operation periodicity can enhance cryptographic system efficiency and provide
theoretical foundations for key selection.

* Computational Mathematics: Our methods for calculating repeating decimal
lengths improve numerical computation precision. By predicting decimal expan-
sion periodicity in advance, computational resources can be optimized in high-
precision scientific and engineering calculations.

* Number-Theoretic Patterns: The relationship between repeating decimals and
prime numbers offers new approaches to unsolved problems, including the infi-
nite existence of cyclic numbers and connections to perfect numbers and amicable
numbers.

* Education: Repeating decimals provide concrete examples for teaching abstract
number theory concepts. Theorem 2.2 effectively demonstrates applications of
prime factorization and least common multiples.

* Computer Science: Our results on periodicity have applications in hash function
design, pseudo-random number generation, and data compression algorithms for
detecting and encoding periodic patterns.

* Quantum Computing: The properties of repeating decimals of prime powers
provide theoretical foundations for quantum factorization algorithms like Shor’s
algorithm.
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* Financial Engineering: Understanding fraction-to-decimal conversion helps min-
imize approximation errors in financial calculations and can inform periodicity
detection in market analysis.

* Scientific Modeling: The periodicity principles explored here can be applied to
modeling periodic phenomena in chaos theory and nonlinear dynamical systems.

In this paper, we define the following sets and notation:
* 7. the set of integers,

¢ N: the set of natural numbers,

* PP: the set of prime numbers,

* QQ: the set of rational numbers,

* lem(py, p2): the least common multiple of p; and p,.

The paper is organized as follows. In Section 2, we introduce the fundamental
definitions and main theorems concerning the length of repeating decimals, including
the key results on prime powers and composite denominators. Section 3 is devoted to
detailed proofs of these theorems, employing techniques from modular arithmetic and
number theory. In Section 4, we provide practical examples demonstrating the appli-
cation of our theorems to calculate the repeating decimal lengths for various numbers,
showcasing the efficiency of our approach. In Section 5, we discuss the implications
of our results, explore connections to classical problems in number theory, and present
several related unsolved problems, particularly those connected to Gauss’s inquiries
about both cyclic numbers and the infinite existence of such numbers.

2. Preliminaries and main results

Definition 2.1. Let p,q € N. We define I, as the length of the repeating cycle of q/p
when q/p is a repeating decimal. In the case that q/p is a terminating decimal, we define
ly/p = 1. In particular, when g = 1, we denote l, = l,,,.

Definition 2.2. Let p € N. A, defined as

d
A, :ef{n eN|10"=1 (modp)}.
From Definition 2.1, it is clear that when ¢/p is an irreducible fraction,
lap = lp
holds. Moreover, the following fact is also straightforward:

l, = min Ay, (2.1)

where A, is defined as in Definition 2.2.
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Definition 2.3. Let ¢, denote the repeating decimal period of 1/p. For a terminating
decimal 1/p, we define c, = 0.

If pe Pand p # 2,p # 5, we have

Cp Cp
p  99...9 10 —1°

Thus, we obtain
10 —1

Cp = .
P p

Lemma 2.1. Let p € P. Then, the following statements hold:
(1) p—1€ A,
@ 1, (p—1)
Proof. (1) By Fermat’s Little Theorem, we have
101 =1 (mod p). (2.2)

Thus, p — 1 € A,, and (1) holds.
(2) From Definition 2.1, we know

107 =1 (mod p).

Let k € Nand 0 < m < [,,. Then, we can write
p—1=Ily,-k+m.
From Egs. (2.1) and (2.2), it follows that
10tF ™ = 10™ =1 (mod p).
If m # 0, then m € A,,. However, since m < [, this contradicts Eq. (2.1). Thus, m =0,
and (2) is proven. O

Theorem 2.1. Let p € IP. There exists a non-negative integer m,, and a natural number k
such that

Cp:pmp'k (pj(k%
so that
lpn:{lp’ lf n <my+1,
prm et i > my, 41

where ¢, and [, are defined in Definitions 2.3 and 2.1, respectively.

Theorem 2.2. Let p € N have the prime factorization
n
p=[]r
k=1

where p1,...,p, € Pand mq,...,m, € N. Then,

lp = 1CH1{lp71n1 goe e ,lpxn }
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3. Proof of the main theorem

Lemma 3.1. Foralln € A,
min A, | n

holds.

Proof. Let [ = min A,,. By the definition of A,, since n € A,, we have
10" =1 (mod p).
It follows that [ < n. Now, there exist a natural number & and an integer m such that
n==kl+m with 0<m<l.

Following the same reasoning as in Lemma 2.1, we can deduce that m = 0. Thus, [ | n
holds. O

Lemma 3.2. Let n € N and p € P. There exists an integer m satisfying 0 < m < n such
that

lpn = lp . pm.

Proof. If p =2 or p =5, then [,» = [, = 1, and the lemma holds. Now, consider the
case where p # 2 and p # 5. Since [, = min A,, we have

107 =1 (mod p).
Therefore, there exists a positive integer k such that
10% = pk + 1.

Thus,

M@

10 = (pk 4 1)P < > +1
k=1

is obtained. Since (¥) = p, we also have

i(k,>(pk) =0 (mod p?).

k'=1

Therefore,
1P =1 (mod p?),

and hence, pl, € A,2. Since

lp2 = min Ap2

and Lemma 3.1, we obtained
Lp2 | plp. (3.1)
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Additionally,
lp2 € Ape =10%2 =1 (mod p?),
=10%2 =1 (mod p),
=12 € Ap. (3.2)
Thus (see Lemma 3.1),
Ip | Ly2. (3.3)
From Egs. (3.1) and (3.3), we have

ly2 = I, or ply. (3.4)
Similarly, considering /,» = min A for a natural number k, we obtain

plpk S Apk+1 and lpk+1 € Apk.

Since [ k+1 = min A k41, [ k41 is both a divisor of pl,» and a multiple of /. This implies
that
lpk+1 = lpk or plpk. (3.5)

By using mathematical induction, the lemma is proved. O

Moreover, the following lemma holds:

Lemma 3.3. For natural numbers n < m, the relation
lp” ’ lpm
holds.

As shown in Eq. (3.4), [, is either [, or pl,. We now consider whether [, is I, or pl,,.
First, let the repeating decimal period of 1/p be ¢,. Naturally, we have

1

1L Cp G
p  99...9 10 —1°

Thus,
1__ e
p?  p(10 —1)
At this point, if p | ¢,, we can write
1
L_ alp (3.6)
P2 10 —1

which implies that /,» <1,. Additionally, from Eq. (3.4), we have /> = [,.

Conversely, if p { ¢,, then in Eq. (3.6), the numerator is not an integer. In this case,
ly2 # lp, and thus [, = pl,,.

Using this idea, we proceed to prove the following lemma.
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Lemma 3.4. Let k € N. The following results hold:

(1
Linr = {lpk, lf Pl cpr,
ply, U pleg.
(2) If p1cpr, then p i cpps.
Proof: (1) When p | Cpks WE have

1 1 Cpb Cph /D 3.7)

PP p 10 -1 108k — 1

Here, the numerator is an integer, so it follows that
lpk+1 < lpk.
Moreover, from Eq. (3.5), we conclude that
lpk+1 = lpk.

Conversely, when p { c,x, the numerator in Eq. (3.7) is not an integer. Therefore,
Lpks1 # Lk,
and from Eq. (3.5), it follows that
lpk+1 =p- lpk.

(2) From the relations

1 _ Cpk Lk _ ok
E = m — 10 P =D Cpk + 1, (3-8)
l
1 Cpht1 10781 — 1
PP gl _ g P T Sl

we analyze the case where p { c,.
From (1), when p { c,x, we have

lpk+1 =Dp- lpk.

Thus,
1Olpk+1 _ 1 — 10p-lpk _ 1 — (pkcpk + 1)p _ 1

Expanding the binomial expression, we get

p p
10 1= <p> (Prep)m =>" (Z)p"’“c;‘k +p e

n
n=1 n=2
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Substituting this into Eq. (3.9), we obtain

p P\, nk .n k+1 p
2 ()" + P e AT
Cpht1 = = pk+p1 = Z N phk 1c;k +cpr = ¢y (mod p).
n=2
Thus, if p { c,x, it follows that p { c,k+1. O

Now, we proceed to prove Theorem 2.1.

Proof of Theorem 2.1. We consider two cases for n.

Case 1. n <m, + 1.

Since l
10 — 1 m
Cpry = ———— = p P . k7
v p
we have
1 Cp/pnfl pmp—n-i-l -k

v 10 —1 100 — 1

Here,n <m, +1 = m, —n + 1 > 0, so the numerator is a natural number. Thus,

Ipn <1, and [, € Apn,

where [,» = min Ay~ implies
Lpn | L. (3.10)

This follows from Lemma 3.1. Furthermore, by Lemma 3.2, we also have

Ly | Ipn. (3.11)
From Egs. (3.10) and (3.11), it follows that

lpn = 1.
Thus, Case 1 is proven.

Case 2. n > m, + 1.

We proceed to prove this case using mathematical induction.

(i) Base case: n = m, + 1.
From the result of Case 1, we have

lpmp+1 = lp.

Moreover,
10 1 10 — 1
pmerl - pmerl :

Cpmp+1 -
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Since
10 —1
= ——,
? p
we know that 10% — 1 = p - ¢,. Substituting this into the equation for Cpmp+1, WE
get
. p.cp _ppmpk _k
Cpmp-l»l — pmp+1 — pmp+1 — .
Since p 1 k, it follows that
Pt Cpmpt1.
(ii) Inductive step: n > m, + 1.
Assume that
lpn = ptme L l, and ptcpn.
By Lemma 3.4, we have
lpn+1 — p . lp" — p ,pn—mp—l . lp.

Furthermore, since p { c,n+1, the induction step is complete. Thus, Case 2 is
proven.

Since both cases have been proven, the result follows for all n. O
To prove Theorem 2.2, we first prove the following lemma.
Lemma 3.5. Let p1, ps € P be prime numbers and p, # ps. Then, the following holds:
lpfllp;n =lcm {lpfll, lpan },
where n,m € N.

Proof. Let n,m € N. By definition, l,» and [,» are the smallest integers such that
1071 =1 (mod p}) and 1078 =1 (mod ph").
For the product p7py’, the period l,n,m is the smallest integer such that
107178 =1 (mod pi'py").
Since p} and ph* are coprime, this occurs if and only if
107178 =1 (mod p}') and 107178 =1 (mod ph").

Therefore, l,n,» must be a common multiple of /,» and l,;». Since I, is the smallest
. 1. 2 1 2 182
such integer, it follows that
lpppp = lem {lprlz, lpp }

The proof is complete. O

Proof of Theorem 2.2. Let p = [[;_, p,"*, where py,...,p, are distinct prime num-
bers. We aim to prove that

l, = lem {lp;nl,...,lp:fnnn}.
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Step 1. Base case for n = 2.

First, consider the case where p = p|"'p;'?. By Lemma 3.5, we know that

l ;nlpmz 1CHI {l mi, l m2}

This directly follows from the coprimality of p|"* and p3'?, and the fact that [, is the

smallest integer such that
10 =1 (mod p" pi™2).

Thus, the relation holds for n = 2
l = lem {l mi, l mg}
Step 2. Inductive step for n > 2.
Assume the theorem holds for n — 1, i.e., for p’ = HZ;% pp*, we have

lp/ = lem {lpflnl goe e ’lpmfl_l }

Now, consider p = p’ - pi'». By Lemma 3.5, since p’ and p!"'» are coprime, we have

lpzlcm{l/ l mn}.

P p
Substituting the inductive hypothesis I,; = lcm{lp;nl P ! }, we get
n—1
lp = ICHI {lp;fq goe ey lp;nffl s lpznn }

This completes the induction.

Step 3. Conclusion.

By induction, the theorem holds for all n > 2. Therefore,
l, = lem {lprlnl N }

The proof is complete. O

4. Practical examples

In this paper, we have presented important theorems regarding the length of repeat-
ing decimals. Here, we apply Theorems 2.1 and 2.2 to calculate the actual repeating
decimal length [, for several numbers, demonstrating the practical utility of our theory.
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4.1. Calculating repeating decimal lengths for prime numbers

First, we directly calculate the repeating decimal length [, for basic prime numbers.

* Calculation of I7:

10 mod 7 =3
102 mod 7 =2
103 mod 7 =6
10* mod 7 =4
10° mod 7 =5
10 mod 7 =1

Therefore, I; = 6. This is consistent with the fact that 1/7 = 0.142857 has a 6-digit
repeating part and 6/(7 — 1).

¢ Calculation of I1:
10 mod 11 = 10
102 mod 11 =1
Therefore, l1; = 2. This is consistent with the fact that 1/11 = 0.09 has a 2-digit
repeating part and 2|(11 — 1).

* Calculation of l;3:
10! mod 13 =10

10 mod 13 =9
10% mod 13 = 12
10* mod 13 =3
10° mod 13 =4
105 mod 13 =1

Therefore, /13 = 6. This is consistent with the fact that 1/13 = 0.076923 has
a 6-digit repeating part and 6(13 — 1).

4.2. Calculating repeating decimal lengths for prime powers

Next, we use Theorem 2.1 to calculate the repeating decimal length for powers of
prime numbers. For this, we need to determine the value of m,,.

* Calculation of l49 = I72:
First, we calculate c; (the repeating part of 1/7): ¢; = 142857.
Let us check if ¢7 is divisible by 7: 142857 + 7 = 20408.142857.
Since 7 does not divide c; evenly, we have ¢; = 7° - 142857, and m; = 0.
By Theorem 2.1, since n = 2 and m; = 0, we have n > m7 + 1 (since 2 > 0 + 1),
thus l;2 = 72~ O0+D .1, = 71 . 6 = 42,
Indeed, 1/49 = 0.020408163265306122448979591836734693877551, which has
a 42-digit repeating part.
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* Calculation of ly7 = I3s:
1/3 =0.3,50 c3 = 3.
c3=3=3"-1,and 311, thus m3 = 1.
By Theorem 2.1, since n = 3 and mg = 1, we checkifn > m3+1: 3 >1+11s
true.
Therefore, l3s = 33~(+1) .3 =31 .1 =3,
Indeed, 1/27 = 0.037, which has a 3-digit repeating part.

* Calculation of l195 = I53:
For powers of 5, we need to be careful as these are special cases.
1/5 = 0.2 is a terminating decimal.
Similarly, 1/125 = 0.008 is also a terminating decimal.

By our definition, for terminating decimals like 1/5", we set I5n = 1.
Therefore, 1195 = l5s = 1.

Note that the formula from Theorem 2.1 should be applied with care for powers
of 2 and 5, as these produce terminating rather than repeating decimals.

4.3. Calculating repeating decimal lengths for composite numbers

Finally, we use Theorem 2.2 to calculate the repeating decimal length for composite
numbers.

e Calculation of I = l5.3.7:
lo =1 (since 1/2 = 0.5 is a terminating decimal).
I3 =1 (since 1/3 = 0.3).
I7 = 6 (from our previous calculation).
By Theorem 2.2, l4o = lem(lo,l3,17) = lem(1,1,6) = 6.
Indeed, 1/42 = 0.0238095, which has a 6-digit repeating part.

* Calculation of lgg = l9.32.5:
lo = 1.
Is2 = 1 (since 1/9 = 0.1 has a repeating length of 1).
ls =1 (since 1/5 = 0.2 is a terminating decimal).
By Theorem 2.2, lgy = lem(l,l32,15) = lem(1,1,1) = 1.
Indeed, 1/90 = 0.01, which has a 1-digit repeating part.

e Calculation of l3310 = l9.3.5.7.11:
ly=1,03=1,15 =1, 7 = 6, l; = 2.
By Theorem 2.2, ly319 = lem(la, I3, 15, 17,111) = lem(1,1,1,6,2) = 6.
Indeed, 1/2310 = 0.0004329, which has a 6-digit repeating part.
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From these calculations, we have demonstrated that Theorems 2.1 and 2.2 can be
used to efficiently calculate the repeating decimal length for any natural number. This
method offers a significant reduction in computational complexity compared to direct
calculation, especially for large numbers.

5. Conclusion and discussions

5.1. Considerations on computational complexity reduction

According to the results of Theorems 2.1 and 2.2, if we calculate m, and [, in
advance, the computational complexity for determining the length of the repeating
decimal /,, for any natural number n becomes essentially equivalent to the complex-
ity of factoring n, which significantly reduces computation compared to conventional
methods.

Specifically, the traditional approach to finding the repeating decimal length of n
requires calculating the values of 10¥ mod n sequentially for k = 1,2, 3, ... until finding
the smallest k such that 10 = 1 (mod n). This method requires O(n) computational
complexity in the worst case [7]. For large values of n, this calculation becomes ex-
tremely time-consuming.

However, Theorem 2.1 shows that for a prime power p”, the repeating decimal
length [,» can be directly calculated from the repeating decimal length [, of the prime
number p itself and the value of m,. Furthermore, Theorem 2.2 shows that for any
composite number n = [[;_, p,"*, the repeating decimal length is given by I, =
lcm{lp;nl 5 lp;nz Sy lp;nr }

By utilizing these theorems, the calculation procedure becomes

1. Factor the number n into its prime factorization n = [, _, p."*.
2. Reference the pre-calculated values of m,, and [, for each prime pj.

3. Calculate the repeating decimal length lp;nk, for each p;"* using Theorem 2.1.

4. Calculate the least common multiple of these values using Theorem 2.2 to ob-
tain [,,.

The computational complexity of this method is primarily dominated by the factor-
ization step and depends on the complexity of modern factorization algorithms. For
example, trial division has complexity O(y/n), Pollard’s rho method has expected com-
plexity O(n'/*), and the number field sieve has complexity L,[1/3, ] (sub-exponential
time) [3,9], where the notation L,[1/3, ] is defined as

Lyn[1/3,¢] = exp ((c + o(1))(log n)'/3(log log n)2/3).

Shoup [13] and Bach [1] proposed efficient algorithms for calculating [, for prime
numbers, and combining these can further reduce computational complexity. Addition-
ally, Brent [2] conducted detailed analysis on the relationship between factorization
and calculation of multiplicative functions.



14 S. Yao and A. Toyohara

Furthermore, values of m, and [, for small prime numbers can be pre-computed
and tabulated, and indeed such tables appear in number theory textbooks like Hardy
and Wright [6] and Niven et al. [10]. Wagon [14] discusses in detail efficient methods
for calculating these values and their patterns.

This reduction in computational complexity has important implications for various
applications, including number theory research investigating the properties of repeat-
ing decimals for large numbers and efficiency improvements in cryptographic algo-
rithms based on periodicity [8,11].

5.2. Open problems

The results presented in this paper naturally lead to several interesting open prob-
lems. We highlight two particularly significant questions related to the repeating deci-
mal length [, for prime numbers.

5.2.1. Characterization of [, as a divisor of p — 1

From Lemma 2.1, we know that for any prime p (where p # 2, 5), the repeating decimal
length [, is a divisor of p — 1. However, a complete characterization of which specific
divisor of p — 1 equals [, remains an open problem.

Problem 1. Determine necessary and sufficient conditions for when [, equals a par-
ticular divisor d of p — 1. More specifically, find a function f such that [, = f(p) that
precisely identifies which divisor of p — 1 is equal to [, for any given prime p.

While certain patterns have been observed and specific cases have been charac-
terized, a comprehensive theory that predicts [, directly from p without performing
modular calculations remains elusive. Such a characterization would significantly ad-
vance our understanding of repeating decimals and potentially lead to more efficient
algorithms for calculating /,,.

5.2.2. Infinitude of primes with full-period repeating decimals

A prime p is said to have a full-period repeating decimal if [, = p — 1, which is the
maximum possible length for the repeating decimal expansion of 1/p. These primes
are also known as full reptend primes or cyclic numbers.

Problem 2. Determine whether there exist infinitely many primes p such that [, = p—1.

This problem dates back to Gauss, who first investigated the properties of repeat-
ing decimals and their connection to primitive roots. Despite significant attention from
mathematicians over the centuries, this question remains unsolved. Numerical evi-
dence suggests that approximately 37.35% of primes have this property, but a proof of
the infinitude (or finiteness) of such primes has yet to be established.
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This problem is connected to other famous unsolved problems in number theory,
including questions about the distribution of primitive roots and the behavior of the
multiplicative group modulo p.

5.2.3. Problems concerning the value of m,, in Theorem 2.1

In Theorem 2.1, we introduced the parameter m,, for prime numbers p, where ¢, =
p™ - k (with p { k). Interestingly, it is known that among primes p < 10'2, only three
primes — 3, 487, and 56598313 — satisfy m,, > 0 [12]. Furthermore, for all these
primes, m, = 1.

These observations naturally lead to the following two open problems:

Problem 3. Are there infinitely many primes p such that m, > 0?
Problem 4. Does there exist any prime p such that m, > 2?

Resolving these problems would deepen our understanding of the structure of re-
peating decimals and potentially provide new insights in number theory.
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